
Hybrid identification methods for the reconstruction of genetic

regulatory networks

Giancarlo Ferrari–Trecate

Abstract— This tutorial paper considers the problem of
reconstructing Genetic Regulatory Networks (GRNs) from gene
expression measurements. Among various modeling frame-
works that have been proposed for these biological systems,
we focus on PieceWise Affine (PWA) models because of their
ability to capture both the switching behavior of genes and the
continuous dynamics of molecule concentrations. PWA models
of GRNs have a special structure that must be preserved by
the identification process. In the paper, we discuss the new
challenges that this constraint raises in the field of hybrid
identification. As an example, we summarize recently proposed
methods for detecting switches in gene expression profiles and
for reconstructing multiple PWA models consistent with the
data. We also present the results obtained by applying these
algorithms to synthetic data produced by PWA models of the
GRN governing the carbon starvation response in E. coli.

I. INTRODUCTION

In the context of systems biology, research on methods

for reconstructing biochemical networks from experimental

data has gained a considerable momentum over the last

years. Various approaches can be classified according to the

biological system of interest, the class of model considered

and the identification goals. In this tutorial paper we focus

on the identification of Genetic Regulatory Networks (GRN)

that govern many cellular processes like the response of

cells to environmental signals and cell differentiation. The

fundamental units of GRNs are genes that, when expressed,

code for a specific molecule (e.g. a protein). From an

engineering point of view, the simplest genes are dynamical

systems that can be turned on and off. When they are

off, gene expression is inhibited and gene products undergo

spontaneous degradation. The on/off behavior of individual

genes is governed by proteins present in the cell, called

transcription factors, that give rise to regulatory pathways.

Many genes exhibit a more complex dynamics since they

can be expressed at different rates and also influence the

rate of degradation of their products.

Nowadays, there are many experimental techniques for

measuring gene expression, such as DNA microarrays [20],

RT-PCR and gene reporter systems [33], that produce data

of different quality and at different timescales. An extensive

comparison of these methods and their variations is beyond

the scope of the paper, but we just highlight that some of

them, like gene reporter systems, allow for a sufficiently high

time-resolution to capture transient behavior of the network.
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So far, the largest part of research on data-based re-

construction of GRNs, assumed linear or nonlinear smooth

models of the network. Linear models offer two main ad-

vantages: first, powerful identification techniques exists for

them; second, they involve less parameters than nonlinear

models, a feature that is desirable when data are scarce.

However, linear systems fail in capturing the strong nonlinear

dynamics of GRN and are often used for modeling only the

behavior of the network near an equilibrium point [6], [11],

[30].

The nonlinearity in models of GRN is mainly due to Hill

functions, i.e. sigmoid activation functions used for describ-

ing the on-off behavior of genes. Hence, nonlinear smooth

systems are capable to provide a very accurate description of

the GRN dynamics. However, they call for nonlinear system

identification techniques that are usually more complex and

computationally demanding than their linear counterpart.

This led many authors to consider simplified classes of

nonlinear models for identification purposes [15], [18], [26].

Recently, there has been a growing interest for hybrid

models of biochemical networks [12], [1], [14], [22]. This

trend is motivated by the fact that hybrid systems can capture

the switching nature of genes as well as the continuous

dynamics of molecular concentrations. As far as GRN are

considered, hybrid models in the PieceWise Affine (PWA)

form have been considered since the seventies [13] and

more recently reappraised because their simple mathematical

form enables the development of powerful techniques for

analysis and qualitative simulation of GRNs [5], [2], [4]. As

recalled in Section II, the key idea behind these models is

to approximate Hill functions with step functions.

The main purpose of this paper is to give an overview

on the problem of identifying PWA models of GRN. In

particular, as discussed in Section III, available algorithms

for the identification of input-output PWA models are general

in nature and not adapted to a number of features specific to

PWA models of GRNs. The goal of obtaining biologically

meaningful models rises a number of new issues in the area

of hybrid identification and calls for the design of gray-box

identification methods that preserve the structure of GRN

models. Some results in this direction are summarized in

Sections IV and V that consider, respectively, the problem

of detecting mode switches in gene expression [24] and the

problem of reconstructing switching thresholds characteriz-

ing PWA models of GRNs [7], [8]. In Section VI we illustrate

the application of these algorithms to the reconstruction of

the E. coli carbon starvation model.
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II. PIECEWISE AFFINE MODELS OF GRNS

We consider a GRN composed by n genes, each one

coding for a molecule (e.g. a protein) whose concentration

at time t ∈ R≥0 is denoted with xi(t), i = 1, . . . , n.

Genes can be taught as dynamical systems regulated by

the concentration of proteins present in the network. As

an example, in the network represented in Fig. 1 each

gene codes for a protein that represses both genes when

it is present at different high concentrations. Following the

Fig. 1. Example of a simple GRN, composed of genes 1 and 2, proteins
1 and 2, and their regulatory interactions.

modeling formalism proposed in [13], [21] and [5], the

dynamics of the i-th molecule concentration takes the form

ẋi = fi(x) − gi(x)x (1)

where x =
[

x1 · · · xn

]′
, the function fi(x) is the

rate of synthesis and the function gi(x)x is the rate of

degradation. The global model of the GRN is then

ẋ = f(x) − g(x)x (2)

where f =
[

f1 · · · fn

]′
, g = diag(g1, . . . , gn) and

states evolve within the bounded hyperrectangle Ω ⊂ R
n
≥0

that includes the origin. The functions fi : R
n
≥0 → R≥0 and

gi : R
n
≥0 → R>0 are defined as

fi(x) =
∑

l∈Li

αilbil(x), gi(x) =
∑

l∈L̃i

α̃ilb̃il(x) (3)

where αil, α̃il > 0 are rate parameters, Li and L̃i are

set of indexes and bil, b̃il are regulation functions. Note

that functions gi are strictly positive, because spontaneous

degradation of a molecule always takes place. Regulation

functions encode the logic of GRNs and are defined in terms

of step functions

s+(z, θ) =

{
1 if z > θ

0 if z < θ
, s−(z, θ) = 1 − s+(z, θ) (4)

where z ∈ R≥0 is a concentration variable and θ ∈ R>0 is

a switching threshold1. Step functions are approximations of

steep sigmoid functions often found in gene regulation [25],

[32]. Let Σ be the following set:

Σ = {s∗(xi, θ), ∗ ∈ {+,−}, θ ∈ R>0, i = 1, . . . , n}

Regulation functions bil are defined as polynomial of finitely

many elements of Σ, with the property that Range(bil) ⊆

1The reason why step functions are not defined for z = θ is illustrated
in Remark 1.

Fig. 2. Set Ω and regulatory domains for the GRN (5)-(8). It is assumed
that the thresholds verify θ11 > θ21 and θ22 > θ21.

{0, 1}. In other words, regulation functions are the algebraic

equivalent of Boolean polynomials [29] thus preserving the

switch-like character of genes. If a function s∗(xj , θ), ∗ ∈
{+,−} appears in bil, this means that gene j regulates gene

i. Functions b̃il are defined in the same way. As an example,

the dynamics of the GRN in Fig. 1 is given by

ẋ1 = α11b11(x) − α̃11b̃11(x)x1 (5)

ẋ2 = α21b21(x) − α̃21b̃21(x)x2 (6)

b11 = s−(x1, θ11)s
−(x2, θ21), b̃11 = 1 (7)

b21 = s−(x1, θ12)s
−(x2, θ22), b̃21 = 1 (8)

where we assumed that gene 1 (resp. gene 2) is inhibited

when [x1 > θ11]∨ [x2 > θ21] (resp. [x1 > θ12]∨ [x2 > θ22]).
As an alternative, one could replace the “or” operator (∨)

with the “and” operator hence obtaining different regulation

functions.

Next, we rewrite model (2) in a different form in order

to highlight its PWA structure. We associate to the i-th

concentration variable the set Ti collecting all switching

thresholds appearing in step functions s∗(xi, ·) that compose

the maps f and g. All thresholds define the grid

G = ∪i∈{1,...,n} ∪θ∈Ti
{x ∈ Ω : xi = θ}

that splits Ω into open hyperrectangular regions ∆j , j =
1, . . . , s termed regulatory domains. Fig. 2 shows the regu-

latory domains for the network (5)-(6). It is important to note

that all regulatory functions describing the GRN are constant

over each set ∆j . Hence, system (2) can be written in the

PWA form

ẋ = µj − νjx if λ(x) = j (9)

where µj =
[

µ
j
1 . . . µj

n

]′
, νj = diag(νj

1 , . . . , νj
n) >

0 are suitable matrices and λ(x) = j ⇔ x ∈ ∆j is the

switching function. As an example, for the system (5)-(8),

one obtains

µ1 =
[

α11 α21

]′
, µ2 =

[
α11 0

]′
, µ4 =

[
0 α21

]′

µ3 = µ5 = µ6 = µ7 = µ8 = µ9 = 0

and νj = diag(α̃11, α̃21), j = 1, . . . , 9.

We introduce now molecule domains as the regions where

a single molecule concentration obeys to the same dynamics.

We associate to the variable xi the set

Ri = {(µj
i , ν

j
i ), j = 1, . . . , s} (10)
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having cardinality si. Molecule domains M
q
i , q = 1, . . . , si

are defined as

M
q
i = ∪si

l=1{∆
l|(µl

i, ν
l
i) = Riq} (11)

where Riq is the q-th pair in Ri. Apparently, {Mq
i }

si

q=1 is

a partition of Ω \ G. From (9), the dynamics of xi can be

written as

ẋi = κ
q
i − γ

q
i xi if λi(x) = q (12)

where λi(x) = j ⇔ x ∈ M
j
i is the molecular switching

function and the variables xℓ, ℓ 6= i play the role of inputs

and affect the selection of the active dynamics in (12).

For the GRN (5)-(6), one has

R1 = {(α11, α̃11), (0, α̃11)}, R2 = {(α21, α̃21), (0, α̃21)}

M1
1 = ∆1 ∪ ∆2, M2

1 = ∪9
l=3∆

l,

M1
2 = ∆1 ∪ ∆4, M2

2 = ∪l∈{2,3,5,6,7,8,9}∆
l.

Experimental data that can be obtained via gene reporter

systems are measurements of the gene expression collected

with a sampling period T > 0 that is sufficiently small

compared to the time constants of the network dynamics. A

model of the data is provided by the following discrete-time

PWA system

xi(k + 1) = κ̃
j
i − γ̃

j
i xi(k) + ηi(k), if λi(x(k)) = j (13)

yi(k) = xi(k) + ξi(k) (14)

where κ̃
j
i = (κj

i\γ
j
i )(1 − e−γ

j

i
T ) and γ̃

j
i = −eγ

j

i
T . The

triples (κ̃j
i , γ̃

j
i ,M

j
i ), j = 1, . . . , si are called the modes of the

hybrid system (13)-(14). Moreover, in (13)-(14) ηi represents

the process noise, ξi is the measurement noise and yi(k) are

the measurements. When ξi = 0 system (13)-(14) becomes

a PieceWise AutoRegressive Exogenous (PWARX) system.

When ηi = 0 we obtain a PWA Output-Error (PWA-OE)

system.

Remark 1: From the definition of a step function given in

(4), it follows that the dynamics of the GRN is not defined

on the grid G. In order to circumvent this problem, one can

use the approach proposed by Filippov for extending the

differential equation (9) to a differential inclusion defined

on Ω and accounting for the possibility of having sliding-

mode behaviors on G. For the sake of simplicity, we assume

that sliding-modes are absent in the measured data and that

x(k) 6∈ G thus preventing the right hand sides of (13) and

(14) from being undefined.

III. HYBRID SYSTEM IDENTIFICATION FOR GRNS

We turn now our attention to the problem reconstructing

model (13)-(14) from the data set

N = {y(k), k = 1, . . . , N}

First note that, for a fixed index i, system (13)-(14) falls

within the more general class of PWA models given by

z(k + 1) = f j(x̃(k)) + η(k) if λ̃(x̃(k)) = j (15)

w(k) = z(k) + ξ(k) (16)

f j(x̃) = (φj)′
[

x̃′ 1
]′

(17)

where w(k) ∈ R are the measured outputs,

z(k), η(k), ξ(k) ∈ R, φj ∈ R
ñ+1 are parameter vectors,

λ̃(x̃) = j ⇔ x̃ ∈ X j is the switching function and {X j}s̃
j=1

is a polyhedral partition of the polytope X ⊂ R
ñ. The

vector of regressors x̃(k) is defined as

x̃(k) =
[

z(k) · · · z(k − na)

u(k)′ · · · u(k − nb)
′

]′

where u(k) ∈ R
m is an exogenous input. PWARX (resp.

PWA-OE) models are obtained by setting ξ = 0 (resp. η =
0). In particular, regions X j correspond to molecule domains

that are convex or regulatory domains composing non-convex

molecule domains.

Many techniques for the identification of models like

(15)-(16) are available in the literature. More precisely,

various identification algorithms for PWARX models are

summarized in [16] while the reconstruction of PWA-OE

models has been considered in [17] and [28].

The identification of model (15)-(16) amounts to the

estimation of the following quantities

I. the number of modes s̃;2

II. the regions X j , j = 1, . . . , s̃;

III. the parameter vectors φj , j = 1, . . . , s̃.

Usually, steps I and II are carried out by first estimating

the switching sequence λ̃(x̃(k)), k = 1, . . . , N that defines

the mode data sets F j = {x̃(k) : λ̃(x̃(k)) = j}. Then,

finding the regions amounts to solve a multicategory pattern

recognition problem [9], where one has to find hyperplanes

separating all points in Fp from those in Fq, for all pairs

(p, q) with p 6= q . This goal can be achieved by using

methods such as multicategory robust linear programming

[3] or support vector machines with a linear kernel [31]. In

both cases the result will be a set of hyperplanes defining

the boundaries of the regions. Step III is even more trivial

because the affine structure of the modes implies that param-

eter vectors can be found by identifying linear ARX or OE

models on each mode data set and for both tasks efficient

procedures exist [19].

We highlight, however, that general-purpose algorithms for

the identification of model (15)-(16) do not take into account

features and constraints specific to the GRN model (13)-

(14). This fact has several important consequences. First,

one could try to exploit the structure of system (13)-(14)

in order to design ad hoc identification procedures with the

aim of improving the quality of the reconstructed model.

As an example, consider the problem of detecting mode

switches from noisy measurements and without exploiting

any information about modes. While this problem is rather

challenging for system (15)-(16), it turns out to be much

simpler for system (13)-(14), as shown in Section IV. Sec-

ond, neglecting the structure of model (13)-(14), can result

in models that have no biological meaning. For instance,

2More precisely, one can estimate only the number of modes that
produced some data points. With a slight abuse of notation we denote it
with s̃.
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if the molecule domains are reconstructed using general-

purpose pattern recognition algorithms, there is no guarantee

that the domain boundaries will be defined by hyperplanes

parallel to n−1 coordinated axes. In this case, the concept of

switching thresholds associated with a concentration variable

is not preserved and, ultimately, the identified models can

not be written in the form (1). The last drawback of existing

hybrid identification algorithms is that they produce a single

model. However, in biological experiments just a fraction of

modes is sampled and several hybrid models of the network,

characterized by different combinations of thresholds may be

consistent with the data. Since each model corresponds to a

GRN, it makes sense to generate multiple results in order

to provide biologists with different but plausible hypotheses

about the network functioning. The discrimination between

them can be done in a second stage, exploiting additional

biological knowledge or designing new targeted experiments

for hypothesis verification.

In view of the previous remarks, the identification of

GRNs can be conceptually split in the following tasks:

1) detection of switches in single time series of gene

expression data;

2) attribution of the data to distinct modes of operation

of the whole GRN (i.e. estimation of the sequence

λ(x(k)), where the switching function λ is defined as

in (9));

3) reconstruction of thresholds on concentration variables

and of all combinations of thresholds consistent with

the data;

4) estimation of the kinetic parameters in each mode of

operation for all models generated in point 3.

In the sequel, we focus on algorithms for solving task 1

and 3. Methods for solving task 2 are currently under study.

As pointed out before, task 4 can be easily carried out relying

on the data classification produced in step 2.

IV. SWITCH DETECTION IN GENE EXPRESSION DATA

In this section we present two methods, developed in

[24] for detecting mode switches in the profile of a single

molecule concentration. These procedures have been devel-

oped for the PWA-OE model given by (13) with ηi = 0.

For sake of simplicity, we will omit the index i appearing

in (13)-(14) hence denoting with x a concentration variable

and with y its measurement.

Let ȳ(k;W,w) be the Moving Average (MA) series given

by

ȳ(k;W,w) =
1

W − 2

W−2∑

i=1

y(k − w + i) (18)

where W and w are integers verifying W ≥ 3 and 0 ≤ w <

W . We introduce the following switching index

o(k) = o(k;W,w) =
ȳ(k + 1) − ȳ(k)

ȳ(k) − ȳ(k − 1)
= (19)

=
y(k + w + W − 1) − y(k − w + 1)

y(k − w + W − 2) − y(k − w)
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Fig. 3. Behavior of switching indexes o(k; 3, 1), o(k; 4, 2) and o(k; 5, 2).
The noiseless samples y(k) are depicted in the upper left panel together
with the true switching times, represented by vertical lines.

The index o(k) enjoys the following property: in the noise-

less case (i.e. y(k) = x(k)) when all samples y(k −
w), . . . , y(k−w+W−1) belong to the j-th mode, o(k) takes

the constant value −γ̃j . The occurrence of a switch is then

emphasized by time instants where o(k) is not constant, as

shown in Fig. 3. In absence of noise, one could avoid using

averaged values by setting W = 3 and w = 1, thus obtaining

o(k) =
y(k + 1) − y(k)

y(k) − y(k − 1)

In the noisy case higher values of W helps in counteracting

the effect of noise on the piecewise constant behavior of

the switching index. However, the MA operation increases

the number of consecutive time instants where o(k) is not

constant because of the occurrence of a switch (see Fig. 3).

We focus now on the problem of discovering at which

time instants o(k) is almost constant. Because of noise, this

problem must be addressed in a statistical setting. More

precisely, we assume that ξ(k) in (14) is a white Gaussian

noise with zero mean and variance σ2. Then, o(k) has a

modified Cauchy distribution and confidence sets for the

index can be computed using Fieller’s Theorem [10]. For

α ∈ (0, 1), closed-form expressions of the (1 − α)-level

confidence sets are provided in [24]. In particular, in [24]

it is shown that confidence sets are either intervals or sets of

infinite length. A pictorial representation of confidence sets

is given in Fig. 4.

Confidence sets can be used for developing an iterative

algorithm for switch detection. Next, we describe the core

iteration of the algorithm. We assume that W̄ consecutive

data up to y(k̄) have been already aggregated, i.e. attributed

to the same mode of operation. The question is whether to

aggregate a subsequent data y(ka) with ka > k̄. Aggregated

data are characterized by a switching index involving all of

them, namely o(k̄; W̄ , W̄ − 1) with associated confidence

set Ī . In order to decide about the aggregation of y(ka),
we consider the switching index involving Wa data up to

y(ka), i.e. o(ka;Wa,Wa − 1), using a small value of Wa

to avoid an excessive smoothing which could compromise

switch detection. The confidence set for o(ka) is denoted

with Ia.
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Fig. 4. Switching indexes o(k; 3, 1), o(k; 4, 2) and o(k; 5, 2), computed on
noisy data y(k) with σ = 10−3. Vertical bars represent the corresponding
confidence sets.

As a decision rule, we detect a switch if Ī ∩ Ia = ∅. It

is easy to prove that, with such a rule, the probability of

detecting an erroneous switch is lower than 2α. The main

drawback of this rule is that it does not allow one to find

switches if confidence sets are overlapping and this problem

becomes critical for high noise levels. The complete switch

detection algorithm, that include suitable reinitializations of

the procedure after the detection of a switch, is given in [24].

A different approach is to base the aggregation of data

on the estimation of the concentration dynamics within a

molecule domain. If x(k0), x(k0 + 1), . . . , x(k̄) have been

all generated by the j-th mode of the PWA-OE model, the

output measurements y(k), k = k0, k0 + 1, . . . , k̄, are given

by

y(k) = x(k) + ξ(k)

=
κj

γj
−

(
κj

γj
− x(k0)

)
e−γj(k−k0)T + ξ(k) ,(20)

where T and k0 are known values and κj , γj , x(k0) represent

the unknown model parameters. The estimates κ̂j , γ̂j and

x̂(k0) can be obtained using nonlinear least squares [19].

In order to illustrate the decision rule for aggregation,

assume that W̄ consecutive data up to y(k̄) have been ag-

gregated and let κ̂j , γ̂j and x̂(k0) be the estimates produced

by nonlinear least squares methods using these data. We can

perform an hypothesis test to evaluate if y(k̄ + 1) can be

described by the estimated model. The null hypothesis H0 is

that y(k̄ + 1) belongs to the same mode of the aggregated

data. Under H0, we consider the confidence interval Ia, gen-

erated according to the estimated model, for the measurement

at k̄ + 1 . Aggregation of y(k̄ + 1) is therefore performed if

y(k̄ +1) ∈ Ia, detecting a switch otherwise. As described in

[19], the interval Ia can be computed by linearizing model

(20). The complete algorithm is reported in [24].

The above-mentioned switch detection techniques are

complementary in the following sense: On the one hand, the

method based on switching indexes outperforms the method

based on nonlinear estimation for low noise levels, on the

other hand, the strategy based on nonlinear filtering is the

most accurate for high noise levels. These properties have

been observed in [24] on the basis of extensive simulations.

V. RECONSTRUCTION OF SWITCHING THRESHOLDS

This section summarizes a method presented in [7], [8] for

solving task 3 of the identification procedure given in Section

III. This algorithm is complementary to the results provided

in [23] on the reconstruction of regulatory interactions from

the knowledge of switching thresholds. From now on, x(k)
denotes the vector of concentrations and we assume that the

switching sequence λ(x(k)) has already been reconstructed.

In this case, the dataset N can be partitioned into the mode

data sets

F j = {x(k) : λ(x(k)) = j}, j = 1, . . . , s (21)

that are collected in the set F∗ = {F1, . . . ,Fs}. In order to

introduce the problem of reconstructing switching thresholds,

we give the following definitions.

Definition 1: An axis-parallel (ap-) hyperplane in R
n with

direction j ∈ {1, . . . , n} is the zero level set of the function

h(x) = xj − θ. We call θ zero-level of h and set dir(h) = j

and Z(h) = θ. We say that h separates Fp and Fq if there

exists δ ∈ {+1,−1} such that for all x ∈ Fp ∪ Fq

{
δ h(x) > 0, if x ∈ Fp,

δ h(x) < 0, if x ∈ Fq.
(22)

In this case, we write Fp
h
g Fq. Finally, Fp and Fq are

separable if there exists an ap-hyperplane separating them.

Roughly speaking, the problem of reconstructing switch-

ing thresholds is equivalent to the problem of finding all

combinations of ap-hyperplanes that separate all pairs of

sets (Fp,Fq), p 6= q. Indeed, switching thresholds are

just the zero levels of ap-hyperplanes. Let U = {(p, q) ∈
{1, . . . , s}2 : p < q}. The following definition captures mode

data sets separated by an ap-hyperplane.

Definition 2: The separation power of an ap-hyperplane h

is the set-valued function

S(h) = {(p, q) ∈ U : Fp
h
g Fq}. (23)

Let H be the set of ap-hyperplanes for which S(h) 6= ∅. Two

ap-hyperplanes h, h′ ∈ H are equivalent if dir(h) = dir(h′)
and S(h) = S(h′). The equivalence relation will be denoted

by ∼.

For instance, consider the collection F∗ represented in

Fig. 5-(a). With reference to Fig. 5-(b) all ap-hyperplanes h

with dir(h) = 1 and Z(h) ∈]a1, a2[ have the separation

power S(h) = {(1, 2), (1, 3)} and form an equivalence

class. In the same figure are represented the boundaries of

the five equivalence classes composing H. Following the

principle of minimizing the empirical risk [31], we select

as candidate thresholds the ap-hyperplanes that lies in the

middle of each equivalence class and call them cuts. The set

of cuts will be denoted with C∗. A thorough characterization

of all equivalence classes as well as an efficient algorithm

for computing C∗ is reported in [7]. For the sets in Fig. 5-(a),

the elements of C∗ are depicted in Fig. 5-(c).

As it is apparent from Fig. 5-(c), not all hyperplanes are

necessary for separating all pairs of mode data sets. By
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(a)

(b)

(c)

(d)

Fig. 5. Simple example of cuts and multicuts. (a) Data sets F∗. (b)
Boundaries of the classes of equivalence. (c) Multicut C∗. (d) Multicut
Max� C∗.

recalling that a threshold corresponds to a step function and

ultimately to a regulatory interaction among genes, it makes

sense to invoke the Occam’s razor principle and look for

“minimal” combinations of cuts that separate all pairs of

mode data sets. In order to state the problem in a more

precise way, we equip C∗ with a partial order.

Definition 3: Let h, h′ ∈ C∗. The partial order � on C∗ is

defined as

h � h′ if S(h) ⊆ S(h′) and dir(h) = dir(h′). (24)

For instance, in Fig. 5-(c), one has h(2),1 � h(1),1 and this

relation captures the fact that h(2),1 can be discarded from

the set of cuts without affecting the separation of the mode

data sets. More formally, one wants to consider only cuts in

the set Max�C
∗, i.e. the set containing all elements in C∗ that

are maximal with respect to the order �. For the example

in Fig. 5-(a), the cuts composing Max�C∗ are represented in

Fig. 5-(d). An algorithm for computing Max�C
∗ is provided

in [7].

However, also Max�C
∗ contains redundant cuts. For in-

stance, from Fig. 5-(d) one can verify that the following

subsets of Max�C
∗

{h(1),1, h(3),1}, {h(1),1, h(2),2}, {h(3),1, h(2),1} (25)

have the desired separation properties and are composed

just by two cuts. Next, we show how to characterize these

minimal set of cuts.

Definition 4: A multicut M of F∗ is a finite set of cuts

such that for all (p, q) ∈ U there exists h ∈ M, such that

Fp
h
g Fq. A collection F∗ is said to be m-separable if there

exists a multicut of F∗.

In the sequel, we assume that F∗ is m-separable. Depending

on the GRN, the available data, and the estimated switching

function, this assumption might not hold (see [8] for a

detailed discussion). However, this can be easily checked,

because F∗ is m-separable if and only if C∗ (and Max�C
∗)

are multicuts [7].

We equip Max�C
∗ with the partial order relation of set

inclusion ⊆ and define ↓ {Max�C∗} as the set composed by

all multicuts included in Max�C
∗. We are now in a position

to state the main problem.

Problem 1: Compute all minimal elements of

↓ {Max�C∗} equipped with the partial order ⊆.

Solutions to problem 1 will be called minimal multicuts. Note

that in general, there exists more than one minimal multicut

and each one of them corresponds to a set of regulatory

interactions consistent with the data. Apparently, Problem 1

is NP -hard. A branch-and-bound algorithm for solving it

can be found in [8]. When applied to the multicut Max�C
∗

in Fig. 5-(c), the algorithm finds the multicuts (25).

VI. A CASE STUDY: IDENTIFICATION OF THE CARBON

STARVATION RESPONSE OF E. coli

In this Section we illustrate the results obtained by ap-

plying the algorithms presented in Sections IV and V to

data generated by PWA models of the GRN regulating the

response of the bacterium E. coli to a nutrient stress. In the

absence of essential carbon sources, an E. coli population

abandons exponential growth and enters a non-growth state

called stationary phase. This growth-phase transition gives

rise to numerous changes in the the morphology and the

metabolism of the cell, as well as in gene expression. At the

molecular level, the transition from exponential to stationary
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Fig. 6. Graphical representation of the simplified carbon starvation response
network of E. coli.

phase in response to a carbon stress is controlled by a

complex GRN.
A detailed PWA model of the GRN is provided in [27].

Here, we use the simplified network represented in Fig. 6
whose equations are

ẋCRP = κ
0
CRP + κ

1
CRP s

−(xFis, θ
1
Fis) s

+(xCRP , θ
1
CRP ) ·

· s
+(xS , θS) − γCRP xCRP

ẋFis = κ
1
Fis (1 − s

+(xCRP , θ
1
CRP ) s

+(xS , θS))

+ κ
2
Fis s

+(xGyrAB , θGyrAB) ·

· (1 − s
+(xCRP , θ

1
CRP ) s

+(xS , θS)) − γFis xFis

ẋGyrAB = κGyrAB s
−(xFis, θ

3
Fis) − γGyrAB xGyrAB

ẋrrn = κrrn s
+(xFis, θ

2
Fis) − γrrn xrrn

ẋS = 0

The variables xCRP , xFis, xGyrAB , and xrrn denote the

concentrations of CRP, Fis, GyrAB, and stable RNAs, while

xS represents the carbon starvation signal (s+(xS , θS) = 1
means that carbon starvation occours). The following param-

eter values have been used for the simulations: θ1
CRP = 0.33,

θ2
CRP = 0.67, θ1

Fis = 0.1, θ2
Fis = 0.5, θ3

Fis = 0.75,

θGyrAB = 0.5, θrrn = 0.5, θS = 0.5, γCRP = 0.5, γFis =
2, γGyrAB = 1, γrrn = 1.5, γS = 0.5, κ0

CRP = 0.25,

κ1
CRP = 0.4, κ1

Fis = 0.6, κ2
Fis = 1.15, κGyrAB = 0.75,

κrrn = 1.12. The output of the GRN is the concentration of

stable RNAs that is very low in the stationary phase.

Data in Fig. 7 represent the reentry into exponential phase

following a carbon upshift and have been generated by a

PWA-OE model where the chosen noise level and sampling

time are comparable with the ones found in real experiment

with gene reporter systems. In Fig. 7 the real switching times

and those reconstructed by applying the switching detection

technique based on nonlinear estimation are also shown. One

can observe that all switches have been identified with a

satisfactory precision except for the concentration of protein

Fis where a spurious switch appears.

For threshold reconstruction a very similar data set, gener-

ated by a PWARX model of the network, has been considered

in [7]. Moreover, mode data sets have been produced using

the true switching sequence. In this case, the set Max�C
∗

composed by the six cuts represented in Fig. 8-(a) was

found. Most interesting, just three minimal multicuts were

found (see Fig. 8-(b)) and two of them were entirely made

of cuts present in the real model. In [7], it has been shown
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Fig. 7. Switch detection results on simulated data of the GRN depicted in
Fig. 6. Variables yCRP, yFis, yGyrAB, and yrrn denote the concentration
measurements of proteins CRP, Fis, GyrAB, and stable RNAs, rescaled to
the interval [0, 1]. Vertical lines represents detected switches, while crosses
correspond to real switching times.

that by merging the best multicut of this experiment with the

best ones obtained on a dataset representing the transition

from exponential to stationary phase, all but one regulatory

pathways present in Fig. 6 can be reconstructed.

Cut Variable θ Interaction C ?

h1 xFis 0.26 Fis activates fis N

h2 xGyrAB 0.49 GyrAB activates fis Y

h3 xrrn 0.03 Stable RNAs activate rrn N

h4 xCRP 0.65 CRP inhibits fis Y

h5 xFis 0.5 Fis activates rrn Y

h6 xFis 0.74 Fis inhibits gyrAB Y

(a)

Multicut Cuts in multicut Correct? (Y/N)

M1 {h2, h3, h6} {Y,N, Y }
M2 {h2, h4, h6} {Y, Y, Y }
M3 {h2, h5, h6} {Y, Y, Y }

(b)

Fig. 8. Reconstruction of switching threshold for the GRN in Fig. 6.
(a) Cuts composing Max�C∗. The column label “C” stands for “correct”,
meaning that the cut represents a regulatory interaction appearing in Fig. 6.
(b) Minimal multicuts.

VII. CONCLUSIONS

In this paper we have discussed the problem of estimating

PWA models of GRN from experimental data. In particular,

we highlighted a number of reasons for which currently

available techniques for the identification of input-output

PWA systems cannot be used out-of-the-box if the ultimate

goal is to preserve the biological meaning of the recon-

structed model. As an example of identification methods

tailored to hybrid GRN models, we presented algorithms

for finding switches in noisy gene expression data and for

estimating the thresholds characterizing multiple PWA model

consistent with the data.

Although these methods shed some light on the feasibility

of the identification procedure discussed in Section III, they

have been derived under a number of assumptions that should

be relaxed in order to broaden their range of applicability. For
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instance we postulated the absence of sliding mode behaviors

in the collected data, even if sliding modes have a biolog-

ical meaning [5] and should be explicitly handled by the

identification procedure. Moreover, the multicut algorithm

presented in Section V hinges on the assumption that the

mode data sets are m-separable. Although the lack of m-

separability does not prevent the multicut algorithm from

finding some thresholds, further research is needed in order

to fully generalize the method to this case.
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genetic regulatory networks: Equilibria and their stability. Journal of

Mathematical Biology, 52(1):27–56, 2005.
[5] H. de Jong, J.-L. Gouzand C. Hernandez, M. Page, T. Sari, and

J. Geiselmann. Qualitative simulation of genetic regulatory networks
using piecewise-linear models. Bull. Math. Biol, 66(2):301–340, 2004.

[6] P. D’Haeseleer, S. Liang, and R. Somogyi. Genetic network inference:
From co-expression clustering to reverse engineering. Bioinformatics,
16(8):707–726, 2000.

[7] S. Drulhe, G. Ferrari-Trecate, H. de Jong, and A. Viari. Reconstruction
of switching thresholds in piecewise-affine models of genetic regula-
tory networks. In J. Hespanha and A. Tiwari, editors, Proc. Hybrid

Systems: Computation and Control (HSCC 2006), volume 3927 of
LNCS, pages 184–199. Springer-Verlag, Berlin, March 2006.

[8] S. Drulhe, G. Ferrari-Trecate, H. de Jong, and A. Viari. Reconstruction
of switching thresholds in piecewise-affine models of genetic regula-
tory networks. Technical Report INRIA RT-0322, INRIA, France,
2006.

[9] G. Ferrari-Trecate, M. Muselli, D. Liberati, and M. Morari. A
clustering technique for the identification of piecewise affine and
hybrid systems. Automatica, 39(2):205–217, Feb 2003.

[10] E.C. Fieller. A fundamental formula in the statistics of biological as-
say, and some applications. Quart. J. Pharm. Pharmacol., 17(2):117–
123, 1944.

[11] T.S. Gardner, D. di Bernardo, D. Lorenz, and J.J. Collins. Inferring
genetic networks and identifying compound mode of action via
expression profiling. Science, 301(5629):102–105, 2003.

[12] R. Ghosh and C.J. Tomlin. Symbolic reachable set computation of
piecewise affine hybrid automata and its application to biological
modelling: Delta-Notch protein signalling. Syst. Biol., 1(1):170–183,
2004.

[13] L. Glass and S.A. Kauffman. The logical analysis of continuous, non-
linear biochemical control networks. J. Theor. Biol., 39(1):103–129,
1973.

[14] J. Hu, W.-C. Wu, and S. Sastry. Modeling subtilin production in
bacillus subtilis using stochastic hybrid systems. In R. Alur and
G. J. Pappas, editors, Proc. Hybrid Systems: Computation and Control

(HSCC 2004), volume 2993 of LNCS, pages 417–431. Springer-Verlag,
Berlin, 2004.

[15] J. Jaeger, S. Surkova, M. Blagov, H. Janssens, D. Kosman, K.N.
Kozlov, Manu, E. Myasnikova, C.E. Vanario-Alonso, M. Samsonova,
D.H. Sharp, and J. Reinitz. Dynamic control of positional information
in the early Drosophila embryo. Nature, 430(6997):368–371, 2004.

[16] A.L. Juloski, W.P.M.H. Heemels, G. Ferrari-Trecate, R. Vidal, S. Pao-
letti, and J.H.G. Niessen. Comparison of four procedures for the iden-
tification of hybrid systems. In M. Morari and L. Thiele, editors, Proc.

Hybrid Systems: Computation and Control (HSCC 2005), volume 3414
of LNCS, pages 354–369. Springer-Verlag, Berlin, 2005.

[17] A.L. Juloski and S. Weiland. A bayesian approach to the identification
of piecewise linear output error models. Proc. 14th IFAC Symposium

on System Identification (SYSID), 2006.
[18] S. Kikuchi, D. Tominaga, M. Arita, K. Takahashi, and M. Tomita.

Dynamic modeling of genetic networks using genetic algorithm and
S-system. Bioinformatics, 19(5):643–650, 2003.

[19] L. Ljung. System Identification: Theory for the User. Prentice-Hall,
Upper Saddle River, NJ, 2nd edition, December 1999.

[20] D.J. Lockhart and E.A. Winzeler. Genomics, gene expression and
DNA arrays. Nature, 405(6788):827–836, 2000.

[21] T. Mestl, E. Plahte, and S.W. Omholt. A mathematical framework for
describing and analysing gene regulatory networks. J. Theor. Biol.,
176(2):291–300, 1995.

[22] J. Lygeros P. Kouretas, K. Koutroumpas and Z. Lygerou. Stochastic
hybrid modeling of biochemical processes. In C.G. Cassandras and
J. Lygeros, editors, Stochastic Hybrid Systems, volume 9083 of Control

Engineering Series. Taylor & Francis Group/CRC press, 2007.
[23] T.J. Perkins, M. Hallett, and L. Glass. Inferring models of gene

expression dynamics. J. Theor. Biol., 230(3):289–299, 2004.
[24] R. Porreca, G. Ferrari-Trecate, D. Chieppi, L. Magni, and

O. Bernard. Switch detection in genetic regulatory net-
works. Technical report, Università degli Studi di Pavia, 2006.
http://sisdin.unipv.it/lab/publications/TechRepSDGRN.pdf.

[25] M. Ptashne. A genetic switch: Phage λ and higher organisms. Cell
Press & Blackwell Science, Cambridge, MA, 2nd edition, 1998.

[26] M. Ronen, R. Rosenberg, B.I. Shraiman, and U. Alon. Assigning
numbers to the arrows: Parameterizing a gene regulation network
by using accurate expression kinetics. Proc. Natl. Acad. Sci. USA,
99(16):10555–10560, 2002.

[27] D. Ropers, H. de Jong, M. Page, D. Schneider, and J. Geiselmann.
Qualitative simulation of the carbon starvation response in Escherichia

coli. BioSystems, 84(2):124–152, 2006.
[28] F. Rosenqvist and A. Karlström. Realisation and estimation of

piecewise-linear output-error models. Automatica, 41(3):545–551,
2005.

[29] E. Plahte T.Mestl and S.W. Omholt. A methodological basis for
description and analysis of systems with complex switch-like inter-
actions. J. of Math. Biol., (36):321–348, 1998.

[30] E.P. van Someren, L.F.A. Wessels, and M.J.T. Reinders. Linear
modeling of genetic networks from experimental data. In R. Altman
and et al., editors, Proc. Eight Int. Conf. Intell. Syst. Mol. Biol., ISMB

2000, pages 355–366, Menlo Park, CA, 2000. AAAI Press.
[31] V. Vapnik. Statistical Learning Theory. John Wiley, NY, 1998.
[32] G. Yagil and E. Yagil. On the relation between effector concentration

and the rate of induced enzyme synthesis. Biophys. J., 11(1):11–27,
1971.

[33] A. Zaslaver, A. Bren, M. Ronen, S. Itzkovitz, I. Kikoin, S. Shavit,
W. Liebermeister, M.G. Surette, and U. Alon. A comprehensive library
of fluorescent transcriptional reporters for escherichia coli. Nature

Methods, 3:623 – 628, 2006.

ThA15.2

4852


