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Abstract— This paper presents a novel distributed estimation
algorithm based on the concept of moving horizon estimation.
Under weak observability conditions we prove convergence of
the state estimates computed by any sensorto the correct state
even when constraints on noise are taken into account in the
estimation process. Simulation examples are provided in order
to show the main features of the proposed method.

I. I NTRODUCTION

A sensor network consists of a set of electronic devices, with
sensing and computational capabilities, which coordinate
their activity through a communication network. They can be
employed in wide range of applications, such as monitoring,
exploration, surveillance or to track targets over specific
regions. The diffusion of sensor networks is partly due to
the recent developments in wireless communications and
to the availability of low cost devices. On the other hand,
many theoretical and technological challenges have still to
be tackled in order to fully exploit their potentialities. Among
the open problems, the use of sensor networks for distributed
state estimation is of paramount importance. The problem
can be described as follows. Assume that any sensor of the
network measures some variables, computes a local estimate
of the overall state of the system under monitoring, and
transmits to its neighbors both the measured values and the
computed state estimation. Then, the main challenge is to
provide a methodology which guarantees that all the sensor
asymptotically reach a common reliable estimate of the state
variables, i.e. the local estimates reach aconsensus. This goal
must be achieved even if the measurements performed by
any sensor are not sufficient to guarantee observability of the
process state (namely,local observability), provided that all
the sensors, if put together, guarantee such property (namely,
collective observability). The transmission of measurements
and of estimates among the sensors must lead to the twofold
advantage of enhancing the property of observability of the
sensors and of reducing the uncertainty of state estimates
computed by each node.
Consensus algorithms for distributed state estimation based
on Kalman filters have been recently described in [1], [3], [7],
[8], [9], [10], [13]. In particular, in [8], [10], [13], consensus
on the measurements is used to reduce their uncertainty
and Kalman filters are applied by each agent. In [9], three
algorithms for distributed filtering are proposed. The first
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algorithm is similar to the one described in [8], save for the
fact that sensors exploit only partial measurements of the
state vector. The second approach relies on communicating
the state estimates among neighboring agents (consensus on
the state estimates). The third algorithm, namediterative
Kalman consensus filter, is based on the discrete-time version
of a continuous-time Kalman filter plus aconsensus stepon
the state estimates, which is proved to be stable. However,
stability has not been proved for the discrete-time versionof
the algorithm and optimality of the estimates has not been
addressed. Recently, convergence in mean of the local state
estimates obtained with the algorithm presented in [8] has
been proved in [7], provided that the observed process is
stable.
In [1] consensus on the estimates is used together with
Kalman filters. The weights of the sensors’ estimates in the
consensus step and the Kalman gain are optimized (in two
subsequent steps) to minimize the estimation error covari-
ance: however, in so doing optimality is not guaranteed. A
two-step procedure is also used in [3], where the considered
observed signal is arandom walk. In the proposed algorithm
filtering and consensus are performed subsequently, and
the estimation error is minimized with respect to both the
observer gain and the consensus weights. This guarantees
optimality of the solution. Recently, an interesting solution
to the problem of distributed estimation of a parameter
vector, with noisy linear measurements, has been proposed
in [2]. The algorithm accounts for dynamically changing
interconnections among sensors, unreliable communication
links, and faults. Asymptotic convergence of the estimatesto
the true values has been proved, under suitable hypothesis
of “dynamical” graph connectivity.
In this paper we propose a distributed algorithm based on the
concept ofMoving Horizon Estimation (MHE), [11], [12].
This approach has many advantages; first of all, the observer
is optimal in a sense, since a suitable minimization problem
must be solved on-line at each time instant. Furthermore,
we prove that, under weak observability conditions, conver-
gence of the state estimate is guaranteed in a deterministic
framework. Finally, constraints on the noise are taken into
account, as it is common in receding horizon approaches in
control and estimation [6].
The paper is structured as follows. In Section II we introduce
the dynamical system to be observed and the structure of
the sensor network. We define a number of observability
properties of this network and we describe the distributed
state estimation algorithm. In Section III we investigate the
convergence properties of the algorithm. In Section IV we
present a simulation example, while Section V reports some
concluding remarks and hints for future developments. For
space limitations, all the results are reported without proofs,



which can be found in [5].

II. PROBLEM FORMULATION AND SOLUTION

The observed process is described by the linear discrete-time
dynamics

xt+1 = Axt +wt , (1)

wherext ∈ R
n is the state vector andwt ∈ W ⊆ R

n (0∈ W)
represents a disturbance with varianceQ∈R

n×n. We assume
that the setW is convex. The initial conditionx0 ∈ R

n is a
gaussian random variable with meanµ and covariance matrix
Π0. Measurements on the state vector are performed byM
sensors, according to the sensing model (in general different
from sensor to sensor)

yi
t = Ci xt +vi

t , i = 1, ...,M (2)

where the termvi
t ∈ R

pi is a white noise with varianceRi ∈
R

pi×pi and the matrixCi is non null.
The communication network among sensors is described
by the directed graphG = (V ,E ), where the nodes inV
represent the sensors and the edge( j, i) in the setE ⊆V ×V

models that sensorj can transmit information to sensori. We
assume(i, i) ∈ E , ∀i ∈ V . Moreover, we denoteby Vi the set
of neighbors to nodei, i.e., Vi = { j : ( j, i) ∈ E }. We associate
to the graph the stochastic matrixK ∈ R

M×M with entries






ki j > 0 if ( j, i) ∈ E

ki j = 0 otherwise
∑M

j=1ki j = 1 ∀i = 1, ...,M
(3)

In the following, we assume the matrixK is given, i.e. it will
be not considered as a design parameter for state estimation.

A. Local, regional and collective models

We assume that, at a generic time instantt, a given sensor
i can collect the measurementproducedby itself and by
its neighboring sensors.In other words, we assume sensors
communicate only once within a sampling interval.We can
now distinguish three types of quantities:local, regional, and
collective. With reference to sensori, a quantity is referred
to aslocal when it is related to the nodei solely, while it is
calledregional if it is related to the nodes inVi . Finally, we
say that a quantity iscollective, if it is related to the whole
network. For the sake of clarity, we use different notations
for local, regional and collective variables. Namely, given a
variable z, zi represents its local version, ¯zi is its regional
counterpart, andz the collective version. For instance, we
refer to yi

t in (2) as local measurement. On the other hand,
if Vi = { j i1, ..., j ivi

}, the regional measurement of nodei is

ȳi
t = C̄i xt + v̄i

t , (4)

whereȳi
t =

[

(y
j i1
t )T . . . (y

j ivi
t )T

]T

, C̄i =
[

(C j i1)T . . . (C j ivi )T
]T

,

and v̄i
t =

[

(v
j i1
t )T . . . (v

j ivi
t )T

]T

. The dimension of vectors ¯yi
t

andv̄i
t , and the number of rows of matrix̄Ci is p̄i = ∑vi

k=1 p j ik
.

Furthermore, we denote bȳRi ∈ R
p̄i× p̄i , the covariance

matrix related to the regional noise ¯vi
t on sensori, i.e.,

R̄i =diag(Rj i1
, . . . ,Rj ivi

).

According to the adopted terminology, three different observ-
ability notions can be introduced in this framework, namely
local, regional andcollective observability.
Definition 1: The system islocally observableby sensori
if the pair (A,Ci) is observable. The system isregionally
observableby sensori if the pair (A,C̄i) is observable.
The system iscollectively observableif the pair (A,C∗) is
observable, whereC∗ = [(C1)T . . . (CM)T ]T �.
Notice that, for a given sensori, local observability implies
regional observability, and regional observability of any
sensor implies collective observability, while all opposite
implications are not true.

Given a single sensor model (1)-(2), thei-th sensor regional
observability matrixŌ i

n is

Ō
i
n =

[

(C̄i)T (C̄iA)T . . . (C̄iAn−1)T
]T

(5)

Let P̄i
NO be the orthogonal projection matrix on ker(Ō i

n), that
is the regionally unobservable subspace. Similarly, letP̄i

O
be the orthogonal projection on the regional observability
subspace ker(Ō i

n)
⊥. Next, we recall howP̄i

O andP̄i
NO can be

computed. Letr i =rank(Ō i
n) and denote withξr i+1, . . . , ξn

an orthonormal basis of ker(Ō i
n). Let alsoξ1, . . . , ξr i be an

orthonormal basis of ker(Ō i
n)

⊥ and define the non-singular
matrix

T̄ i = [ξ i
1, ...,ξ

i
n].

Defining the matrices̄Si
O and S̄i

NO as

S̄i
O =

[

Ir i

0(n−r i)×r i

]

, S̄i
NO =

[

0r i×(n−r i)

In−r i

]

we have P̄i
O = T̄ i S̄i

O(S̄i
O)T(T̄ i)−1 and P̄i

NO =
T̄ iS̄i

NO(S̄i
NO)T(T̄ i)−1. Furthermore, defining T =

diag
(

T̄1, . . . , T̄M
)

, SO = diag
(

S̄1
O, . . . , S̄M

O

)

, and
SNO = diag

(

S1
NO, . . . ,SM

NO

)

, the collective projection
matrices arePO = TSOST

OT−1 and PNO = TSNOST
NOT−1.

Note that S̄i
NO is empty when the system is regionally

observable by sensori. In this case we assume that
P̄i

NO = 000n×n.

B. The distributed estimation algorithm

Our aim is to design, for a generic sensori ∈V , an algorithm
for computing a reliable estimate of the system’s state based
on regional measurements ¯yi

t and further pieces of infor-
mation provided by sensorsj ∈ Vi . The proposed solution
relies on the use of MHE, see [6], [11], [12], in view of
its capability to handle noise constraints. More specifically,
we propose a Distributed MHE (DMHE) scheme where each
sensor solves a MHE problem.
For a given estimation horizonN ≥ 1, each nodei ∈ V at
time t solves the constrained minimization problemMHE-i
defined as

Θ∗i
t−1 = min

x̂i
t−N,{ŵi

k}
t−1
k=t−N

Ji(t −N,t, x̂i
t−N,ŵi , ˆ̄vi ,Γi

t−N) (6)

under the constraints

x̂i
k+1 = Ax̂i

k + ŵi
k (7a)

ȳi
k = C̄i x̂i

k + ˆ̄vi
k (7b)

ŵi
k ∈ W (7c)



wherek = t −N, . . . ,t and the local cost functionJi is

Ji(t −N,t, x̂i
t−N, ŵi , ˆ̄vi ,Γi

t−N) =
1
2

(

∑t
k=t−N ‖ ˆ̄vi

k‖
2
R̄−1

i
+∑t−1

k=t−N ‖ŵi
k‖

2
Q−1

)

+Γi
t−N(x̂i

t−N; ˆ̄xi
t−N/t−1)

(8)
In (8) and hereafter, the notation‖z‖2

S stands forzTSz, where
S is a positive-semidefinite matrix.

We denote by ˆxi
t−N/t and

{

ŵi
k/t

}t−1

k=t−N
the optimizers to (6)

and with x̂i
k/t , k = t −N, ...,t the local state sequence stem-

ming from x̂i
t−N/t and

{

ŵi
k/t

}t−1

k=t−N
. Furthermore,̂̄xi

t−N/t−1

denotes theweighted average of state estimates produced by
sensorsj ∈ V i , i.e.

ˆ̄xi
t−N/t−1 =

M

∑
j=1

ki j x̂
j
t−N/t−1 (9)

In (8), the functionΓi
t−N(x̂i

t−N; ˆ̄xi
t−N/t−1) is the so called

initial penalty, defined as follows

Γi
t−N(x̂i

t−N; ˆ̄xi
t−N/t−1) = Γi

NO,t−N(x̂i
t−N; ˆ̄xi

t−N/t−1)

+Γi
O,t−N(x̂i

t−N; ˆ̄xi
t−N/t−1)

(10a)

where

Γi
NO,t−N(x̂i

t−N; ˆ̄xi
t−N/t−1)=

1
2
‖P̄i

NO(x̂i
t−N − ˆ̄xi

t−N/t−1)‖
2
(Πi

t−N/t−1)
−1

=
1
2
‖x̂i

t−N − ˆ̄xi
t−N/t−1‖

2
(P̄i

NO)T(Πi
t−N/t−1)

−1P̄i
NO

(10b)

Γi
O,t−N(x̂i

t−N; ˆ̄xi
t−N/t−1) =

1
2
‖P̄i

O(x̂i
t−N − ˆ̄xi

t−N/t−1)‖
2
(Πi

t−N/t−1)
−1+

+Θ∗i
t−1

=
1
2
‖x̂i

t−N − ˆ̄xi
t−N/t−1‖

2
(P̄i

O)T(Πi
t−N/t−1)

−1P̄i
O
+

+Θ∗i
t−1 (10c)

and the constant termΘ∗i
t−1 is defined in (6) and it is

known at timet. For this reason, it could be neglected when
solving the optimization problem. However, since it plays a
major role in establishing the main convergence properties
of the proposed DMHE, it is here maintained for clarity of
presentation.
Note that ˆx j

t−N/t−1 is the estimate ofxt−N computed by sensor
j at timet −1 and therefore, in view of the definition ofki j

in (3), Γi(·) depends only upon regional quantities. Since also
the cost (8) and the constraints (7) depend only upon regional
variables, the overall estimation scheme is decentralized.
Finally, notice thatΓi(·) embodies a consensus term, in
the sense that it penalizes deviations of ˆxi

t−N/t−1 from the
weighted average of the state estimates produced by the
neighbors to sensori. Consensus, besides increasing accuracy
of the local estimates, is fundamental to guarantee conver-
gence of the state estimates to the state of the system even if
regional observability does not hold. In fact, it allowssensor
i to reconstruct components of the system state that cannot
be estimated by thei-th regional model.
The positive definite symmetric matrixΠi

t−N/t−1 appearing
in (10) plays the role of a covariance matrix and is a design
parameter whose choice will be discussed in details in the
next section.

C. Computation of the matricesΠi
t−N/t−1 and estimation

procedure

Let us define

ΠΠΠt1/t2 = diag
(

Π1
t1/t2

, . . . ,ΠM
t1/t2

)

(11)

We require the matrixΠΠΠt−N/t−1 to satisfy the following
Linear Matrix Inequality (LMI)

KT
(

PT
OΠΠΠ−1

t−N/t−1PO +PT
NOΠΠΠ−1

t−N/t−1PNO

)

K ≤ Π̃ΠΠ−1
t−N/t−1

(12)

where K = K ⊗ In ∈ R
nM×nM, the symbol⊗ denotes the

Kronecker product,In is the n× n identity matrix and
Π̃ΠΠt−N/t−1 = diag

(

Π̃1
t−N/t−1, . . . ,Π̃

M
t−N/t−1

)

. The matrix

Π̃i
t−N/t−1, i ∈ V , is given by one iteration of the difference

Riccati equation associated to the Kalman filter for the
system

{

xt−N = Axt−N−1 +wt−N−1

z̄i
t−N = Ō i

Nxt−N + V̄ i
t−N

where matrixŌ i
N is defined in (5) and

C
i
N =











0 0 . . . 0
C̄i 0 . . . 0
...

...
.. .

...
C̄iAN−2 C̄iAN−3 . . . C̄i











∈ R
p̄iN×n(N−1)

(13)

R̄i
N = diag

(

R̄i , . . . ,R̄i) ∈ R
p̄iN× p̄iN (14)

QN−1 = diag(Q, . . . ,Q) ∈ R
n(N−1)×n(N−1) (15)

Cov[wt ] = Q (16)

Cov[V̄ i
t ] = R̄∗i

N = R̄i
N +C

i
NQN−1(C

i
N)T (17)

The uncertainty of the estimate ˆxi
t−N−1 is set as

Π∗i
t−N−1/t−2 = ((P̄i

O)T(Πi
t−N−1/t−2)

−1P̄i
O +(C̄i)T(R̄i)−1C̄i

+(P̄i
NO)T(Πi

t−N−1/t−2)
−1P̄i

NO)−1 (18)

and yields the Riccati equation update

Π̃i
t−N/t−1 =R

i
(

Π∗i
t−N−1/t−2;Q, R̄∗i

N

)

(19)

=AΠ∗i
t−N−1/t−2AT +Q−AΠ∗i

t−N−1/t−2(Ō
i
N)T×

×
(

Ō
i
NΠ∗i

t−N−1/t−2(Ō
i
N)T + R̄∗i

N

)−1
Ō

i
NΠ∗i

t−N−1/t−2AT

In the following we sketch the steps that have to be carried
out, in practice, in order to apply the proposed algorithm

• At t = 0 all nodes store the matrixΠ0 and the estimate
x̂0/0 = µ of x0, whereµ is given.

• if 1 ≤ t ≤ N, the estimation horizonN is reduced to
Ñ = t and nodei ∈ V performs the following steps

– compute Πi
t−Ñ/t−1

= Πi
0/t−1 from Π0 according

to (12), for all i ∈ V ,
– solve the problemMHE-i, with initial penalty

Γi
t−Ñ

= 1
2‖P̄i

O(x̂i
0− ˆ̄xi

0/t−1‖
2
(Πi

0/t−1)
−1+

+ 1
2‖P̄i

NO(x̂i
0− ˆ̄xi

0/t−1)‖
2
(Πi

0/t−1)
−1



• if t > N, at each time instant
– compute Πi

t−N/t−1 from ΠΠΠt−N−1/t−2 according
to (12), (18) and (19), for alli ∈ V ,

– for all nodesi ∈ V , solve the problemMHE-i, with
initial penalty

Γi
t−N = 1

2‖P̄i
O(x̂i

t−N − ˆ̄xi
t−N/t−1)‖

2
(Πi

t−N/t−1)
−1+

+ 1
2‖P̄i

NO(x̂i
t−N − ˆ̄xi

t−N/t−1)‖
2
(Πi

t−N/t−1)
−1

The LMI (12) deserves a few comments. First, condition (12)
is required to guarantee convergence of the DMHE scheme.
Second, the choice ofΠΠΠt−N/t−1 verifying (12) is not unique.
Intuitively, matricesΠi

t−N/t−1 model the uncertainty one has
about the term(x̂i

t−N − ˆ̄xi
t−N/t−1) and therefore one would

make the left hand side of the inequality (12) “as close as
possible” to the right hand side. A way for achieving this is
to solvethe LMI problem

min
(

trace(ΠΠΠt−N/t−1)
)

subj. to (12) (20)

whereΠΠΠt−N/t−1 has the structure given in (11).
Notice that (20) can be solved by each sensor since, similarly
to the formula for updating covariaces in Kalman filtering,
the computation ofΠi

t−N/t−1 does not depend upon the
collected measurements. However, problem (20) has a cen-
tralized flavor since each sensor needs to know the matrices
Pi

O and Pi
NO of all sensors, and the matrixK encoding

the graph topology. These limitations are severe since, for
instance, the LMI (12) has sizen×M which implies that
the computational burden required at each sensor for solving
(20) scales with the number of sensors,hence hampering the
application of DMHE to large networks. The next proposition
provides a way to circumvent this problem.
Proposition 1: The matricesΠi

t−N/t−1 which satisfy,∀i ∈ V

[

(Pi
O)T(Πi

t−N/t−1)
−1Pi

O+(Pi
NO)T(Πi

t−N/t−1)
−1Pi

NO

]−1
≥

2
M

∑
j=1

k2
i j Π̃

j
t−N/t−1 (21)

also satisfy theLMI (12). �

Therefore, the minimization problem (20) can be replaced by
the following decentralized one, performed by each sensor
i ∈ V :

min
(

trace(Πi
t−N/t−1)

)

, subject to (21)

Notice that, in the solution provided byProposition 1,
each node computesΠi

t−N/t−1 solely on the basis of the
information provided by its neighbors, that amounts to the
matricesΠ̃ j

t−N/t−1, j ∈ Vi .

III. C ONVERGENCE PROPERTIES OFDMHE

When the network is composed by a single sensor one has
K = 1 and DMHE reduces to the MHE scheme, for which
convergence and stability have been established in [12]. The
main purpose of this Section is to extend the convergence
results of [12] to the proposed DMHE scheme.
Definition 2: Let Σ be system (1) withw = 0 and denote
by xΣ(t,x0) the state reached byΣ at time t starting from
initial condition x0. Assume that the trajectoryxΣ(t,x0) is

feasible,i.e., xΣ(t,x0) ∈ X for all t. DMHE is convergentif
‖x̂i

t/t −xΣ(t,x0)‖
t→∞
−→ 0 for all i ∈ V �

Note that, as in [12], convergence is defined assuming
that the model generating the data is noiseless, but the
possible presence of noise is taken into account in the state
estimation algorithm. Now, if we define the collective vectors
x̂t1/t2 = [(x̂1

t1/t2
)T . . . (x̂M

t1/t2
)T ]T ∈ R

nM and
xΣ(t,x0) = 1n ⊗ xΣ(t,x0), the following intermediate
result can be stated.
Lemma 1: If (i) matrices Πi

t−N/t−1 are computed as in
Section II-C,(ii) N ≥ n−1 andN ≥ 1, then the dynamics
of the state estimation error provided by the DMHE scheme
is given by

x̂t−N/t −xΣ(t −N,x0) = Φ(x̂t−N−1/t−1−xΣ(t −N−1,x0))+αt
(22)

where

Φ = PNOKAPNO (23)

A =diag(A, ...,A) ∈ R
nM×nM, and αt is an asymptotically

vanishing term, i.e.‖αt‖
t→∞
−→ 0. �

The next theorem provides conditions for convergence of
DMHE.
Theorem 1:Under the assumptions of Lemma 1, DMHE is
convergentif the matrix Φ is Schur. �

The fundamental assumption that matrixΦ is Schur is
motivated by Lemma 1 and does not require that system (1) is
asymptotically stable.Moreover, Theorem 1 does not hinge
on observability properties. For instance, it embraces thecase
where a component of the state of system (1) is not observed
by any sensor but the estimation error decays to zero because
the state component has the same property. Nevertheless,
understanding how observability conditions affect the error
dynamics is a topic of great interest. As a motivation,
consider the problem of designing a linear state estimator
when the network is composed by a single sensor. It is well
known that if system (1) isdetectablethe error dynamics
will inherit the unobservable eigenvalues ofA. However, if
system (1) isobservableone can design estimators such that
the eigenvalues of the error dynamics do not depend upon
the eigenvalues ofA.
In our framework, this rises the problem of studying con-
ditions for guaranteeing that the matrixΦ does not inherit
any (non zero) eigenvalues ofA. More formally, letλ i

A and
vi

A be the eigenvalues and the eigenvectors ofA, respec-
tively, with i = 1, ...,n. Note that, in view of its definition,
the eigenvalues ofA are λ i

A (i = 1, . . . ,n), each one with
multiplicity M. Moreover, denote byej ( j = 1, ...,M) the
canonical basis vectors ofR

M, so that the eigenspace related
to λ i

A is span(e1⊗vi
A, ...,eM ⊗vi

A). We consider the following
property.
Property 1: If λ i

A is a non-zero eigenvalue ofA, for all
x ∈span(e1 ⊗ vi

A, ...,eM ⊗ vi
A), λ i

A and x are not an eigen-
value/eigenvector pair forΦ. �

Before giving the main results, we introduce the definition of
isolatedsubgraph. If the graphG is not strongly connected
(i.e., it is reducible), one can partitionG into l nonempty
irreducible subgraphsG ∗

j = (N ∗
j ,(E ∗

j ), j = 1, . . . , l , see
e.g. [4]. If p∈ N ∗

i and q∈ Vp imply that q∈ N ∗
i we say



thatG ∗
i is isolated. Remark that, ifG is strongly connected,

it is also isolated.
Theorem 2:Consider a partition ofG into the irreducible
subgraphsG ∗

i , i = 1, . . . , l . If for all the isolated strongly
connected subgraphsG ∗

i it holds
⋂

j∈N ∗
i

ker(Ō j
n) = 0 (24)

then Property 1 is verified. �

The example in Fig. 1 illustrates the meaning of condi-
tion (24).

1G

2G
3G

2
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Fig. 1. The graph is decomposed into three connected subgraphs: G1,
G2 and G3. Notice that the node 2 (ofG2) is a neighbor of the node 3 of
G3. Therefore, graphG3 is not isolated. Analogously, the graphG2 is not
isolated, in that the node 1 (ofG1) is a neighbor of the node 2. According to
the definition, the subgraphG1 is isolated. Condition (24) requires collective
observability (see Section II-A) for the nodes of the subgraph G1 solely.

In the case of strongly connected graphs we have the
following result.
Corollary 1: If G is strongly connected and the system is
collectively observable, then Property 1 is verified. �

As a particular case, assume that all sensors enjoy regional
observability and are arranged in a strongly connected graph
G . This yields PNO = Φ = 000nM×nM and convergence of
DMHE follows from Theorem 1. Moreover, since the system
is also collectively observable, Corollary 1 guarantees that
Property 1 holds.

IV. EXAMPLE

We consider thefourth order system

xt+1 =







0.9962 0.1949 0 0
−0.1949 0.3819 0 0

0 0 0 1
0 0 −1.21 1.98






xt +wt (25)

wherext = [x1,t x2,t x3,t x4,t ]
T . Notice that the eigenvalues of

the system’s matrixA are 0.9264, 0.4517, 0.990.4795i and,
since|0.990.4795i|> 1, the system is unstable.
Let et ∈ R4, be white noise with covarianceQe =
diag(0.0012,0.038,0.0012,0.038). In the following we con-
sider two cases

A. wt = et , Q = Qe andW = R
4 (unconstrained input

noise)

B. wt = |et |, Q= Qe andW = R
4
≥0 (constrained input

noise)
In both cases, we setµ = [0 0 0 0]T , Π0 = 100In andN = 2
in the DMHE algorithm.
The state of (25) is measured byM = 4 sensors withsensing
model

yi
t = [1 0 0 0]xt +vi

t if i = 1,2
yi

t = [0 0 1 0]xt +vi
t if i = 3,4

where Cov(vi
t) = Ri = 1, i = 1, . . . ,4. Sensors are connected

according to the graph in Fig. 2, where thematrix K is
also given. It is apparent that the information available, at
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Fig. 2. Communication network and associated matrixK used in the
example.

each instant, to node 1 consists of the measurements of
x1,t and x3,t (transmitted by sensor 4). Analogously, the
information available to node 3 consists ofx1,t (transmitted
by sensor 2) andx3,t . It is easy to check that the system
is regionally observable by sensors 1 and 3. On the other
hand, at each time instant sensor 2 can only use two
different measurements ofx1,t (produced by sensors 1 and 2).
Similarly, sensor 4 can only use two different measures of
x3,t (produced by sensors 3 and 4). Therefore, the system
is not regionally observable by sensors 2 and 4.In fact,
P̄2

NO =diag(0,0,1,1), P̄4
NO =diag(1,1,0,0). The eigenvalues

of the matrixΦ defined in (23) are 0, 0.4632, 0.2258 and
0.49500.2397i. Since Φ is Schur, convergence of DMHE
is guaranteed by Theorem 1. Moreover, since the graph
is strongly connected and collective observability holds,
Corollary 1 guarantees that also Property 1 holds.
In Fig. 3 the estimation errors produced by all sensors in the
scenario A are shown. It is worth noticing that the estimates
produced by sensors 2 and 4, relative to statesx3,t , x4,t
and x1,t , x2,t , respectively, display big errors fort < 6. In
fact, these states cannot be observed by these sensors using
regional measurements.Nonetheless, the estimation errors
of all sensors asymptotically converge to the same values,
thanks to the consensus actionembodied inthe proposed
algorithm.
Fig. 4 depicts theevolution of the eigenvalues of matrices
Πi

t/t+N−1 over time. Note that these matrices are the samein
the cases A and B. Indeed, the update procedure described
in Section II-C does not depend on the estimates and can be
run off-line.
The estimation errors for case B are depicted in Fig. 5.
Analogously to case A, convergence of DMHE can be
noticed.

V. CONCLUSIONS

Many generalizations of the DMHE scheme described in the
paper can be considered in order to enhance its potentialities.
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Fig. 4. Evolution of the four eigenvalues (for each sensor) of the matrices
Πi

t/t+N−1, i = 1, . . . ,4.

A first one is the development of DMHE schemes enjoying
convergence even in presence of state constraints. In addition
we will study how to: (i) exploit the degrees of freedom in
the choice of the matrixK in order to improve the speed
of convergence of the state estimates provided by sensors;
(ii ) extend the DMHE scheme to time-varying graphs; (iii )
use properly multiple transmissions between sensors within a
sampling interval when the network bandwidth is sufficiently
large.
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