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Abstract

When a phenomenon is described by a parametric model and multiple datasets are available, a key problem in statistics is
to discover which datasets are characterized by the same parameter values. Equivalently, one is interested in partitioning the
family of datasets into blocks collecting data that are described by the same parameters. Because of noise, different partitions
can be consistent with the data, in the sense that they are accepted by generalized likelihood ratio tests with a given confidence
level. Given the fact that testing all possible partitions is a computationally unaffordable task, we propose an algorithm for
finding all acceptable partitions while avoiding to test unnecessary ones. The core of our method is an efficient procedure,
based on partial order relations on partitions, for computing all partitions that verify an upper bound on a monotone function.
The reduction of the computational burden brought about by the algorithm is analyzed both theoretically and experimentally.
Applications to the identification of switched systems are also presented.
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1 Introduction

A classic problem in statistics is to decide whether two
noisy datasets have been generated by a parametric
model using the same parameter values or not. An an-
swer can be provided resorting to standard techniques
for hypothesis testing like Generalized Likelihood Ratio
(GLR) tests [14,2] that, quite remarkably, hold under
some approximations even for nonlinear models [6]. In
the present paper we consider a generalization of the
previous problem: given a set S = {si, i = 1, . . . , n} of
noisy datasets si produced by a parametric model, find
those that have been generated using the same parame-
ter values, up to some nuisance parameters. Apparently,
a hypothesis on equalities among parameters defines a
partition of S where two datasets belong to the same
block if the underlying parameters are identical. Hence,
our aim is to find all partitions that are statistically
acceptable, for a given confidence level, and maximal,
in the sense that no coarser partition is accepted.

⋆ Some results of this paper have been presented at the
17th IFAC World Congress, 2008. Corresponding author
G. Ferrari-Trecate. Tel. +39-0382-985791. Fax +39-0382-
525638.

Email addresses: riccardo.porreca@unipv.it (Riccardo
Porreca), giancarlo.ferrari@unipv.it (Giancarlo
Ferrari-Trecate).

Given the availability of GLR tests for checking if a single
partition is acceptable [14, chapter 12] a naive strategy
for solving the partitioning problem is to test all parti-
tions. However, the combinatorial growth of the number
of partitions with n renders this method inapplicable
even for a very limited number of datasets.

The main contribution of the present paper is an algo-
rithm for solving the partitioning problem that avoids
unnecessary tests. By exploiting the natural partial or-
der on partitions, we show that all partitions that pass
the GLR test also verify an upper bound on a monotone
function L of partitions. Hence, we propose a compu-
tationally efficient method for generating all partitions
that verify the bound with the goal of minimizing the
number of times the function L has to be evaluated. In
particular, we will show that monotonicity allows some
partitions to be pruned a priori, i.e. without computing
the corresponding value of L.

In statistics and data mining, the partitioning problem
has been addressed using tools of cluster analysis [4,8,16]
and several model-based approaches for clustering time-
series of data are reviewed in [10]. However, cluster anal-
ysis procedures usually produce a single result. More-
over, they are tailored to large sets of time-series and use
heuristic criteria for finding a suitable partition without
generating all possible ones. Therefore, there is in gen-
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eral no guarantee on the optimality and statistical signif-
icance of the results. These features are in sharp contrast
with our method that is tailored to a limited number of
datasets but exploits rigorous hypothesis tests for parti-
tions and generates all statistically acceptable alterna-
tives. Methods for finding acceptable partitions by test-
ing only pairwise equalities among parameters have been
considered within the area of multiple comparison pro-
cedures. However, as remarked in [7, ch. 6], these meth-
ods can lead to inconsistent results and do not guarantee
each partition is tested with the same confidence level.

The paper is structured as follows. The partitioning
problem is introduced in Section 2. Basic properties
of the test statistics we consider and of the set of ac-
ceptable partitions are analyzed in Section 3. The main
algorithm for solving the partitioning problem is pre-
sented in Section 4 and its performance is analyzed
in Section 5 both theoretically and experimentally. In
Section 5 we also comment on the use of our algorithm
for identifying switched systems in input-output form
when switching times are known. An application of the
method to the identification of piecewise affine models
of genetic regulatory networks is presented in [13].

Notation. Let P = {S1, . . . , Sk} be a partition of the
set S = {s1, . . . , sn} composed by blocks Si, i = 1, . . . , k.
A block Si = {si1 , si2 , . . . , simi

} will be represented
through the string i1 i2 . . . imi

and a partition will be
represented by separating blocks with a slash. As an ex-
ample, if n = 4, S1 = {s1, s3} and S2 = {s2, s4}, then

P = {S1, S2} corresponds to 1 3/2 4. Let P∼ be the equiv-

alence relation induced by P on S, i.e. si
P∼ sj means

that si and sj belong to the same block. Let P denote
the set of all possible partitions of S and Pk ⊆ P the set
of all partitions having k blocks, k = 1, . . . , n. The car-
dinality of a finite set A will be denoted with |A|. Then,

|Pk| = 1
k!

∑k

j=0(−1)k−j
(

k
j

)

jn =
{

n
k

}

are the Stirling

numbers of the second kind and |P| =
∑n

k=1

{

n
k

}

= Bn

is the Bell number [15,9].
An RGF is a string p = (p1, p2, . . . , pn), with pi ∈ Z,
verifying pi ≤ 1 + mi(p), where m1(p) = p1 = 1 and
mi(p) = max{p1, . . . , pi−1} for i > 1. There exists a
one-to-one correspondence between partitions of S and
RGFs of length n, given by pi = pj ⇔ si

P∼ sj , ∀i, j ∈
{1, . . . , n} (see Figure 1 for an example). The same let-
ter will be used to denote a partition (e.g. P ) and the
corresponding RGF (e.g. p). Note that max p = |P | is
the number of blocks in P . RGFs can be sorted accord-
ing to the lexicographic total order ≤lex, with p <lex q

if, for some ī, pī < qī and pi = qi for i = 1, . . . , ī − 1.

2 Problem Statement

We assume that collected data are split in n dis-
joint datasets si = {(ri,1, yi,1), . . . , (ri,Ni

, yi,Ni
)},

i = 1, . . . , n, where ri,j ∈ R
mr are regressors and

yi,j ∈ R are output measurements. The total number of
data is N =

∑n
i=1 Ni. In the dataset si, regressors and

outputs are related by the parametric model

yi,j = f(ri,j , θi) + εi,j , j = 1, . . . , Ni , (1)

where εi,j ∼ N(0, σ2) are i.i.d. errors and θi ∈ R
mθ

are parameter vectors. Parameter vectors are decom-
posed as θ⊤i =

[

ξ⊤i ρ⊤i
]

, where ξi ∈ R
mξ , mξ > 0, and

ρi ∈ R
mρ , mρ ≥ 0. In the sequel, we will use partitions of

S = {s1, . . . , sn} for encoding hypotheses about equali-
ties among vectors ξi, i = 1, . . . , n. More specifically, a
partition P of S models the equalities given by the rule:
ξi = ξj ⇔ si

P∼ sj . As an example, if n = 4, the par-
tition P = 1 3/2 4 means that ξ1 = ξ3 and ξ2 = ξ4. In
this setting, ρi are nuisance parameters, i.e. they model
entries of θi for which we are not interested in checking
equality constraints. Note that P = 1/2/ . . . /n models
the absence of equality constraints among parameters.
Obviously, data are assumed to be generated by a single
partition, regarded as the true one and denoted with P̄ .
We are now in a position to state the problem we will
study.

Problem 1 (Partitioning) Assuming that f is known
and σ2, θi, i = 1, . . . , n, are unknown, estimate P̄ using
the datasets si.

In order to assess if a generic partition P is acceptable we
introduce a statistical test for the following hypothesis

H0(P ) : the equality constraints among parameter
vectors ξi, i = 1, . . . , n, encoded by P hold.

Let Θ⊤ =
[

θ⊤1 . . . θ⊤n
]

and define

J(Θ) =
n

∑

i=1

Ni
∑

j=1

[(yi,j − f(ri,j , θi)]
2 , (2)

Ĵ(P ) = min
Θ

J(Θ) subject to H0(P ) . (3)

Note that when f is linear in the parameter vector, (3)
amounts to an ordinary least squares problem for a fixed

P . Let J̄ = Ĵ(1/2/ . . . /n) be the cost obtained with-
out imposing any constraints on Θ. As shown in Ap-
pendix A, H0(P ) can be expressed as a linear constraint
on Θ. Therefore, according to [14], when function f is
linear in the parameter vector the Generalized Likeli-
hood Ratio (GLR) (1 − α)-level test is to reject H0(P ),
and hence P , if

Ĵ(P ) > (1 + ∆α(|P |))J̄ , (4)

∆α(k) =

{

(n−k)mξ

N−nmθ
Fα((n − k)mξ, N − nmθ), k < n

0, k = n
(5)

where k = |P |, α ∈ (0, 1), Fα(v1, v2) represents the (1−
α)-th quantile of the F -distribution with (v1, v2) degrees
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of freedom. When f is a nonlinear function, as shown in
[6], condition (4) is still a GLR test for H0(P ) but its level
is (1−α) under some approximations. We also highlight
that the partition 1/2/ . . . /n is just used for comparison
with all other partitions and it is always accepted by (4)
even if all other partitions are rejected.

In principle, Problem 1 could be solved by generating all
partitions P of S and testing H0(P ). In this way we can
build the set of accepted partitions

A = {P ∈ P : Ĵ(P ) ≤ (1 + ∆α(|P |))J̄} . (6)

However, the generation of all partitions is a combina-
torial problem that is prohibitive even for small values
of n. Moreover, recall that testing H0(P ) implies solving

the optimization problem (3) for computing Ĵ(P ), which
can be a computationally intensive task especially when
f is nonlinear. The main purpose of the paper is to de-
fine a strategy for reducing the number of partitions to
be tested in order to compute A.

3 A Procedure for Computing A

We introduce a partial order relation ≤ on P , corre-
sponding to the concept “being finer than” [15].

Definition 1 Given two partitions P, Q ∈ P, P ≤ Q
(P is finer than Q, Q is coarser than P ) if for each block
Si ∈ P there exists a block Sj ∈ Q such that Si ⊆ Sj.

Moreover, denote with ≺ and ≻ the covering relations
associated with ≤. In particular, Q ≻ P (Q covers P ) is
obtained by replacing exactly two blocks of P by their
union. It is easy to verify that the partially ordered set 1

(P ,≤) is a complete lattice. As for any poset, it can be
represented through a directed graph, known as Hasse
diagram, where nodes represent partitions in P and an
arc from P to Q means that P ≺ Q (see Fig. 1 for an
example). Finally, let P < Q mean P ≤ Q and P 6= Q.

Given a partition Q ∈ P , the equality constraints en-
coded by Q include the constraints encoded by any P
verifying P ≤ Q. Note that in (4)–(5) the acceptance of

a partition P depends on the value of the statistic Ĵ(P )
and of ∆α(|P |). The next proposition, that is proved in

[13], shows monotonicity properties of Ĵ and ∆α.

Proposition 2 If Q ≥ P then Ĵ(Q) ≥ Ĵ(P ). If |Q| <
|P | then ∆α(|Q|) > ∆α(|P |)

As it will be clear in the sequel, by considering a constant
bound as critical value one can exploit the monotonic-
ity property of Ĵ for the efficient testing of partitions.

1 In the sequel, partially ordered sets will be termed
“posets”.
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Fig. 1. Hasse diagram of the poset (P ,≤) for n = 4. Parti-
tions in Pk appear on the k-th level from the bottom. The
RGF notation is shown on the second line of each node. RGFs
on each level appear in lexicographic order. Thick edges rep-
resent the poset (P ,≤T) used in Algorithms 1–2.

Therefore, we propose a strategy for computing A that
first builds the set

Ã = {P ∈ P : Ĵ(P ) ≤ (1 + ∆α(1))J̄} (7)

and then extracts A from Ã, i.e.

A = {P ∈ Ã : Ĵ(P ) ≤ (1 + ∆α(|P |))J̄} . (8)

In particular, Proposition 2 ensures that A ⊆ Ã.

As a last step, we are interested in extracting fromA par-
titions encoding a “maximal” set of constraints among
parameters. In other words, we are interested in those
partitions that are maximal in A with respect to the par-
tial order ≤ 2 . We highlight that if P ∈ Ã then the value

Ĵ(P ) is computed when constructing Ã and hence is al-
ready available when computing A through (8). There-
fore, the main challenge is to provide a computationally
efficient method for the construction of Ã. This prob-
lem is addressed in the next section where an algorithm
based on the monotonicity of Ĵ(·) is proposed.

4 Efficient Generation of Partitions Verifying a
Bound on a Monotone Function

In a more general setting, we want to build the set

Ã = {P ∈ P : L(P ) ≤ L̄} , (9)

where L : P → R is a monotone function, i.e. ∀P, Q ∈
P , Q ≥ P ⇒ L(Q) ≥ L(P ), and L̄ is a given upper

2 A partition P is maximal in a set P ′ ⊆ P if no Q ∈ P ′

verifying Q > P exists.
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Algorithm 1. Computation of Ã.
1: Ãn =

{

P ∈ Pn : L(P ) ≤ L̄
}

2: k = n
3: while (Ãk 6= ∅) and (k > 1) do
4: k = k − 1
5: Ck = candidateGeneration(Ãk+1)

6: Ãk =
{

P ∈ Ck : L(P ) ≤ L̄
}

7: end while
8: Ã =

⋃n

ℓ=k Ãℓ

function candidateGeneration(Ãk+1)

f1: C′
k =

⋃

P∈Ãk+1
P≺T(P ) //generation step

f2: Ck = {P ∈ C′
k : ∀Q ≺ P, Q ∈ Ãk+1} //pruning step

bound. Apparently, (7) and (9) coincide when setting

L(P ) = Ĵ(P ) and L̄ = (1 + ∆α(1))J̄ . The main chal-

lenge in building Ã is to avoid the computation of L(P )
for all P ∈ P . To this purpose we introduce the following
proposition, that is a direct consequence of the mono-
tonicity of L.

Proposition 3 It holds

P ∈ Ã ⇒ Q ∈ Ã, ∀Q ≤ P (10)

P /∈ Ã ⇒ Q /∈ Ã, ∀Q ≥ P (11)

Proposition 3 allows one to reduce the search space by
pruning partitions that are coarser than some P /∈ Ã. As
an example, with reference to Fig. 1, if one knows that
the partition 1 2/3/4 is not in Ã then, from (11), one
also knows a priori that all the coarser partitions 1 2 3/

4, 1 2 4/3, 1 2/3 4, 1 2 3 4 are not in Ã, without comput-
ing the corresponding values of L. These concepts are
made rigorous by the following definition and proposi-
tion, where we define Ãk = Ã ∩ Pk.

Definition 4 A partition P ∈ Pk is unnecessary if
∃Q < P : Q /∈ Ã or, equivalently 3 , if ∃Q ≺ P : Q /∈
Ãk+1. Conversely, P is necessary if ∀Q ≺ P , Q ∈ Ãk+1.

By applying Proposition 3 to Definition 4 we obtain the
following result.

Proposition 5 If P is unnecessary then P /∈ Ã. Con-
versely, if P ∈ Ã then P is necessary.

The procedure for computing Ã is reported in Algo-
rithm 1. It consists in a fine-to-coarse procedure in which
the sets Ãk, k = n, n − 1, . . ., are computed iteratively.
Since Proposition 5 allows one to avoid testing unneces-
sary partitions, Ãk is computed (line 6) by testing par-
titions in a candidate set Ck containing the necessary

3 Equivalence stems from the transitive property of the par-
tial order relation ≤.

partitions having k blocks, i.e.

Ck = {P ∈ Pk : P is necessary} , (12)

Ãk = {P ∈ Ck : L(P ) ≤ L̄} . (13)

Proposition 5 also guarantees that Ãk ⊆ Ck. The algo-
rithm is initialized in line 1 with Ãn, computed by testing
the only partition having n blocks, namely 1/2/ . . . /n.

Recall that, as discussed in Section 2, when L(P ) = Ĵ(P )
and L̄ = (1 + ∆α(1))J̄ , one always has L(1/2/ . . . /

n) ≤ L̄ and hence Ãn = Pn. Proposition 3 ensures that

if Ãk = ∅ then Ãℓ = ∅ for all ℓ ∈ {k − 1, k − 2, . . . , 1}.
Therefore, the iterative procedure ends as soon as an
empty Ãk is found (line 3) and Ã is then recovered as

the union of the computed Ãk (line 8). The core of Algo-
rithm 1 is the function candidateGeneration for building
the set Ck (line 5). The construction of the candidate
set is discussed in the next subsection, where an efficient
algorithm is proposed.

Remark 1 If L(P ) are thought of as statistics for gen-
eral hypotheses ω0(P ) verifying ω0(Q) ⇒ ω0(P ) if Q ≥
P , then the pairs (ω0(P ), L(P )), P ∈ P, define a test-
ing family that is closed and monotone [5]. Moreover,
the family of tests that reject ω0(P ) if L(P ) > L̄ is a Si-
multaneous Test Procedure (STP). In this setting, any

algorithm for computing Ã can be used for computing all
hypotheses accepted by an STP. To our knowledge, ex-
isting algorithms for achieving this goal rely on the as-
sumption that model parameters are scalars [3] while our
method allows parameters to be vectors.

Remark 2 The strategy reported in Algorithm 1 has
been inspired by the Apriori algorithm used in data min-
ing [1,16]. The goal of Apriori is to efficiently generate
sets of items appearing frequently in a database, relying
on a principle that corresponds to Proposition 3. How-
ever, Apriori is designed for subsets instead of partitions
and this requires a totally different algorithm for effi-
ciently generating candidate solutions (see Section 4.1).

4.1 Candidate Generation

In principle, at each step k, the set Ck can be computed
as in (12) but this requires to analyze |Pk| =

{

n
k

}

parti-
tions. Next we show that the computational burden for
building Ck can be reduced by first generating a set C′

k

and then computing the candidate set as

Ck = {P ∈ C′
k : P is necessary} , (14)

as done in lines f1–f2 of Algorithm 1. Details on the ef-
ficient computation of Ck from C′

k are provided in Ap-
pendix A. A suitable strategy for generating the set C′

k

should fulfill the following requirements:
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R1) to be complete and correct, i.e. to guarantee that
Ck ⊆ C′

k ⊆ Pk;
R2) to avoid generating the same partition more than

once;
R3) to avoid generating too many unnecessary parti-

tions, i.e. to make |C′
k r Ck| small;

R4) to be computationally efficient.

Our method generates the set C′
k at line f1 from parti-

tions in Ãk+1 and is based on the definition of a suitable
partial order on P .

Definition 6 Let ≤T be a partial order such that

• (P ,≤T) is a weak subposet of (P ,≤), i.e. ∀P, Q ∈ P,
P ≤T Q ⇒ P ≤ Q [15];

• the Hasse diagram of (P ,≤T) is a spanning tree of the
Hasse diagram of (P ,≤), i.e. ∀Q ∈ P r Pn, ∃!P ∈
P : P ≺T Q, where ≺T denotes the covering relation
associated with ≤T.

Moreover, let P≺T(P ) =
{

Q ∈ P : P ≺T Q
}

be the set
of children of P in the Hasse diagram of (P ,≤T).

Note that the definition of ≤T is not unique as the Hasse
diagram of (P ,≤) admits more than one spanning tree.
An example of partial order ≤T is reported in Fig. 1 by
thick edges, and one has, e.g., P≺T(1 3/2/4) = {1 3 4/
2, 1 3/2 4}.

Proposition 7 The set C′
k defined in Algorithm 1

(line f1), verifies requirements R1 and R2.

Proof. C′
k ⊆ Pk follows immediately from the defini-

tion of weak subposet. Moreover, if Q ∈ Ck then the
partition P ≺T Q is in Ãk+1, which completes the proof
of requirement R1. Requirement R2 can be equivalently
stated as P ′ 6= P ⇒ P≺T(P ′)∩P≺T(P ) = ∅ and follows
from tree structure of (P ,≤T), which guarantees that
each partition has at most one parent partition. 2

As for requirement R3, note that keeping |C′
k rCk| small

corresponds to making |Pk|− |C′
k| large, since Ck ⊆ C′

k ⊆
Pk. The next proposition quantifies the number of un-
necessary partitions that the computation of C′

k prevents
from being generated.

Proposition 8 If C′
k is defined as in Algorithm 1

(line f1), then

|Pk| − |C′
k| =

∑

P∈Pk+1rÃk+1
|P≺T(P )| (15)

Proof. The proof follows from the definition of C′
k and

noting that Pk =
⋃

P∈Pk+1
P≺T(P ). 2

Note that, according to Proposition 8, the set C′
k will

not include some unnecessary partitions whenever there

Algorithm 2. Generation of P≺T(p) from p.
1: P≺T(p) = ∅
2: ī = max{i ∈ {1, . . . , n} : pi ≤ mi(p)} + 1
3: q = p

4: for i = n downto ī do
5: for b = 1 to pi − 1 do
6: qi = b
7: P≺T(p) = P≺T(p) ∪ {q}
8: end for
9: end for

exists some P ∈ Pk+1 \Ãk+1 such that P≺T(P ) 6= ∅. An
example is reported in [13].

While the properties mentioned above hold for any par-
tial order ≤T, requirement R4 clearly depends on the
actual definition of ≤T. In particular, we consider the
use of the lexicographic order on RGFs for defining the
covering relation≺T (and hence the partial order≤T) as

P ≺T Q ⇔ P = min
<lex

{P ′ ∈ P : P ′ ≺ Q} , (16)

where min<lex
denotes the minimum of a set of partitions

with respect to the lexicographic total order on RGFs.
In other words, the Hasse diagram of (P ,≤T) is obtained
from that of (P ,≤) by retaining only edges connecting
a partition Q and the parent with the minimal RGF
(see Fig. 1). The proposed definition of ≤T makes the
generation of C′

k in line f1 of Algorithm 1 very efficient,
as described in Algorithm 2 for RGFs. Algorithm 2 is
based on the preliminary computation of ī in line 2. In
terms of partition P , ī is the smallest value in {2, . . . , n}
such that all singletons {si}, i = ī, ī+1, . . . , n, are blocks
of P . If such value does not exists (̄i = n + 1) then one
has P≺T(P ) = ∅. We highlight that the value of ī can be
obtained by scanning once the n elements of the RGF p

for computing both mi(p) (defined in Section 1) and ī
at the same time. Then, each child of p is generated at
line 6 by changing only one element of the RGF.

5 Performance of the Algorithm

In this section we discuss the effectiveness of the pro-
posed method for solving Problem 1. We first present a
theoretical analysis and then show the performance of
the algorithm on multiple experiments with simulated
datasets.

Let Nt be the number of partitions tested for building
Ã through Algorithm 1. In particular, when only one
partition is maximal in Ã, Nt can be computed explic-
itly as shown in [13]. As an example, the values of Nt

for Pm = {{si, i odd}, {si, i even}} are reported in Ta-
ble 1 for different values of n. Intuitively, since Pm ∈ P2,
this situation is quite severe for Algorithm 1 because
partitions in Pn,Pn−1, . . . ,P2 have to be explored. The

5



n 4 5 6 7 8 9 10

Nt 8 16 34 87 241 800 2729

|P| 15 52 203 877 4140 21147 115975

Table 1
Number of tests for Pm = {{si, i odd}, {si, i even}}, com-
pared with |P| for different values of n.

0 5 10 15 20 25 30 35 40
0.2

0.3

0.4

0.5

0.6

0.7

t

y

s1 s2 s3 s4 s5 s6

Fig. 2. Datasets used for evaluating the performance; dots
and circles represent noiseless and noisy data (σ = 0.01),
respectively; vertical lines denote switching times separating
datasets.

comparison between Nt and the total number of parti-
tions |P| reveals that the ratio Nt/|P| decreases as n in-
creases, thus showing the reduction in the combinatorial
complexity of the problem provided by our algorithm.

For the statistical evaluation of the performance we con-
sidered the first-order switched affine system

ẋ(t) = κλ(t) − γλ(t)x(t) , (17)

where λ(·) ∈ {0, 1}, and simulated it for t ∈ [0, 39.5]
with κ0 = 0.05, κ1 = 0.02, γ0 = γ1 = 0.05 and

λ(t) =

{

1 , t ∈ [0, 7.25)∪[16.75, 25.25)∪[30.25, 34.75)

0 , otherwise

In particular, N = 80 noiseless samples, shown in Fig. 2,
were obtained with a uniform sampling time T = 0.5.
Then, n = 6 datasets were constructed by collecting
samples between consecutive switches and adding Gaus-
sian noise εi,j with standard deviation σ. Therefore, the
considered datasets si are described by the output-error
model

yi,j = f(ri,j , [ξ
⊤
i ρ⊤i ]⊤) + εi,j , (18)

with ri,j = (j−1)T , ξ⊤i = [κi mod2 γi mod 2], ρi = x0i and

f(∆t, [κ γ x0]
⊤) =

κ

γ
−

(

κ

γ
− x0

)

e−γ∆t . (19)

Assuming no knowledge about ξi and ρi, we considered
Problem 1 for the generated datasets. Apparently, the
true partition is P̄ = 1 3 5/2 4 6.

We considered different values of σ, 200 realizations
for each σ, and applied Algorithm 1 with α = 0.05.

Nmax

σ ps 1 2 3 4 5 Nt

0.001 98.0% 98.5% 0.0% 0.0% 1.0% 0.5% 33.92

0.005 98.5% 99.0% 0.5% 0.0% 0.0% 0.5% 34.01

0.01 99.5% 69.0% 25.0% 5.0% 1.0% 0.0% 36.57

Table 2
Performance indexes for different noise levels.

The algorithm was implemented in MATLAB 7.1
(The MathWorks) running on a PC equipped with
3.2 GHz CPU. The average computational time was
about 20 seconds, most of which spent in solving the
optimization problem (3) for computing the Ĵ values.
We considered the following performance indexes:

• the percentage ps of successful cases in which P̄ ap-
pears among the maximal partitions in A,

• the distribution of the number Nmax of maximal par-
titions found in each experiment,

• the average number Nt of tested partitions,

that are reported in Table 2. First of all, the effectiveness
in reducing the number of tested partitions is demon-
strated by values of Nt that are less than 20% of the
total number of partitions, i.e. B6 = 203. Note also that
the values of Nt are in agreement with those reported
in Table 1 for the ideal case when P̄ is the only maxi-
mal partition in Ã and A. Results also show an excellent
capability of including P̄ among the maximal accepted
partitions, with values of ps bigger than 98%. Moreover,
for σ = 0.001 and σ = 0.005 at most 3 among 200 ex-
periments produced multiple maximal partitions.

Remark 3 We used model (18) just for illustration pur-
poses but apparently Algorithm 1 can be applied even
when data are generated by a general multi-input single-
output switched system in the input-output form (e.g.
switched ARX systems, see [11]). More precisely, Algo-
rithm 1 allows one to solve the following classification
problem: given a set of data corrupted by Gaussian noise
and assuming the switching times are known, discover
which of the datasets defined by consecutive switching
times have been generated by the same mode of opera-
tion of the system. The possibility of measuring switch-
ing times depends upon the considered application. Nev-
ertheless, in some cases they can be estimated as shown
in [12] for piecewise affine models of genetic networks.

6 Conclusions

In this paper we presented a method for partitioning a
family of datasets generated by a parametric model into
blocks containing datasets characterized by the same pa-
rameter values. Our procedure, that relies on GLR tests,
is a fine-to-coarse method that exploits the properties
of suitable monotone functions in order to avoid testing
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all partitions. In addition to applications of the method
to the identification of switched systems and the recon-
struction of genetic regulatory networks [13], future re-
search will focus on the use of the partitioning algorithm
in other application domains such as those reviewed in
[10]. To this purpose, it will be crucial to assess whether
features of time-series and precision requirements match
the settings and the capabilities of our method.
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A Computation of Ck from C′
k

We start introducing an algebraic representation of the
partial order ≤ on partitions.

Definition 9 For any P ∈ P, C(p) is a full-rank (n −
k) × n constraint matrix such that:

• k = maxp;
• the elements of C(p) belong to {−1, 0, +1};
• in each row there are exactly two elements whose values

are +1 and −1; if i and j are the indexes of such
elements, then one has pi = pj.

Note that the constraint matrix for a given partition is
not unique. Moreover, one can easily express H0(P ) as
the linear constraint

(

C(p) ⊗ Imξ,mθ

)

· Θ = 0 , (A.1)

where symbol ⊗ denotes the Kronecker product and
Imξ,mθ

is a matrix obtained by extracting the first mξ

rows of the mθ × mθ identity matrix. Based on Defini-
tion 9, by considering RGFs as column vectors one has

P ≤ Q ⇔ C(p) · q = 0 . (A.2)

Then, a simple way of extracting Ck from C′
k in line f2 of

Algorithm 1 is

Ck = {Q ∈ C′
k : Tk(Q) = N≺(Q)} (A.3)

where Tk(Q) = |{P ∈ Ãk+1 : C(p)·q=0}| and

N≺(Q) =
∑

Si∈Q

{

|Si|
2

}

=
∑

Si∈Q

2|Si|−1 − |Q| (A.4)

is the total number of partitions covered by Q.
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