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Abstract

When a phenomenon is described by a parametric model and multiple datasets are available, a key problem in statistics is to
discover which datasets are characterized by the same parameter values. Equivalently, one is interested in partitioning the family
of datasets into blocks collecting data that are described by the same parameters. Because of noise, different partitions can be
consistent with the data, in the sense that they are accepted by generalized likelihood ratio tests with a given confidence level.
Given the fact that testing all possible partitions is a computationally unaffordable task, in this paper we propose an algorithm
for finding all acceptable partitions while avoiding to test unnecessary ones. The core of our method is an efficient procedure,
based on partial order relations on partitions, for computing all partitions that verify an upper bound on a monotone function.
The reduction of the computational burden brought about by the algorithm is analyzed both theoretically and experimentally.
Applications to the identification of switched systems and the reconstruction of genetic regulatory networks are also presented.

Key words: Hypothesis testing; system identification; partitioning; data classification; switched systems; genetic regulatory
networks.

1 Introduction

A classic problem in statistics is to decide whether two
noisy datasets have been generated by a parametric
model using the same parameter values or not. An an-
swer can be provided resorting to standard techniques
for hypothesis testing like Generalized Likelihood Ratio
(GLR) tests [25,3] that, quite remarkably, hold under
some approximations even for nonlinear models [12]. In
the present paper we consider a generalization of the
previous problem: given a set S = {si, i = 1, . . . , n} of
noisy datasets si produced by a parametric model, find
those that have been generated using the same parame-
ter values, up to some nuisance parameters. Apparently,
a hypothesis on equalities among parameters defines a
partition of S where two datasets belong to the same
block if the underlying parameters are identical. Hence,
our aim is to find partitions that are statistically accept-
able, given a confidence level, and that are maximal, in
the sense that no coarser partition is accepted. More
precisely, because of noise, more than one maximal par-
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tition can be consistent with the data and in this case we
are interested in generating all acceptable alternatives.

Given the availability of GLR tests for checking if a single
partition is acceptable [25, chapter 12] a naive strategy
for solving the partitioning problem is to test all parti-
tions. However, the combinatorial growth of the number
of partitions with n renders this method inapplicable
even for a very limited number of datasets.

The main contribution of the present paper is an algo-
rithm for solving the partitioning problem that avoids
unnecessary tests. By exploiting the natural partial or-
der on partitions, we show that all partitions that pass
the GLR test also verify an upper bound on a monotone
function L of partitions. Hence, we propose a compu-
tationally efficient method for generating all partitions
that verify the bound with the goal of minimizing the
number of times the function L has to be evaluated. In
particular, we will show that monotonicity allows some
partitions to be pruned a priori, i.e. without comput-
ing the corresponding value of L. In this respect, our
method share strong similarities with the Apriori algo-
rithm [1,28] proposed in the context of data mining for
finding set of items appearing frequently in a database.
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In statistics and data mining, the partitioning problem
has been studied in the field of cluster analysis [10,16,28]
where the ultimate goal is to group objects according to
a similarity measure. In particular, several model-based
approaches have been proposed for clustering time-series
of data, relying on parametric models and distributions
(see [18] for a review). These algorithms are typically
based on suitable distance measures, local statistical
tests or mixture models. However, procedures developed
in the field of cluster analysis usually produce a single re-
sult. Moreover, they are tailored to large sets of objects
and use heuristic criteria for finding a suitable partition
without generating all possible ones. Therefore, there is
in general no guarantee on the optimality and statistical
significance of the results. These features are in sharp
contrast with our method that is tailored to a limited
number of datasets but exploits rigorous hypothesis tests
for partitions and generates all alternatives that are sta-
tistically acceptable.

In order to avoid testing all possible partitions one might
also think about testing pairwise equalities among esti-
mated parameters and use these results for computing
acceptable partitions. Techniques of this kind have been
considered within the area of multiple comparison pro-
cedures. However, as remarked in [15, ch. 6], these meth-
ods can lead to inconsistent results and do not guarantee
each partition is tested with the same confidence level.

The procedure we propose for computing all partitions
verifying an upper bound on a monotone function can
also be viewed as an algorithm for performing a Simul-
taneous Test Procedure (STP) [11]. In particular, we will
show that, given a family of statistical hypotheses that is
closed under intersection and monotone [11], our method
is a step-up algorithm [15] for computing all hypotheses
accepted by an STP. To our knowledge, algorithms for
achieving this goal without testing all possible hypothe-
ses have been proposed only when the model parameters
are scalars (as, e.g., in ANOVA models [4]) and usually
exploit the fact that parameters can be ordered. Quite
remarkably, our algorithm hinges on a different ratio-
nale and can be applied also in the case of vector-valued
parameters.

The paper is structured as follows. The partitioning
problem is introduced in Section 2. Basic properties of
the test statistics we consider and of the set of accept-
able partitions are analyzed in Section 3. The main algo-
rithm for solving the partitioning problem is presented
in Section 4 and its performance is analyzed in Section
5 both theoretically and experimentally. In Section 5 we
also comment on the use of our algorithm for identifying
switched systems in input-output form when switching
times are known. In this case, multiple accepted parti-
tions correspond to different ways of attributing data to
the modes of operation of the system and, ultimately, to
alternative descriptions of the observed phenomenon.

Section 6 presents an application of our algorithm to
the reverse-engineering of genetic regulatory networks.
More precisely, we consider the problem of identifying
Piece-Wise Affine (PWA) models of genetic regulatory
networks [21,9,24,23], and illustrate how partitioning al-
lows one to discover time intervals where synthesis and
degradation parameters governing gene expression have
the same values. For this application it is crucial to pro-
duce all partitions consistent with the data in order to
provide biologists with all statistically acceptable mod-
els about the network functioning. We also present ex-
perimental results using synthetic data produced by the
PWA model of carbon starvation response in E. coli re-
ported in [9].

Notation. Let P = {S1, . . . , Sk} be a partition of the
set S = {s1, . . . , sn} composed by blocks Si, i = 1, . . . , k.
A block Si = {si1 , si2 , . . . , simi} will be represented
through the string i1 i2 . . . imi and a partition will be
represented by separating blocks with a slash. As an ex-
ample, if n = 4, S1 = {s1, s3} and S2 = {s2, s4}, then
P = {S1, S2} corresponds to 1 3/2 4. The equivalence re-
lation induced by P on S will be represented by P∼, i.e.
si

P∼ sj means that si and sj belong to the same block.
The set of all possible partitions of S will be denoted
with P, and Pk ⊆ P will denote the set of all partitions
having k blocks, k = 1, . . . , n. The cardinality of a fi-
nite set A will be denoted with |A|. Therefore, the num-
ber of blocks in a partition P is given by |P |. Moreover,
|Pk| = 1

k!

∑k
j=0(−1)k−j

(
k
j

)
jn =

{
n
k

}
are the Stirling

numbers of the second kind and |P| =
∑n
k=1

{
n
k

}
= Bn

is the Bell number [27,17].

2 Problem Statement

We assume that collected data are split in n dis-
joint datasets si = {(ri,1, yi,1), . . . , (ri,Ni , yi,Ni)},
i = 1, . . . , n, where ri,j ∈ Rmr are regressors and
yi,j ∈ R are output measurements. The total number of
data is N =

∑n
i=1Ni. In the dataset si, regressors and

outputs are related by the parametric model

yi,j = f(ri,j , θi) + εi,j , j = 1, . . . , Ni , (1)

where εi,j ∼ N(0, σ2) are i.i.d. errors and θi ∈ Rmθ
are parameter vectors. Therefore, we assume that mea-
surements in a dataset are generated using the same
parameter vector and that all data are generated us-
ing the same function f . Parameter vectors are decom-
posed as θ>i =

[
ξ>i ρ

>
i

]
, where ξi ∈ Rmξ , mξ > 0, and

ρi ∈ Rmρ ,mρ ≥ 0. In the sequel, we will use partitions of
S = {s1, . . . , sn} for encoding hypotheses about equali-
ties among vectors ξi, i = 1, . . . , n. More specifically, a
partition P of S models the equalities given by the rule:
ξi = ξj ⇔ si

P∼ sj . As an example, if n = 4, the par-
tition P = 1 3/2 4 means that ξ1 = ξ3 and ξ2 = ξ4. In
this setting, ρi are nuisance parameters, i.e. they model
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entries of θi for which we are not interested in checking
equality constraints. Note that P = 1/2/ . . . /n models
the absence of equality constraints among parameters.
Obviously, data are assumed to be generated by a single
partition, regarded as the true one and denoted with P̄ .
We are now in a position to state the problem we will
study.

Problem 1 (Partitioning) Assuming that f is known
and σ2, θi, i = 1, . . . , n, are unknown, estimate P̄ using
the datasets si.

We first investigate whether a generic partition P is
acceptable or not. To this purpose we introduce a sta-
tistical test for the following hypothesis

H0(P ) : the equality constraints among parameter
vectors ξi, i = 1, . . . , n, encoded by P hold.

Let Θ> =
[
θ>1 . . . θ>n

]
and define

J(Θ) =
n∑
i=1

Ni∑
j=1

[(yi,j − f(ri,j , θi)]
2
, (2)

Ĵ(P ) = min
Θ

J(Θ) subject to H0(P ) . (3)

Let J̄ = Ĵ(1/2/ . . . /n) be the cost obtained without im-
posing any constraints on Θ. As shown in Appendix A,
H0(P ) can be expressed as a linear constraint on Θ.
Therefore, according to [25], when function f is linear in
the parameter vector the Generalized Likelihood Ratio
(GLR) (1 − α)-level test is to reject H0(P ), and hence
P , if

Ĵ(P ) > (1 + ∆α(|P |))J̄ , (4)

∆α(k) =

{
(n−k)mξ
N−nmθ Fα((n− k)mξ, N − nmθ) , k < n ,

0 , k = n ,

(5)
where α ∈ (0, 1), Fα(v1, v2) represents the (1 − α)-th
quantile of the F -distribution with (v1, v2) degrees of
freedom. Intuitively, according to (4) a partition P is ac-
ceptable if the Sum of Squared Residuals (SSR) under
H0(P ) is not significantly bigger than the SSR obtained
without imposing any constraints among parameter vec-
tors. Note also that Ĵ(P ) is used as a statistic for testing
H0(P ). When f is a nonlinear function, as shown in [12],
condition (4) is still a GLR test for H0(P ) but its level
is (1−α) under some approximations. We also highlight
that the partition 1/2/ . . . /n is just used for comparison
with all other partitions and it is always accepted by (4)
even if all other partitions are rejected.

In principle, Problem 1 could be solved by generating all
partitions P of S and testing H0(P ). In this way we can
build the set of accepted partitions

A = {P ∈ P : Ĵ(P ) ≤ (1 + ∆α(|P |))J̄} . (6)

However, the generation of all partitions is a combina-
torial problem that is prohibitive even for small values
of n. Moreover, recall that testing H0(P ) implies solving
the optimization problem (3) for computing Ĵ(P ), which
can be a computationally intensive task especially when
f is nonlinear. The main purpose of the paper is to de-
fine a strategy for reducing the number of partitions to
be tested in order to compute A.

The condition |A| > 1 means that multiple sets of equal-
ity constraints among parameters are consistent with
the available datasets. In this case we are interested in
extracting from A partitions encoding a “maximal” set
of constraints. This concept, which will be made rigor-
ous in Section 3, can be illustrated by the following ex-
ample. Let n = 4 and assume that P,Q ∈ A, where
P = 1 2 4/3 and Q = 1 2/3/4. Partition P corresponds
to ξ1 = ξ2 = ξ4 whereas Q encodes a subset of these
constraints, namely ξ1 = ξ2. In this case it is natural to
keep only P that carries more information than Q on
equalities among parameter vectors.

3 A Strategy for Computing A

We introduce a partial order relation ≤ on P, corre-
sponding to the concept “being finer than” [27].

Definition 1 Given two partitions P,Q ∈ P, P ≤ Q
(P is finer than Q, Q is coarser than P ) if for each block
Si ∈ P there exists a block Sj ∈ Q such that Si ⊆ Sj.

Moreover, denote with ≺ and � the covering relations
associated with ≤. In particular, Q � P (Q covers P ) is
obtained by replacing exactly two blocks of P by their
union. It is easy to verify that the partially ordered set 1

(P,≤) is a complete lattice. As for any poset, it can be
represented through a directed graph, known as Hasse
diagram, where nodes represent partitions in P and an
arc from P to Q means that P ≺ Q (see Fig. 1 for an
example).

Given a partition Q ∈ P, the equality constraints en-
coded by Q include the constraints encoded by any P
verifying P ≤ Q. Then, by defining Ξ> =

[
ξ>1 . . . ξ>n

]
and dom(H0(P )) = {Ξ ∈ Rnmξ : ξi = ξj ,⇔ si

P∼
sj}, one has dom(H0(Q)) ⊆ dom(H0(P )). Using the
terminology of [15,11], this means that H0(Q) implies
H0(P ). More precisely, the set P represents a hierarchi-
cal family of hypotheses and is closed, meaning that for
any nonempty P ′ ⊆ P there exists Q ∈ P such that
dom(H0(Q)) =

⋂
P∈P′ dom(H0(P )) 2 . As shown in [11,

Lemma A], likelihood ratio statistics on general fami-
lies of hypotheses with implication relations exhibit a

1 In the sequel, partially ordered sets will be termed
“posets”.
2 Note that

T
P∈P′ dom(H0(P )) is always nonempty.
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P4

P3

P2

P1

1/2/3/4

1 2/3/4 1 3/2/4 1/2 3/4 1 4/2/3 1/2 4/3 1/2/3 4

1 2 3/4 1 2 4/3 1 2/3 4 1 3 4/2 1 3/2 4 1 4/2 3 1/2 3 4

1 2 3 4

Fig. 1. Hasse diagram of the poset (P,≤) for n = 4. Parti-
tions in Pk appear on the k-th level from the bottom. Thick
edges represent the poset (P,≤T) used in Algorithm 1.

monotonic behavior. This is formally stated in the next
proposition.

Proposition 2 If Q ≥ P then Ĵ(Q) ≥ Ĵ(P ).

Proof. Follows from the fact that if Q ≥ P then
dom(H0(Q)) ⊆ dom(H0(P )). 2

Note that in (4)–(5) the acceptance of a partition P de-
pends on a critical value on the statistic Ĵ that is not
constant but depends on |P |. In particular, the function
∆α is monotone decreasing, as shown in the next propo-
sition.

Proposition 3 If |Q| < |P | then ∆α(|Q|) > ∆α(|P |)

Proof. We must show that, for any α ∈ (0, 1), ∆α(k)
increases as k decreases. Let XF ∼ F (v1, v2) and denote
withF (x; v1, v2) its cumulative distribution function, i.e.
F (x; v1, v2) = P(XF ≤ x). According to (5), for k < n,
set v1 = (n − k)mξ and v2 = N − nmξ. Then, it is
sufficient to prove that, for any v1, v2 ∈ N+,

v1+1
v2

F−1(1− α, v1 + 1, v2) > v1
v2
F−1(1− α, v1, v2) .

(7)
One can easily verify that proving (7) amounts to show
that, for all x ∈ R+,

F ( v2
v1+1x; v1 + 1, v2) < F ( v2v1x; v1, v2) . (8)

Let C1 ∼ χ2(v1), C2 ∼ χ2(v2) and XN ∼ N(0, 1) be in-
dependent random variables. By applying the definition
of the F -distribution, one has

F ( v2v1x; v1, v2) = P(C1
C2
≤ x) , (9)

F ( v2
v1+1x; v1 + 1, v2) = P(C1+X2

N

C2
≤ x) . (10)

Since P(X2
N > 0) = 1, one has

P(C1+X2
N

C2
≤ x) = P(C1+X2

N

C2
≤ x | C1

C2
≤ x)P(C1

C2
≤ x)

+P(C1+X2
N

C2
≤ x | C1

C2
> x)P(C1

C2
> x)

= P(C1+X2
N

C2
≤ x | C1

C2
≤ x)P(C1

C2
≤ x)

< P(C1
C2
≤ x) (11)

and hence (8) holds. 2

As it will be clear in the sequel, by considering a constant
bound as critical value one can exploit the monotonicity
property of Ĵ for the efficient testing of partitions. Ap-
parently, a constant critical value does not preserve the
chosen confidence level for testing individual partitions.
Therefore, we propose a strategy for computing A that
first builds the set

Ã = {P ∈ P : Ĵ(P ) ≤ (1 + ∆α(1))J̄} (12)

and then extracts A from Ã, i.e.

A = {P ∈ Ã : Ĵ(P ) ≤ (1 + ∆α(|P |))J̄} . (13)

In particular, Proposition 3 ensures that A ⊆ Ã. As a
last step, according to the remarks at the end of Sec-
tion 2, we extract from A the most informative parti-
tions, i.e. those that are maximal with respect to the par-
tial order ≤. Formally, a partition P is maximal in a set
P ′ ⊆ P if no Q ∈ P ′ verifying Q > P exists. Denoting
with maxP ′ the set of maximal partitions, our ultimate
goal is to compute maxA. We highlight that if P ∈ Ã
the SSR Ĵ(P ) is computed when constructing Ã and
hence is already available when computing A through
(13). Therefore, the main challenge is to provide a com-
putationally efficient method for the construction of Ã.
This problem is addressed in the next section where an
algorithm based on the monotonicity of Ĵ(·) is proposed.

4 Efficient Generation of Partitions Verifying a
Bound on a Monotone Function

In a more general setting, we want to build the set

Ã = {P ∈ P : L(P ) ≤ L̄} , (14)

where L : P → R is a monotone function, i.e. ∀P,Q ∈
P, Q ≥ P ⇒ L(Q) ≥ L(P ), and L̄ is a given upper
bound. Apparently, (12) and (14) coincide when setting
L(P ) = Ĵ(P ) and L̄ = (1 + ∆α(1))J̄ .

Remark 1 According to [11], if L(P ) are thought of
as statistics for general hypotheses ω0(P ) verifying
ω0(Q)⇒ ω0(P ) if Q ≥ P , then the pairs (ω0(P ), L(P )),
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P ∈ P, define a testing family that is closed and mono-
tone. Moreover, for a critical value L̄, the family of
tests that reject ω0(P ) if L(P ) > L̄ is a Simultaneous
Test Procedure (STP). In this setting, any algorithm
for computing the set Ã can be used for computing all
hypotheses accepted by an STP.

We are interested in reducing the number of partitions
for which the inequality in (14) is tested. A brute-force
approach that analyzes all partitions in P requires |P|
tests. Since |P| = Bn = O

((
n

logn

)n), the direct compu-
tation of Ã through (14) is prohibitive even for small n
[17]. The next proposition, which is a direct consequence
of the monotonicity of L, represents an effective way for
eliminating some partitions without computing the cor-
responding value of L.

Proposition 4

P ∈ Ã ⇒ Q ∈ Ã,∀Q ≤ P (15)

P /∈ Ã ⇒ Q /∈ Ã,∀Q ≥ P (16)

Proof. Assume by contradiction that there exists a
partition Q ≤ P such that Q /∈ Ã. By the monotonicity
property of L, one would have L(P ) ≥ L(Q) > L̄, which
completes the proof of (15). Formula (16) also follows
from the monotonicity of L and can be easily proved to
be equivalent to (15). 2

According to [11], Proposition 4 states that the STP
discussed in Remark 1 is coherent in the sense that if
ω0(P ) is rejected then all ω0(Q) implying ω0(P ) must be
rejected as well. As shown in [11, Th. 1], this property
holds if and only if the testing family is monotone.

The computation of Ã based on Proposition 4 is inspired
by the algorithm Apriori [1,28] that exploits a particu-
lar property, called Apriori principle, for efficiently gen-
erating sets of items appearing frequently in a database.
Proposition 4 actually corresponds to an Apriori -like
principle for partitions. As for the Apriori algorithm,
this principle allows one to reduce the search space by
pruning partitions that are coarser than some P /∈ Ã. As
an example, with reference to Fig. 1, if one knows that
the partition 1 2/3/4 is not in Ã then, from (16), one
also knows a priori that all the coarser partitions 1 2 3/4,
1 2 4/3, 1 2/3 4, 1 2 3 4 are not in Ã, without computing
the corresponding values of L. These concepts are made
rigorous by the following definition and proposition.

Definition 5 A partition P ∈ Pk is unnecessary if
∃Q < P : Q /∈ Ã or, equivalently 3 , if ∃Q ≺ P : Q /∈
Ãk+1. Conversely, P is necessary if ∀Q ≺ P , Q ∈ Ãk+1.

3 Equivalence stems from the transitive property of the par-
tial order relation ≤.

Algorithm 1. Apriori-like algorithm for computing Ã
1: Ãn =

{
P ∈ Pn : L(P ) ≤ L̄

}
2: k = n
3: while (Ãk 6= ∅) and (k > 1) do
4: k = k − 1
5: Ck = candidateGeneration(Ãk+1)
6: Ãk =

{
P ∈ Ck : L(P ) ≤ L̄

}
7: end while
8: Ã =

⋃n
`=k Ã`

function candidateGeneration(Ãk+1)
f1: C′k =

⋃
P∈Ãk+1

P≺T(P ) //generation step
f2: Ck = {P ∈ C′k : ∀Q ≺ P,Q ∈ Ãk+1} //pruning step

By applying Proposition 4 to Definition 5 we obtain the
following result.

Proposition 6 If P is unnecessary then P /∈ Ã. Con-
versely, if P ∈ Ã then P is necessary.

The Apriori -like algorithm for computing Ã is reported
in Algorithm 1. It consists in a fine-to-coarse procedure
in which the sets Ãk = Ã ∩ Pk, k = n, n − 1, . . ., are
computed iteratively. This means that we are applying a
step-up strategy [15] to the STP discussed in Remark 1.
Since Proposition 6 allows one to avoid testing unneces-
sary partitions, Ãk is computed (line 6) by testing par-
titions in a candidate set Ck containing the necessary
partitions having k blocks, i.e.

Ck = {P ∈ Pk : P is necessary} , (17)

Ãk = {P ∈ Ck : L(P ) ≤ L̄} . (18)

Proposition 6 also guarantees that Ãk ⊆ Ck. The algo-
rithm is initialized in line 1 with Ãn, computed by testing
the only partition having n blocks, namely 1/2/ . . . /n.
Recall that, as discussed in Section 2, whenL(P ) = Ĵ(P )
and L̄ = (1 + ∆α(1))J̄ , one always has L(1/2/ . . . /
n) ≤ L̄ and hence Ãn = Pn. Proposition 4 ensures that
if Ãk = ∅ then Ã` = ∅ for all ` ∈ {k − 1, k − 2, . . . , 1}.
Therefore, the iterative procedure ends as soon as an
empty Ãk is found (line 3) and Ã is then recovered as
the union of the computed Ãk (line 8).

The core of Algorithm 1 is the function candidateGen-
eration, at line 5, for constructing the candidate set of
necessary partitions. In principle, at each step k, the
set Ck can be obtained by generating all partitions in
Pk and then pruning those that are unnecessary, thus
computing Ck as in (17). This would require to analyze
|Pk| =

{
n
k

}
partitions for checking whether they are nec-

essary or not. Next we show that the computational bur-
den for building Ck can be reduced by first generating a
set C′k and then computing the candidate set as

Ck = {P ∈ C′k : P is necessary} , (19)
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as done in lines f1–f2 of Algorithm 1. A similar two-step
strategy is used in the apriori-gen function, which rep-
resents the core of the Apriori algorithm [1]. A suitable
strategy for generating the set C′k should fulfill the fol-
lowing requirements:

R1) to be complete and correct, i.e. to guarantee that
Ck ⊆ C′k ⊆ Pk;

R2) to avoid generating the same partition more than
once;

R3) to avoid generating too many unnecessary parti-
tions, i.e. to make |C′k r Ck| small;

R4) to be computationally efficient.

Our method generates the set C′k at line f1 from parti-
tions in Ãk+1 and is based on the definition of a suitable
partial order on P.

Definition 7 Let ≤T be a partial order such that

• (P,≤T) is a weak subposet of (P,≤), i.e. ∀P,Q ∈ P,
P ≤T Q⇒ P ≤ Q [27];

• the Hasse diagram of (P,≤T) is a spanning tree of the
Hasse diagram of (P,≤), i.e. ∀Q ∈ P r Pn, ∃!P ∈
P : P ≺T Q, where ≺T denotes the covering relation
associated with ≤T.

Moreover, let P≺T(P ) =
{
Q ∈ P : P ≺T Q

}
be the set

of children of P in the Hasse diagram of (P,≤T).

An example of partial order ≤T is reported in Fig. 1 by
thick edges, and one has, e.g., P≺T(1 3/2/4) = {1 3 4/
2, 1 3/2 4}.

Proposition 8 The set C′k defined in Algorithm 1,
(line f1) verifies requirements R1 and R2.

Proof. C′k ⊆ Pk follows immediately from the defini-
tion of weak subposet. Moreover, if Q ∈ Ck then the
partition P ≺T Q is in Ãk+1, which completes the proof
of requirement R1. Requirement R2 can be equivalently
stated as P ′ 6= P ⇒ P≺T(P ′)∩P≺T(P ) = ∅ and follows
from tree structure of (P,≤T), which guarantees that
each partition has at most one parent partition. 2

The fulfillment of requirement R3 is motivated by the
next proposition, which quantifies the number of unnec-
essary partitions that the computation of C′k prevents
from being generated, in comparison to (17).

Proposition 9 If C′k is defined as in Algorithm 1
(line f1), then

|Pk r Ck| − |C′k r Ck| =
∑
P∈Pk+1rÃk+1

|P≺T(P )| (20)

Proof. Since Ck ⊆ C′k ⊆ Pk, one has |Pk r Ck| −
|C′k r Ck| = |Pk| − |C′k| = |Pk r C′k|. Then, the proof

follows from the definition of C′k and noting that Pk =⋃
P∈Pk+1

P≺T(P ). 2

Note that, according to Proposition 9, the set C′k will
not include some unnecessary partitions whenever there
exists some P ∈ Pk+1 \ Ãk+1 such that P≺T(P ) 6= ∅.
As an example, with reference to Fig. 1, assume that
Ã3 = {1 3/2/4, 1/2 3/4, 1 4/2/3, 1/2 4/3}. Then one has

P≺T(1 3/2/4) = {1 3 4/2, 1 3/2 4} ,
P≺T(1/2 3/4) = {1 4/2 3, 1/2 3 4} ,
P≺T(1 4/2/3) = P≺T(1/2 4/3) = ∅ ,

and hence C′2 = {1 3 4/2, 1 3/2 4, 1 4/2 3, 1/2 3 4}. We
highlight that all sets P≺T are disjoint, meaning that no
partition is generated twice (see Proposition 8). Also,
the unnecessary partitions 1 2 3/4, 1 2 4/3 and 1 2/3 4
(contained in P2) are not generated since they are chil-
dren of 1 2/3/4, which is not in Ã3 (Proposition 9).
Moreover, one has C2 = {1 3/2 4, 1 4/2 3}, which is com-
puted as in line f2 by pruning |C′2 r C2| = 2 partitions.

In the remainder of this section we comment on re-
quirement R4. Since the Hasse diagram of (P,≤) admits
more than one spanning tree, several partial order rela-
tions≤T can be defined. While the properties mentioned
above are independent on the chosen tree, a suitable def-
inition of ≤T can greatly simplify the computation of
P≺T(P ), thus making the generation of C′k very efficient.
This issue is addressed in Appendix A, where we pro-
pose an algorithm based on the representation of parti-
tions through Restricted Growth Functions (RGFs) and
the use of the lexicographic order of RGFs for defining
the spanning tree. Here we just highlight that the gener-
ation of C′k will only require |C′k| elementary operations
and to scan |Ãk+1| vectors having n components.

5 Performance of the Algorithm

In this section we discuss the effectiveness of the pro-
posed method for solving Problem 1. We first present a
theoretical analysis and then show the performance of
the algorithm on multiple experiments with simulated
datasets.

Let Nt be the number of partitions tested for building Ã
through Algorithm 1, and ↓{P} = {Q ∈ P : Q ≤ P} be
the set of all refinements of P ∈ P. According to Propo-
sition 4, Ãmust include ↓{Pm} for all maximal partitions
Pm ∈ max Ã. Apparently, the only other partitions that
are tested in Algorithm 1 are those having n− 1 blocks
(recall that, since 1/2/ . . . /n is always accepted, parti-
tions in Pn−1 are never pruned). Therefore, it is easy to
define the set of all tested partitions, and one has

Nt =
∣∣(⋃

Pm∈max Ã ↓{Pm}
)
∪ Pn−1

∣∣ . (21)

However, it is not possible to quantify Nt for the gen-
eral case, since it depends on the intersections among
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n 4 5 6 7 8 9 10

Nt 8 16 34 87 241 800 2729

|P| 15 52 203 877 4140 21147 115975

Table 1
Number of tests for Pm = {{si, i odd}, {si, i even}}, com-
pared with |P| for different values of n.

sets ↓{Pm} for different maximal partitions Pm. This is
possible for the particular case of a single maximal par-
tition, i.e. max Ã = {Pm}, for which one has

Nt =
∣∣↓{Pm} ∪ Pn−1

∣∣
=
∣∣↓{Pm}

∣∣+
∣∣Pn−1

∣∣− ∣∣↓{Pm} ∩ Pn−1

∣∣
=

∏
Si∈Pm

B|Si| +
{

n
n−1

}
−
∑
Si∈Pm

{ |Si|
|Si|−1

}
. (22)

When |max Ã| > 1 it is only possible to provide an upper
bound to Nt. Let

Pw
m = arg min

Pm∈max Ã

∏
Si∈Pm

B|Si| −
∑
Si∈Pm

{ |Si|
|Si|−1

}
(23)

be the “worst case” maximal partition. Then one has

Nt ≤
{

n
n−1

}
+ |max Ã|

( ∏
Si∈Pw

m

B|Si| −
∑
Si∈Pw

m

{ |Si|
|Si|−1

})
. (24)

We highlight that the upper bound scales linearly with
the number of maximal partitions.

As an example, the values of Nt for Pm = {{si, i odd},
{si, i even}} , computed by means of (22), are reported
in Table 1 for different values of n. Intuitively, since
Pm ∈ P2, this situation is quite severe for Algorithm 1
because partitions in Pn,Pn−1, . . . ,P2 have to be ex-
plored. The comparison between Nt and the total num-
ber of partitions |P| = Bn reveals that the ratio Nt/|P|
decreases as n increases, thus showing the reduction in
the combinatorial complexity of the problem provided
by our algorithm.

The statistical evaluation of the performance has been
carried on by running Algorithm 1 on several simulated
datasets. We considered the first-order switched affine
system

ẋ(t) = κλ(t) − γλ(t)x(t) , (25)
where λ(·) ∈ {0, 1}, and simulated it for t ∈ [0, 39.5]
with κ0 = 0.05, κ1 = 0.02, γ0 = γ1 = 0.05 and

λ(t) =
{

1 , t ∈ [0, 7.25)∪[16.75, 25.25)∪[30.25, 34.75)
0 , otherwise

In particular, N = 80 noiseless samples, shown in Fig. 2,
were obtained with a uniform sampling time T = 0.5.

0 5 10 15 20 25 30 35 40
0.2

0.3

0.4

0.5

0.6

0.7

t

y

s1 s2 s3 s4 s5 s6

Fig. 2. Datasets used for evaluating the performance; dots
and circles represent noiseless and noisy data (σ = 0.01),
respectively; vertical lines denote switching times separating
datasets.

Nmax

σ ps 1 2 3 4 5 Nt

0.001 98.0% 98.5% 0.0% 0.0% 1.0% 0.5% 33.92

0.005 98.5% 99.0% 0.5% 0.0% 0.0% 0.5% 34.01

0.01 99.5% 69.0% 25.0% 5.0% 1.0% 0.0% 36.57

Table 2
Performance indexes for different noise levels.

Then, n = 6 datasets were constructed by collecting
samples between consecutive switches and adding Gaus-
sian noise εi,j with standard deviation σ. Therefore, the
considered datasets si are described by the output-error
model

yi,j = f(ri,j , [ξ>i ρ
>
i ]>) + εi,j , (26)

with ri,j = (j−1)T , ξ>i = [κimod 2 γimod 2], ρi = x0i and

f(∆t, [κ γ x0]>) =
κ

γ
−
(
κ

γ
− x0

)
e−γ∆t . (27)

Assuming no knowledge about ξi and ρi, we considered
Problem 1 for the generated datasets. Apparently, the
true partition is P̄ = 1 3 5/2 4 6.

In order to test the performance of our method, we
considered different values of σ, 200 realizations for
each σ, and applied Algorithm 1 with α = 0.05. The
algorithm was implemented in MATLAB 7.1 (the
The MathWorks) running on a PC equipped with
3.2 GHz CPU. The average computational time was
about 20 seconds, most of which spent in solving the
optimization problem (3) for computing the Ĵ values.
We considered the following performance indexes:

• the percentage ps of successful cases in which P̄ ap-
pears among the maximal partitions in A,

• the distribution of the number Nmax of maximal par-
titions found in each experiment,

• the average number Nt of tested partitions,

that are reported in Table 2. First of all, the effectiveness
in reducing the number of tested partitions is demon-
strated by values of Nt that are less than 20% of the
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total number of partitions, i.e. B6 = 203. Note also that
the values of Nt are in agreement with those reported
in Table 1 for the ideal case when P̄ is the only maxi-
mal partition in Ã andA. Results also show an excellent
capability of including P̄ among the maximal accepted
partitions, with values of ps bigger than 98%. Moreover,
for σ = 0.001 and σ = 0.005 at most 3 among 200 exper-
iments produced multiple maximal partitions. The situ-
ation is different for σ = 0.01. Although the value of ps is
even higher than the ones obtained for lower noise levels,
multiple maximal partitions are generated in the 31% of
the experiments, producing only one spurious partition
in the majority of such cases. As a final remark, the high
values of ps with respect to (1−α) suggest that the level
of test (4) is underestimated due to the nonlinearity of
model (27).

Remark 2 We used model (26) just for illustration pur-
poses but apparently Algorithm 1 can be applied even
when data are generated by a general multi-input single-
output switched system in the input-output form (e.g.
switched ARX systems, see [20]). More precisely, Algo-
rithm 1 allows one to solve the following classification
problem: given a set of data corrupted by Gaussian noise
and assuming the switching times are known, discover
which of the datasets defined by consecutive switching
times have been generated by the same mode of operation
of the system.

6 Application to Reverse Engineering of Ge-
netic Regulatory Networks

Genetic Regulatory Networks (GRNs) govern many cel-
lular processes like the response of cells to environmen-
tal conditions or cell differentiation, and hence play a
key role in cell functioning. The fundamental units of
GRNs are genes that typically code for a protein or
RNA, briefly referred to as gene products. The synthesis
of a gene product depends on the expression of the corre-
sponding gene, which in turn can be activated or inhib-
ited by the presence in the cell of certain gene products
at different concentration levels. This leads to possibly
complex regulatory interactions between genes and their
products, the latter playing the role of regulators. A sim-
ple example of GRN is represented in Fig. 3. The net-
work involves the four key genes and products regulating
the carbon starvation response in Escherichia coli bac-
teria and retains the main features of the more complex
model developed in [26]. In absence of carbon sources,
an E. coli population abandons the normal exponential
growth phase for entering a more conservative station-
ary phase. More in detail, a carbon starvation signal is
propagated through the GRN in order to adapt the cell
growth by downregulating the synthesis of stable RNAs.

The problem of reverse engineering GRNs from experi-
mental data has been an active research field in systems
biology over the last years [2,6,13,19,29]. This growing

Fis

fis

stable RNAs

rrn

GyrAB

gyrAB

CRP

crp

signal

A

a

synthesis of protein A
by gene a

activation

inhibition

Fig. 3. Simplified GRN regulating the carbon starvation re-
sponse in E. coli. The external input “signal” takes the value
1 [resp. 0] when carbon sources are absent [resp. present].

interest is motivated by the availability of experimental
techniques, such as gene reporter systems [30], that allow
one to measure gene expression at a sampling rate suf-
ficiently high for capturing the dynamics of regulatory
interactions. Among the modeling formalisms for GRNs
proposed in the literature (see [7] for a review), Piece-
Wise Affine (PWA) systems [14] strike a compromise be-
tween simple linear and complex nonlinear models, and
hence are attractive from the identification viewpoint.
Here we resume the main features of PWA models, de-
ferring the interested reader to [8,5] for a more detailed
description. In PWA models of GRNs the dynamics of
the vector of gene product concentrations is described by
a set of continuous-time affine models representing dif-
ferent modes of operation of the GRN. The system may
switch between different affine models when the con-
centration of a regulator crosses a threshold value, thus
modeling the regulatory interactions among genes and
products. Moreover, thresholds split the state space into
hyperrectangular regions in which the system follow the
same affine dynamics.

Assuming that the GRN is composed by g genes, let
xl(t) ∈ R+ denote the concentration of the l-th gene
product over time. As detailed in [24,23], from the PWA
structure of the model, for given initial concentrations
the dynamics of xl can be described by the switched
affine system (25) 4 , where λl(·) ∈ {1, . . . , cl}, and κli ≥
0 and γli > 0 denote synthesis and degradation pa-
rameters. By modeling concentrations measurements ylj ,
j = 1 . . . , N , as samples of xl(t) at times tj corrupted
by additive Gaussian noise, one has that measurements
between consecutive switching times for the l-th gene
define datasets sl1, . . . , s

l
nl described by the exponential

model (26)-(27).

Following the approach proposed in [9,24,23], the iden-
tification of PWA models of GRNs can be structured in
the following steps:

4 Hereafter we assume implicitely that the superscript “l”
is added to parameters and states appearing in equations
(25)-(27).
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S1) for each gene, estimate the datasets sl1, . . . , s
l
nl by

reconstructing the switching times;
S2) for each gene, estimate partitions of Sl =
{sl1, . . . , slnl} where datasets belonging to the same
block have been generated using the same param-
eters κli ≥ 0 and γli > 0;

S3) use all estimated partitions for classifying vector
data y>j = [y1

j , . . . , y
g
j ] into classes F1, . . . ,Ff such

that each class contains data generated by the same
rate parameters for all genes;

S4) use classes {Fi}fi=1 for reconstructing switching
thresholds on gene product concentrations.

Given the availability of methods for solving step S1 [24]
and step S4 [9], step S2 can be performed using Algo-
rithm 1. We also highlight that a method for solving step
3 can be easily obtained from the results of step S2 [22].
Next we present the results that can be obtained using
the PWA model reported in [9] of the network in Fig. 3
for generating data with a sample density and a noise
level comparable to those achievable in real experiments
with gene reporter systems [30]. Fig. 4 shows the data for
each gene product, the switching times estimated by the
method proposed in [24] and the results of Algorithm 1
for the four concentration profiles.

The algorithm found only one maximal partition for each
gene product. Moreover there is a very good agreement
between the estimated partitions and the true ones. This
confirms the in-principle applicability of Algorithm 1
for solving step S2 of procedure described above for the
identification of PWA models of GRNs.

7 Conclusions

In this paper we presented a method for partitioning a
family of datasets generated by a parametric model into
blocks containing datasets described by the same param-
eter values. Our procedure, that relies on GRL tests, is
a fine-to-coarse method that exploits the properties of
suitable monotone functions in order to avoid testing all
partitions. We analyzed the reduction of the computa-
tional burden brought about by our algorithm and clar-
ified links between our work and STPs. At the applica-
tion level, it has been highlighted how the partitioning
algorithm can be fruitfully exploited for reconstructing
switched systems in the input-output form and PWA
models of genetic regulatory networks.

Given the fact that clustering of time-series is ubiqui-
tous in many domains, ranging from econometrics to en-
gineering, from biology to medicine [18], future research
will focus on the identification of applications that could
benefit of the partitioning algorithm. To this purpose, it
will be crucial to assess whether features of time-series
and precision requirements match the settings and the
capabilities of our method.
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degli Studi di Pavia, 2007. http://sisdin.unipv.it/lab/

personale/pers_hp/ferrari/publications.html.

[23] R. Porreca and G. Ferrari-Trecate. Identification of piecewise
affine models of genetic regulatory networks: the data
classification problem. In Proc. 17th IFAC World Congress,
2008.

[24] R. Porreca, G. Ferrari-Trecate, D. Chieppi, L. Magni, and
O. Bernard. Switch detection in genetic regulatory networks.
In A. Bemporad, A. Bicchi, and G. Buttazzo, editors, Proc.
Hybrid Systems: Computation and Control (HSCC 2007),
volume 4416 of LNCS, pages 754–757. Sringer-Verlag, 2007.

[25] V.K. Rohatgi and A.K.M. Saleh. An Introduction to
Probability and Statistics. Wiley, 2nd edition, 2000.

[26] D. Ropers, H. de Jong, M. Page, D. Schneider, and
J. Geiselmann. Qualitative simulation of the carbon
starvation response in Escherichia coli. BioSystems,
84(2):124–152, 2006.

[27] R.P. Stanley. Enumerative Combinatorics, volume 1.
Cambridge University Press, 1997.

[28] P.-N. Tan, M. Steinbach, and V. Kumar. Introduction to
Data Mining. Addison-Wesley, 2005.

[29] N.A.W. van Riel. Dynamic modelling and analysis of
biochemical networks: Mechanism-based models and model-
based experiments. Brief. Bioinform., 7(4):364–374, 2006.

[30] A. Zaslaver, A. Bren, M. Ronen, S. Itzkovitz, I. Kikoin,
S. Shavit, W. Liebermeister, M.G. Surette, and U. Alon. A
comprehensive library of fluorescent transcriptional reporters
for Escherichia coli. Nature Methods, 3(8):623–628, 2006.

A Encoding Partitions through Restricted
Growth Functions

Set partitions are often represented using a sequence
called Restricted Growth Function (RGF, also known as

restricted growth string), which is very convenient for
generating and manipulating this kind of combinatorial
objects [17]. An RGF is a string p = (p1, p2, . . . , pn),
with pi ∈ Z, satisfying the restricted growth condition

pi ≤ 1 +mi(p), mi(p) = max{p1, . . . , pi−1},∀i > 1 .
(A.1)

For the sake of completeness, define also m1(p) = p1.
Without loss of generality, we assume p1 = 1. The main
idea of representing a partition P of S = {s1, s2, . . . , sn}
with the RGF p is is that, for any i, j ∈ {1, . . . , n},
pi = pj means si

P∼ sj . This yields a one-to-one corre-
spondence between partitions of S and RGFs of length
n (see Table A.1 for an example). For the sake of clar-
ity, the same letter will be used to denote a partition
(capital letter, e.g. P ) and the corresponding RGF (bold
small letter, e.g. p). Note that the number of blocks |P |
is given by max p. RGFs can be sorted according to the
lexicographic total order ≤lex

5 , as shown for the exam-
ple in Table A.1. Figure 1 represents the poset (P,≤)
for n = 4 using the RGF notation. Representing par-
titions with RGFs allows a simple characterization and
definition of all operations required by Algorithm 1.

Definition 10 For any P ∈ P, C(p) is a full-rank (n−
k)× n constraint matrix such that:

• k = max p;
• the elements of C(p) belong to {−1, 0,+1};
• in each row there are exactly two elements whose values

are +1 and −1; if i and j are the indexes of such
elements, then one has pi = pj.

5 Given two RGFs p and q, p <lex q if, for some ī, pī < qī

and pi = qi for i = 1, . . . , ī− 1.
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Rank Partition RGF

1 1 2 3 4 1,1,1,1

2 1 2 3/4 1,1,1,2

3 1 2 4/3 1,1,2,1

4 1 2/3 4 1,1,2,2

5 1 2/3/4 1,1,2,3

6 1 3 4/2 1,2,1,1

7 1 3/2 4 1,2,1,2

8 1 3/2/4 1,2,1,3

Rank Partition RGF

9 1 4/2 3 1,2,2,1

10 1/2 3 4 1,2,2,2

11 1/2 3/4 1,2,2,3

12 1 4/2/3 1,2,3,1

13 1/2 4/3 1,2,3,2

14 1/2/3 4 1,2,3,3

15 1/2/3/4 1,2,3,4

Table A.1
Partitions of S = {s1, s2, s3, s4} and corresponding RGFs;
ranking is with respect to lexicographic order of RGFs.

Note that the constraint matrix for a given partition is
not unique. As an example, for p = (1, 1, 2, 1, 3, 2), a
possible constraint matrix is

C(p) =


1 −1 0 0 0 0

1 0 0 −1 0 0

0 0 1 0 0 −1

 .

Based on Definition 10, one can easily express H0(P ) as
the linear constraint(

C(p)⊗ Imξ,mθ
)
·Θ = 0 , (A.2)

where symbol ⊗ denotes the Kronecker product and
Imξ,mθ is a matrix obtained by extracting the first mξ

rows of the mθ ×mθ identity matrix. Moreover, by con-
sidering RGFs as column vectors one has

P ≤ Q ⇔ C(p) · q = 0 , (A.3)

that is an algebraic characterization of the partial order
≤. Then, a simple way of extracting Ck from C′k in line f2
of Algorithm 1 is

Ck = {Q ∈ C′k : |{P ∈ Ãk+1 : C(p)·q=0}| = N≺(Q)} ,
(A.4)

where

N≺(Q) =
∑
Si∈Q

{|Si|
2

}
=
∑
Si∈Q

2|Si|−1 − |Q| (A.5)

is the total number of partitions covered by Q.

The lexicographic order of RGFs is exploited for defining
the partial order ≤T in a very convenient way. Recalling
that any partial order relation is completely specified by
the associated covering relation, we propose the follow-
ing definition of ≺T:

∀P,Q ∈ P, P ≺T Q ⇔ P = min
<lex
{P ′ ∈ P : P ′ ≺ Q} ,

(A.6)

P4

P3

P2

P1

1,2,3,4

1,1,2,3 1,2,1,3 1,2,2,3 1,2,3,1 1,2,3,2 1,2,3,3

1,1,1,2 1,1,2,1 1,1,2,2 1,2,1,1 1,2,1,2 1,2,2,1 1,2,2,2

1,1,1,1

Fig. A.1. Hasse diagram of the poset (P,≤) for n = 4 us-
ing the RGF notation. RGFs on each level appear in lexico-
graphic order. Thick edges represent the Hasse diagram of
(P,≤T) defined as in (A.6) and used in Algorithm 2.

Algorithm 2. Generation of the children of p in the tree
structure defined by ≤T.
function P≺T(p)
1: C = ∅
2: ī = max{i ∈ {1, . . . , n} : pi ≤ mi(p)}+ 1
3: q = p
4: for i = n downto ī do
5: for b = 1 to pi − 1 do
6: qi = b
7: C = C ∪ {q}
8: end for
9: end for

10: return C

where min<lex denotes the minimum of a set of parti-
tions with respect to the lexicographic total order of
RGFs. In other words, the Hasse diagram of (P,≤T)
is obtained from that of (P,≤) by retaining only edges
connecting a partition Q and the parent characterized
by the minimum RGF. The Hasse diagram of the poset
(P,≤T) defined by (A.6) is represented in Fig. 1 and A.1
by thick edges. The proposed definition of ≤T actually
allows one to set up an efficient procedure for generating
all partitions in P≺T(P ), described in Algorithm 2 for
RGFs. The algorithm is based on the preliminary com-
putation of ī in line 2. In terms of partition P , ī is the
smallest value in {2, . . . , n} such that all singletons {si},
i = ī, ī+ 1, . . . , n, are blocks of P . If such value does not
exists (̄i = n+1) then one hasP≺T(P ) = ∅. We highlight
that the value of ī can be obtained by scanning once the
n elements of the RGF p for computing both mi(p) and
ī at the same time. Then, each child of p is generated at
line 6 by changing only one element in the RGF.
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