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The Switching Threshold Reconstruction Problem
for Piecewise Affine Models of
Genetic Regulatory Networks

Samuel Drulhe, Giancarlo Ferrari-Trecate,Fellow, IEEE,, and Hidde de Jong

Abstract— Recent advances of experimental techniques in bi-
ology have led to the production of enormous amounts of data
on the dynamics of genetic regulatory networks. We present
an approach for the identification of PieceWise-Affine (PWA)
models of genetic regulatory networks from experimental data,
focusing on the reconstruction of switching thresholds associated
with regulatory interactions. In particular, our method takes
into account geometric constraints specific to models of genetic
regulatory networks. We show the feasibility of our approach by
the reconstruction of switching thresholds in a PWA model of
the carbon starvation response in the bacteriumEscherichia coli.

Index Terms— hybrid systems, system identification, systems
biology, genetic regulatory networks, piecewise-affine models,
switching thresholds.

I. I NTRODUCTION

RECENT advances of experimental techniques in biology
have led to the production of enormous amounts of data

on the dynamics of cellular processes. Prominent examples of
such techniques are DNA microarrays [2] and gene reporter
systems [3], [4], which allow gene expression to be measured
with varying degrees of precision and throughput. One of the
major challenges in biology today consists in the analysis
and interpretation of these data, with a view to identifying
the networks of interactions between genes, proteins, and
small molecules that regulate the observed processes. The
mapping of thesegenetic regulatory networksis a key issue
for understanding the functioning of a cell and for designing
interventions of biotechnological or biomedical relevance.

The problem of identifying genetic regulatory networks
from gene expression data has attracted much attention over
the last ten years. Most approaches are based on the use of
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linear models (e.g., [5], [6], [7], [8]), for which powerful
identification algorithms exist. However, given that the un-
derlying biological processes are usually strongly nonlinear,
the models are valid only near a steady state (see [9] for
an exception). While there have been some approaches based
on nonlinear models of genetic regulatory networks, the
practical applicability of these models is often compromised
by the intrinsic mathematical and computational difficultyof
nonlinear system identification. Not surprisingly, most authors
have therefore focused on specific classes of nonlinear models,
with restrictions that reduce the number of parameters and
simplify the mathematical form (e.g., [10], [11], [12]).

Another class of models that seems to strike a good
compromise between the advantages and disadvantages of
linear and nonlinear models are thePieceWise-Affine (PWA)
models of genetic regulatory networks introduced by Glass
and Kauffman in the 1970s [13]. The study of these models
and their generalizations has been an active research area in
both mathematical biology and hybrid systems theory (e.g.,
[14], [15], [16], [17], [18], [19]). Notwithstanding theirsimple
mathematical form, PWA systems capture essential aspects
of gene regulation, as demonstrated by several modeling
studies of regulatory networks of biological interest [18], [20].
Moreover, powerful techniques for the identification of PWA
systems have been developed in the field of hybrid systems
(see [21] and the references therein), which might be profitably
applied to the reconstruction of genetic regulatory networks
from experimental data.

Although the available hybrid identification algorithms pro-
vide a good starting point, they are generic in nature and
therefore not well-adapted to a number of constraints specific
to PWA models of genetic regulatory networks. First of all, the
state space regions associated with modes of the system are
hyperrectangular, as they are defined by switching thresholds
of the concentration variables. Second, there exist strongde-
pendencies between the modes of the system, as a consequence
of the coordinated control of gene expression. Third, an aim
of the system identification process is not to generate a single
model, butall models with a minimal number of regulatory
interactions that are consistent with the experimental data.

The aim of our paper is to make a first step toward the
adaptation of existing algorithms for the identification ofPWA
models so as to take into account the above constraints.
In particular, we focus on a crucial stage of the identifica-
tion process: the estimation of the switching thresholds that
partition the state space into hyperrectangular regions. We
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introduce an algorithm that, given gene expression time-series
data classified according to the regulatory modes, produces
all minimal sets of switching thresholds. We thus assume here
that the preliminary problem of detecting mode switches in
time-series data has been solved [21], although we are of
course well aware that the underlying classification algorithms
will have to be tailored to gene expression data as well.
An example is provided by the techniques proposed in [22]
for detecting switching times in gene expression profiles. In
order to illustrate the feasibility of our approach, we apply
the threshold identification algorithm to a PWA model of the
carbon starvation response inEscherichia coli[14], [20]. The
gene expression data have been obtained by simulation, while
adjusting the noise level and the sampling frequency to the
real data that can be obtained from gene-reporter systems.
The work presented in this paper is complementary to the
approach of Perkins and colleagues [23], who focus on the
reconstruction of the regulatory modes once the switching
thresholds of the system are known.

In the next two sections, we will review PWA models of
genetic regulatory networks and discuss the use of hybrid iden-
tification techniques for their reconstruction. In Sections IV to
VI we introduce the notions of cut and multicut, formulate
the switching threshold reconstructing problem in terms of
these concepts, and introduce algorithms that, under suitable
assumptions, reconstruct minimal sets of switching thresholds
from gene expression data. SectionVII presents the results of
the multicut algorithm in the context of theE. coli carbon
starvation model. In the final section we summarize our
contributions and indicate directions for further research.

The present work considerably extends the results reported
in [1], where a preliminary version of the multicut algorithm
was described. A major change lies in the definition of cut,
which is at the core of our threshold reconstruction method.In
addition, we prove new results on the mathematical properties
of cuts and multicuts (SectionsIV andV), and propose a more
efficient algorithm for the computation of minimal multicuts
(Section VI). The latter feature is illustrated by the novel
experiments presented in SectionVII .

II. PIECEWISE-AFFINE MODELS OF GENETIC REGULATORY

NETWORKS

A variety of model formalisms has been proposed to de-
scribe the dynamics of genetic regulatory networks (see [24]
for a review). A formalism particularly well-adapted to the
currently available experimental data is the following class of
PWA differential equations[13]:

ẋ = h(x) = f(x) − g(x)x, (1)

where x = [x1, . . . , xn]
′ ∈ Ω ⊂ R

n
≥0 is a vector of

cellular protein concentrations,f = [f1, . . . , fn]
′, g =

diag (g1, . . . , gn), andΩ is a bounded,n-dimensional hyper-
rectangle. In equation (1), the rate of change of each protein
concentrationxi is the difference of the rate of synthesisfi(x)
and the rate of degradationgi(x)xi. The mapfi is defined as a
sum of terms having the general formκl

i bl
i(x), whereκl

i > 0 is
a rate parameter andbl

i(x) : Ω → {0, 1} a piecewise-constant

function defined in terms of the scalar step functionss+ and
s− given by

s+(xi, θi) =

{

1 if xi > θi

0 if xi < θi

and s−(xi, θi) = 1 − s+(xi, θi),

(2)

with θi > 0 a constant denoting a threshold concentration
for xi. The step functions are reasonable approximations of
sigmoid functions, which represent the switch-like character
of the interactions found in gene regulation. The mapgi,
which expresses regulation of protein degradation, is defined
analogously tofi, except that it is required to be strictly
positive.

a b

A

B

(a)

ẋa = κa s−(xb, θb) − γa xa,

ẋb = κb s−(xa, θa) − γb xb.

(b)

Fig. 1. (a) Example of a simple genetic regulatory network, composed of
two genesa and b, the proteins A and B, and their regulatory interactions.
(b) PWA model of the network in (a).

Figure1(a) shows an example of a simplemutual-inhibition
network. The genesa and b, transcribed from separate pro-
moters, encode the proteins A and B, each of which controls
the expression of the other gene. Repression of the genes
is achieved by binding of the proteins to regulatory sites
overlapping with the promoters. In Figure1(b) the PWA
differential equations of the example network are shown. Gene
a is expressed at a rateκa, if the concentration of protein B is
below its thresholdθb, that is, ifs−(xb, θb) = 1. Analogously,
geneb is expressed at a rateκb, if the concentration of protein
A is below the thresholdθa. The degradation of the proteins
is not regulated in this case and therefore proportional to the
concentration of the proteins (with degradation parameters γa

or γb).
We now show how model (1) can be recast into a standard

PWA system. Consider the union of threshold hyperplanes

G = ∪i∈{1,...,n},li∈{1,...,pi}{x ∈ Ω : xi = θli
i }, (3)

wherepi denotes the number of thresholds forxi. The setG
splits Ω in open hyperrectangular regions∆j , j = 1, . . . , s,
s =

∏n

i=1(pi + 1), called regulatory domains. One can show
that if x ∈ ∆j , then model (1) reduces tȯx = µj−νjx, where
µj = f(x) is a constant vector andνj = g(x) is a constant
diagonal matrix. In summary, whenx ∈ Ω\G, model (1) is
equivalent to the PWA system

ẋ = h(x) = µj − νjx, if λ(x) = j with j ∈ {1, . . . , s}, (4)
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where the switching functionλ is defined as:λ(x) = j, if and
only if x ∈ ∆j . Note that in every domain∆j , the maph(x)
is affine and in each mode of regulation the state variables
evolve independently of each other (Figure2).

III. H YBRID SYSTEM IDENTIFICATION OF GENETIC

REGULATORY NETWORKS

Experimental techniques in biology, like DNA microarrays
and gene reporter systems, allow gene expression to be mea-
sured at discrete time instants. In what follows, we assume
that data are obtained with a uniform sampling periodT > 0,
whereT is small with respect to the time constants of gene
expression. We denote bŷx(k), k = 1, . . . , N + 1, the
measured vectors of concentrationsx̂(kT ). By approximating
derivatives through first-order differences, from (4) one obtains
the following data model:

x̂(k+1) = (I−Tνj) x̂(k)+Tµj +ǫ(k), if λ(x̂(k)) = j, (5)

whereǫ(k) is an additive noise corrupting the measurements.
By focusing on the dynamics of a single protein concentration,
say x̂i, model (5) becomes

x̂i(k + 1) =
[

x̂i(k) 1
]

χj + ǫ(k), if λ(x̂(k)) = j, (6)

whereχj =
[

1 − T (νj)ii T (µj)i

]′
. 1

Over the last few years, several hybrid system identification
algorithms have been proposed for the reconstruction of so-
called PieceWise AutoRegressive eXogenous (PWARX) mod-
els (see [21] for a review). Without going into details (which
can be found in [25]), we just highlight that (6) is a PWARX
system with inputu(k) = [x̂1(k), . . . , x̂l 6=i(k), . . . , x̂n(k)]′

and outputy(k) = x̂i(k). The identification of model (6)
amounts to three tasks: (i) the estimation of the number of
domainss (whens is not knowna priori); (ii) the estimation
of the hyperrectangular domains∆j ; (iii) the estimation of
the parameters vectorsχj . All hybrid identification techniques
available in the literature perform tasks (ii) and (iii), while
some have also the built-in capability to estimate the number
of modes.

In the sequel, we focus on task (ii), which usually requires
an intermediate result produced by all of the above algo-
rithms: the reconstruction of theswitching sequenceλ(x̂(k)),
k = 1, . . . , N . As illustrated in [25], available techniques
performing task (ii) find a domain∆j by looking for the
s − 1 hyperplanes separating the setFj = {x̂(k) : λ(x̂(k)) =
j} from all setsFl = {x̂(k) : λ(x̂(k)) = l}, l 6= j.
These hyperplanes can be obtained through pattern-recognition
techniques such as Multicategory Robust Linear Programming
(MRLP) [26] or Support Vector Classifiers (SVC) [27].

A problem with this approach is that both MRLP and
SVC do not impose any constraint on the hyperplanes to be
estimated. As a consequence, even if the switching sequence
is perfectly known, there is no guarantee that the estimated
domains ∆j will be hyperrectangular. This may result in
hybrid models that are meaningless from a biological point
of view, since they do not preserve the concept of a switching

1(νj)ii is the element at position(i, i) in the matrixνj , (µj)i is thei−th
element ofµj .

threshold associated with a concentration variable. Another
problem with existing techniques is that they produce a single
model. This is not realistic in our case, because only a
fraction of the modes are encountered in the experiments. As
a consequence, several hybrid models of the network, each
characterized by a different combination of thresholds forthe
variables, may be consistent with the data and need to be
considered.

For all of these reasons, we propose a pattern recognition
algorithm tailored to the features of PWARX models of genetic
regulatory networks in the next three sections.

IV. SWITCHING THRESHOLDS AND MULTICUTS

Let F1, . . . ,Fs be disjoint sets collecting finitely-many
points in R

n and F∗ = {F1, . . . ,Fs}. Hereafter, we focus
on the problem of separating the sets inF∗ with hyperplanes
parallel to the linear combination ofn − 1 axes. In order to
illustrate the main concepts, we will use the collectionF∗

depicted in Figure3(a). Pairs of distinct sets inF∗ will often
be indexed by means of pairs inU = {(p, q) ∈ {1, . . . , s}2 :
p < q}. The cardinality of any finite setA will be denoted by
|A|.

A. Separating axis-parallel hyperplanes

Definition 1 (Ap-hyperplane):An axis-parallel (ap-) hyper-
plane inR

n with direction i ∈ {1, . . . , n} is a hyperplane of
equationxi = α, α ∈ R, or equivalently, the zero level set of
the functionθ(x) = xi − α.

By abuse of notation,θ will denote both an ap-hyperplane
and its associated function. The functiondir(θ) gives the di-
rectioni of the ap-hyperplaneθ, while the functionZ(θ) gives
the zero-levelα. Together,dir(θ) and Z(θ) unambiguously
defineθ.

Definition 2 (Separability):Let Fp andFq be disjoint sets
collecting finitely many points inRn. An ap-hyperplaneθ in
R

n separatesFp and Fq if there existsδ ∈ {+1,−1} such
that for all x ∈ Fp ∪ Fq one has

{

δ θ(x) > 0, if x ∈ Fp,

δ θ(x) < 0, if x ∈ Fq.
(7)

In this case, we writeFp

θ
g Fq. Fp andFq are separable if

there exists an ap-hyperplane separating the sets.
In Figure 3(c), F1 and F2 are separable since there exist

ap-hyperplanes in thex1-direction (e.g., θ(1),1 or θ(2),1), such
that all points inF1 lie on one side of each hyperplane and
all points ofF2 on the other side. Notice that the setsF1 and
F2 are not separable in thex2-direction. As it can be verified
in Figure3, the ap-hyperplaneθ(1),1 separates more sets than
the ap-hyperplaneθ(2),1.

The example ofθ(2),1 illustrates that the data sets may
lie on either side of the ap-hyperplane, or straddle the ap-
hyperplane. To indicate the relative positions of the sets of
F∗, we introduce the set-valued functions:

I0(θ) = {j : (∃x ∈ Fj , θ(x) 6 0) and (∃x ∈ Fj , θ(x) > 0)},
I−(θ) = {j : ∀x ∈ Fj , θ(x) < 0},
I+(θ) = {j : ∀x ∈ Fj , θ(x) > 0}.

(8)
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]

−

[

γa 0

0 γb
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]

, if λ(x) = 1
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0

]

−
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]

, if λ(x) = 2
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0
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]

−

[

γa 0

0 γb

] [

xa

xb

]

, if λ(x) = 3

−

[

γa 0

0 γb

] [

xa

xb

]

, if λ(x) = 4

Fig. 2. PWA system representing the model in Figure1, corresponding to the subdivision ofΩ into four regulatory domains:∆1, . . . , ∆4.

(a) (b)

(c) (d)
Fig. 3. Simple example of multicuts. (a) Data setsF∗. (b) Boundaries of the classes of equivalence. (c) MulticutC∗. (d) Multicut Max� C∗.

It is straightforward to see thatI0(θ), I−(θ) and I+(θ)
constitute a partition of{1, . . . , s} (s = |F∗|), i.e. the sets
are disjoint and

I−(θ) ∪ I+(θ) ∪ I0(θ) = {1, . . . , s}. (9)

From Definition1 and (8) it also follows that:

∀p ∈ I−(θ),∀x ∈ Fp, xdir(θ) < Z(θ),
∀q ∈ I+(θ),∀x ∈ Fq, xdir(θ) > Z(θ).

(10)

Then, (p, q) ∈ I−(θ) × I+(θ) if and only if Fp

θ
g Fq. In

Figure3, θ(1),1 separates bothF1 from F2 andF1 from F3.
Hence, one hasI−(θ(1),1) = {1} and I+(θ(1),1) = {2, 3}.
Note also that the ap-hyperplaneθ(2),1 separates onlyF1 from

F2. The difference in separation power of ap-hyperplanes can
be formally defined as follows.

Definition 3 (Separation power):The separation power of
an ap-hyperplaneθ is the set-valued function

S(θ) = {(p, q) ∈ U : Fp

θ
g Fq}. (11)

In the remainder of this section, we focus on ap-hyperplanes
in the setΘ = {θ : S(θ) 6= ∅}. We also assume thatΘ is non-
empty.

The comparison of the separation power of ap-hyperplanes
in Θ with the same direction motivates the introduction of
equivalence classes of ap-hyperplanes.
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Definition 4 (Equivalence):Two ap-hyperplanesθ, θ′ ∈ Θ
are equivalent ifdir(θ) = dir(θ′) and S(θ) = S(θ′).
Equivalent ap-hyperplanes will be denoted byθ ∼ θ′ and the
equivalence class ofθ by [θ] = {θ′ : θ′ ∼ θ}. The quotient set
will be denotedE∗ = Θ/ ∼.

As it can be verified by means of the Definition4, the ap-
hyperplanesθ(1),1 andθ(2),1 in Figure3(c) are not equivalent.

It is helpful to generalize the functions defined for an ap-
hyperplane inΘ to its equivalence class inE∗ using the notion
of invariance. We recall that, given an equivalence relation
∼ on a setX and a functionf : X → Y , f is invariant
under∼ if x ∼ y implies f(x) = f(y). It is obvious that
the functionsdir and S are invariant under the equivalence
relation∼ introduced in Definition4.

Proposition 1: The functionsI0, I− and I+ are invariant
under the equivalence relation∼.

Proof: Let E ∈ E∗ and(θ, θ′) be a pair of ap-hyperplanes
belonging toE . The case such thatZ(θ) = Z(θ′) is trivial. If
Z(θ) 6= Z(θ′), it follows from S(θ) = S(θ′) that I−(θ) =
I−(θ′) and I+(θ) = I+(θ′). Then I0(θ) = {1, . . . , s} \
(I−(θ) ∪ I+(θ)) = {1, . . . , s} \ (I−(θ′) ∪ I+(θ′)) = I0(θ

′).

Next, we characterize the zero-levels of ap-hyperplanes
belonging to the same equivalence classE . Consider the
following functions:

α(E) = max
p∈I−(E)

max
x∈Fp

xdir(E);

α(E) = min
q∈I+(E)

min
x∈Fq

xdir(E);

α0(E) = max
j∈I0(E)

min
x∈Fj

xdir(E), if I0(E) 6= ∅;

α0(E) = min
j∈I0(E)

max
x∈Fj

xdir(E), if I0(E) 6= ∅.

It should be noticed that since we assume thatS(E) 6= ∅, the
mapsα andα are always defined onE∗. However,α0(E) and
α0(E) make sense only ifI0(E) 6= ∅.

In view of (10), the functionsα(E) and α(E) verify, by
construction:

∀θ ∈ E ,Z(θ) > α(E),
∀θ ∈ E ,Z(θ) < α(E).

(12)

Then, from (12) one has that∀θ ∈ E , α(E) < Z(θ) <
α(E) and henceα(E) < α(E). When I0(E) 6= ∅, one
also has that∀θ ∈ E , ∀j ∈ I0(E), minx∈Fj

xdir(E) 6

Z(θ) 6 maxx∈Fj
xdir(E), and hence∀(j, j′) ∈ I0(E)2,

minx∈Fj
xdir(E) 6 Z(θ) 6 maxx∈Fj′

xdir(E). As a conse-
quence, one obtains the inequalityα0(E) 6 α0(E).

Consider the following interval associated toE ∈ E∗:

Ieq(E) =

{

]α(E), α(E)[ , if I0(E) = ∅,
]α(E), α(E)[ ∩ [α0(E), α0(E)], otherwise.

(13)
Figure 4 gives a graphic representation ofIeq(E). From (13)
it is easy to realize thatIeq(E) can be open, half open, closed
(as in Figure4(a)), or even a single point (as in Figure4(b)).
The next proposition characterizes a given equivalence class
throughIeq.

Proposition 2: For everyE ∈ E∗:

E = {θ : dir(θ) = dir(E) andZ(θ) ∈ Ieq(E)} (14)

Proof: ForE ∈ E∗ andθ ∈ Θ such thatdir(θ) = dir(E),
we need to prove thatθ ∈ E if and only if Z(θ) ∈ Ieq(E).

(⇒) Let θ ∈ E , thenZ(θ) ∈ ]α(E), α(E)[ and, if defined,
Z(θ) ∈ [α0(E), α0(E)]. As a consequence,Z(θ) ∈ Ieq(E), also
proving thatIeq(E) 6= ∅ wheneverE ∈ E∗.

(⇐) Let θ ∈ Θ such thatdir(θ) = dir(E) and Z(θ) ∈
Ieq(E). BecauseZ(θ) ∈ ]α(E), α(E)[, we have ∀p ∈
I−(E),∀x ∈ Fp, xdir(E) < Z(θ) and ∀q ∈ I+(E),∀x ∈
Fq, xdir(E) > Z(θ), so thatI−(E) ⊆ I−(θ) and I+(E) ⊆
I+(θ). This implies thatS(E) ⊆ S(θ). We treat now sepa-
rately the casesI0(E) = ∅ andI0(E) 6= ∅.

If I0(E) = ∅, in view of (9) we haveI−(E) ∪ I+(E) =
{1, . . . , s} ⊆ I−(θ)∪I+(θ). From the inclusions{1, . . . , s} ⊆
I−(θ)∪I+(θ) ⊆ {1, . . . , s} one deduces thatI−(θ)∪I+(θ) =
{1, . . . , s} which implies thatI0(θ) = ∅ = I0(E). Hence
I−(E) = I−(θ), I+(E) = I+(θ), and thenS(E) = S(θ).

If I0(E) 6= ∅, one hasZ(θ) ∈ [α0(E), α0(E)] which
implies, by construction, that any element ofI0(E) is also
element ofI0(θ), i.e. I0(E) ⊆ I0(θ). In view of (9), one has
I−(E) ∪ I+(E) ⊆ I−(θ) ∪ I+(θ) and thenI0(E) ⊇ I0(θ).
Since I0(E) = I0(θ), it follows again thatS(θ) = S(E).
Finally, if Z(θ) ∈ Ieq(E), thenS(θ) = S(E), that is equivalent
to E = [θ].

Example 1: In Figure 3(b), the dashed lines correspond to
the extrema of the intervals associated with the different equiv-
alence classes. For instance,α([θ(1),1]) = a1, α([θ(1),1]) =
a2, and I0(θ(1),1) = ∅, so that Ieq([θ(1),1]) = ]a1, a2[.
Similarly, Ieq([θ(3),1]) = ]a3, a4[. Another example isθ(2),1:
α([θ(2),1]) = a1, α([θ(2),1]) = a4, and, becauseI0(θ(2),1) =
{3}, one hasα0([θ(2),1]) = a2 and α0([θ(2),1]) = a3. It fol-
lows thatIeq([θ(2),1]) = [a2, a3]. These are all the equivalence
classes in the first direction.

The next Proposition shows that the number of distinct
equivalence classes is finite.

Proposition 3: The cardinality ofE∗ is finite.
Proof: SinceS is invariant under∼, it can be taught as

a functionS : E∗ → P(U) whereP(U) denotes the power set
of U . For two equivalence classesE , E ′ ∈ E∗ having the same
direction, one has thatE 6= E ′ implies S(E) 6= S(E ′) (see
Definition 4). Therefore, the number of different equivalence
classes with the same direction cannot be larger than|P(U)|,
that is finite. Since the number of possible directionsn is also
finite, the bound|E∗| ≤ n|P(U)| follows.

B. Cuts

Although all ap-hyperplanes in an equivalence classE ∈
E∗ have the same separation power, only one is optimal in a
statistical sense [27]. This ap-hyperplane will be called acut.

Definition 5 (Cut): Let E ∈ E∗ and i = dir(E). The cut
associated toE is the ap-hyperplaneθ ∈ E such thatZ(θ) is
the midpoint of the intervalIeq(E).

Note that Definition5 refines the notion of cut introduced in
[1]. More specifically, it guarantees that a cut always lies in the
middle of the corresponding equivalence class and therefore
maximizes the margin [27]. This property is desirable sinceit
enhance the generalization capabilities of cuts. In particular,
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α0([θ]) α([θ])

Ieq([θ])

α([θ]) α0([θ])

θ

(a)

θ

Ieq([θ])

α([θ]) α([θ])
α0([θ]) = α0([θ])

(b)

Fig. 4. IntervalsIeq([θ]) and the functionsα([θ]), α([θ]), α0([θ]) andα0([θ]) for arbitrary chosen sets of points and a given ap-hyperplane θ (dotted line).
Gray rectangles represent the smallest rectangles including all points in a set (i.e. there is at least a point lying on each boundary of each rectangle). The
interval Ieq([θ]) spanned by the equivalence class[θ] is depicted in bold. (a)Ieq([θ]) is a closed interval. (b)Ieq([θ]) is a point.

differently from the notion of cut provided in [1], Definition
5 correctly handles the case of data setsFi arranged as in
Figure4.

Since Ieq(E) 6= ∅ wheneverE ∈ E∗, there exists an
isomorphism between the cuts and the equivalence classes.
We denote the set of all cuts byC∗. Since E∗ and C∗ are
isomorphic, the cardinality ofC∗ is also finite.

For the three data sets in Figure3(a),C∗ is composed of the
five cutsθ(1),1, θ(2),1, θ(3),1, θ(1),2, andθ(2),2 represented in
Figure3(c) by means of dotted lines. Intuitively, we would be
inclined to say that the cutθ(1),1 is more powerful thanθ(2),1,
in the sense that the former separatesF1 andF2 as well as
F1 andF3, whereas the latter separates onlyF1 andF2 (that
is, S(θ(1),1) = {(1, 2), (1, 3)} andS(θ(2),1) = {(1, 2)}). This
motivates the introduction of an order relation onC∗, denoted
by �.

Definition 6 (Order relation on cuts):Let θ, θ′ ∈ C∗. We
define the binary relation� over C∗:

θ � θ′ if S(θ) ⊆ S(θ′) anddir(θ) = dir(θ′). (15)

It is straightforward to show that� is reflexive, antisymmetric,
and transitive, and hence� is a partial order onC∗. That is,
C∗ is a poset (partially ordered set). We refer the reader to
[28] for a general introduction to posets.

The poset diagram corresponding to the example in Fig-
ure 3 is shown in Figure5(a). As for any other poset,C∗

admits maximal and minimal elements. The sets of maxi-
mal and minimal elements ofC∗ are denoted by Max� C∗

and Min� C∗, respectively. For instance, in Figure5(a),
Max� C∗ = {θ(1),1, θ(3),1, θ(2),2}. As suggested by the figure,
for many purposes it is convenient to restrictC∗ to a particular
direction, that is to define, fori ∈ {1, . . . , n},

Ci∗ = {θ ∈ C∗ : dir(θ) = i}. (16)

Ci∗ is a subset ofC∗ inheriting the partial order fromC∗.
From Figure5(a), one has Max� C1∗ = {θ(1),1, θ(3),1} and
Max� C2∗ = {θ(2),2}.

θ(1),1 θ(3),1 θ(2),2

θ(2),1

888888

������
θ(1),2

(a)

{θ(1),1, θ(3),1, θ(2),2}

oooooooooo

OOOOOOOOOO

{θ(1),1, θ(3),1} {θ(1),1, θ(2),2} {θ(3),1, θ(2),2}

(b)

Fig. 5. (a) Poset diagram for the set of cutsC∗ in Figure 3. The diagram
shows,e.g., θ(2),1 � θ(1),1. (b) Poset diagram for the down-set ofM =
{θ(1),1, θ(3),1, θ(2),2}, which is a multicut for Figure3. In fact,M equals
Max� C∗.

C. Multicuts

In general, several cuts will be required to separate all sets
in F∗. This motivates the introduction of multicuts.

Definition 7 (Multicut): A multicut M of F∗ is a finite set
of cuts such that for all(p, q) ∈ U there exists aθ ∈ M, such

that Fp

θ
g Fq. A collection F∗ is said to be m-separable if

there exists a multicut ofF∗.
We callM∗ the set of multicuts. Due to the fact thatC∗ is

finite,M∗ is finite as well. Notice thatM∗ may be empty, that
is, F∗ may not be m-separable. In the example of Figure3,
M = {θ(3),1, θ(1),2} is a multicut since we haveS(θ(3),1) =
{(1, 2), (2, 3)} andS(θ(1),2) = {(1, 3)}.

The following two propositions state relevant properties of
multicuts.

Proposition 4: M is a multicut if and only if U =
∪θ∈MS(θ).

Proof: (⇒) By contradiction, let(p, q) ∈ U and(p, q) 6∈
∪θ∈MS(θ). SinceM is a multicut, there existsθ verifying
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Fp

θ
g Fq, that is,(p, q) ∈ S(θ).

(⇐) M is a finite set of cuts with∪θ∈MS(θ) = U . Then, by
Definition 7, M is a multicut.

Proposition 5: F∗ is m-separable if and only ifC∗ is a
multicut.

Proof: (⇒) Let (p, q) ∈ U . By assumption,Fp andFq

are separable and there existsθ̃ that separates them. Letθ be

the cut in[θ̃]. Thenθ ∈ C∗ andFp

θ
g Fq. Since the previous

argument can be repeated for all(p, q) ∈ U , it follows thatC∗

is a multicut. (⇐) Obvious.
We define an obvious partial order relation on the set of

multicuts M∗, the set inclusion⊆. The posetM∗ for the
example in Figure3 consists of 20 multicuts (see Figure6 for
the representation of its diagram).

To every subsetB of M∗ we can associate a down-
set, which consists of the multicuts inM∗ upper bounded
(according to⊆) by some multicut inB. For reasons that
will become clear below, we focus here on the down-set of
singletonsB = {M}, for someM ∈ M∗.

Definition 8 (Down-set of multicut set):The down-set of
{M}, M ∈ M∗, denoted by↓ {M}, is defined by

↓ {M} = {M′ ∈ M∗ : M′ ⊆ M}. (17)

We note that↓ {M} is also a poset with respect to the
partial order induced by the set inclusion⊆.

Consider the multicut Max� C∗ in Fig-
ure 5(a). The down-set of {Max� C∗} equals
{{θ(1),1, θ(3),1, θ(2),2}, {θ(3),1, θ(2),2}, {θ(1),1, θ(2),2}, {θ(1),1,
θ(3),1}} and is represented in Figure5(b). The poset diagram
in Figure 5(b) is in fact a subpart of the poset diagram in
Figure 6: indeed, Max� C∗ is the first left element on the
second row from the bottom. Apparently, considering only
Max� C∗ (instead ofC∗) dramatically reduces the number of
multicuts to study.

V. FORMULATION OF SWITCHING THRESHOLD

RECONSTRUCTION PROBLEM

The introduction of the concepts of cut and multicut, and
the partial orders defined on them, allows us to formulate
the problem of reconstructing switching thresholds in a more
precise way. Each cutθ corresponds to a switching threshold
Z(θ) for the concentration variable with indexdir(θ). When
the concentration crosses this threshold, the dynamics of the
PWA system may switch from one regulatory mode to another.
By extension, a multicut corresponds to a set of switching
thresholds. These thresholds have the property to allow all
classified data sets, associated with different regulatorymodes
of the system, to be separated.

In general, the available data are consistent with a large
number of multicuts, and thus a large number of PWA models
of the genetic regulatory network.A priori there is no reason
to prefer one of these models above the others. However, in
practice we are most interested in the minimal models that
account for the available data, that is, in those models that
contain a minimal number of thresholds and separate all pairs

of sets inF∗. Assuming that the set of data points is m-
separable, so thatC∗ is a multicut, it seems reasonable to
accept as solutions all multicuts in Min⊆ ↓ {C∗}. That is, we
want to find the multicuts that are minimal elements of the
down-set of{C∗}.

Notice though thatC∗ may contain many cuts with a weak
separation power that could be eliminated beforehand if we
are only interested in finding minimal multicuts. That is, we
can remove cutsθ ∈ C∗ if there exists anotherθ′ ∈ C∗,
θ′ 6∼ θ, such thatθ � θ′. Eliminating these cuts does not
affect the m-separability of the sets of data points, as indicated
by the following proposition which should be compared with
Proposition5.

Proposition 6: F∗ is m-separable if and only if Max� C∗

is a multicut.
Proof: (⇒) SinceF∗ is m-separable,C∗ is a multicut

(Proposition5). For any cutθ ∈ C∗, there exists a cut̃θ ∈
Max� C∗ such thatS(θ) ⊆ S(θ̃). As a consequence any pair
of setsFp,Fq (with (p, q) ∈ U ) is separated by at least one
cut in Max� C∗, which shows that Max� C∗ is a multicut. (⇐)
Obvious.

Once C∗ has been reduced to Max� C∗, our switching
threshold reconstruction problem can be recast into that of
computing the set

Min⊆ ↓ {Max� C∗}. (18)

That is, we are interested in the minimal elements of the down-
set of the set of maximal cuts. Notice that Max⊆ ↓ {Max� C∗}
is {Max� C∗} itself, so that we will call Max� C∗ themaximal
multicut. In the example of Figure3, Max� C∗ consists of three
cuts, as shown in Figure5(a). That is, two cuts with obvious
weaker separation power have been eliminated (θ(2),1 and
θ(1),2). The down-set of{Max� C∗} is shown in Figure5(b).
It has three minimal elements:{θ(1),1, θ(3),1}, {θ(1),1, θ(2),2},
and{θ(3),1, θ(2),2}.

The elements of Min⊆ ↓ {Max� C∗} are minimal in the
sense of the inclusion⊆, but they are not necessarily of
minimal cardinality. We show this fact using the following
illustration. In Figure7, both multicutsM1 andM2 (shown in
Figures7(b) and7(c), respectively) are in Min⊆ ↓ {Max� C∗}.
However, since|M1| = 3, |M2| = 2 and there is no
singleton multicut ofF∗, M2 is the only multicut of minimal
cardinality.

Because we are looking for the minimal models, we want
to consider the multicuts of minimal cardinality.

Definition 9 (Minimal multicut):A multicut M of F∗ is
said to be a minimal multicut if

|M| = min
M̃∈↓{Max� C∗}

|M̃|. (19)

The above considerations lead us to a final refinement of
the problem statement:

find all minimal multicuts in ↓ {Max� C∗}. (20)
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Fig. 6. Poset diagram for the set of multicutsM∗ corresponding to the example in Figure3. The set of all cuts{θ(1),1, θ(2),1, θ(3),1, θ(1),2, θ(2),2} is
obviously the maximal element.

(a) (b)

(c)

Fig. 7. Two multicuts ofF∗: the property that all the couple of classes
are separated is verified and none of the cuts might be removed without
loosing this property. (a) Data setsF∗ = {F1, . . . ,F4}. (b) Multicut M1:
|M1| = 3. (c) Multicut M2: |M2| = 2.

VI. A LGORITHMS FOR COMPUTING SWITCHING

THRESHOLDS

In this section we present an approach for computing
the multicuts satisfying criterion (20), and thus inferring the
minimal set of switching thresholds for a PWA model of a
genetic regulatory network from a classified data setF∗ .
In particular, we introduce algorithms for computing the set
of all cuts (C∗), the set of maximal cuts (Max� C∗), and

the minimal multicuts (i.e. the multicuts in↓ {Max� C∗} of
minimal cardinality).

A. Computing cuts and maximal cuts

The computation of the set of all cuts is based on Defini-
tion 5 and requires the enumeration of all equivalence classes.
Before giving an algorithm for accomplishing this task, we
provide an example based on Figure3(b). Consider the first
direction and definea0 = minx∈F1

x1 anda5 = maxx∈F2
x1.

The ordered listL1 : a0 ≤ a1 ≤ . . . ≤ a5 can be
readly obtained by computing the quantitiesmaxx∈Fi

x1 and
minx∈Fi

x1 for all setsFi. Using the results in Example1,
the intervalsIeq(E) associated to equivalence classes can be
obtained discarding the extreme pointsa0 and a5 from L1

and building intervals defined by consecutive elements inL1

(i.e. ]a1, a2[, [a2, a3] and]a3, a4[). The cuts associated to each
equivalence class are found computing the midpoints of these
intervals and are represented in Figure3(c). We highlight that
this procedure will produceall cuts in the first direction. We
also stress that since we are interested in computing cuts, it
is unnecessary to assess if the intervalsIeq(E) include or not
their extreme points.

This method can be generalized to the case of equivalence
classes consisting of a single point, as in the example of
Figure4(b). The overall procedure is summarized in Algorithm
1.

Algorithm 1: Find the set of all cuts C∗ of F∗

1: SetC∗ = ∅. Initialize the listsmi = ∅ andMi = ∅, for all
i = 1, . . . , n,

2: for i = 1, . . . , n do
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3: for j = 1, . . . , s do
4: mi = mi ∪ {minx∈Fj

xi},
5: Mi = Mi ∪ {maxx∈Fj

xi}.
6: end for
7: for j = 1, . . . , s do
8: if mi(j) < min(Mi) then
9: mi = mi \ {mi(j)}.

10: end if
11: if Mi(j) > max(mi) then
12: Mi = Mi \ {Mi(j)}.
13: end if
14: end for
15: Li = mi ∪ Mi.
16: Sort the elements inLi in ascending order.
17: for k = 1, . . . , |Li| − 1 do
18: Let θ be the ap-hyperplane such thatdir(θ) = i and

Z(θ) = Li(k) + Li(k+1)−Li(k)
2 . Add the cutθ to C∗.

19: if k > 1 andLi(k) ∈ mi andLi(k) ∈ Mi then
20: Let θ be the ap-hyperplane such thatdir(θ) = i

andZ(θ) = Li(k). Add the cutθ to C∗.
21: end if
22: end for
23: end for
The proof of the correctness of Algorithm1, which strongly
depends on the notion of cut provided by Definition5, does
not present any particular difficulty but is rather long and can
be found in [29].

The computation of the set of maximal cuts considersC∗

separately in each of then directions, using the restriction
of the poset introduced in SectionIV-B. The procedure is
summarized in Algorithm2.

Algorithm 2: ComputeMax� C∗

1: Set C̄i∗ = ∅, i = 1, . . . , n.
2: for i = 1, . . . , n do
3: Setmax flag = true.
4: for k = 1, . . . , |Ci∗| do
5: for l = {1, . . . , |Ci∗|} \ {k} do
6: Let θ be thek-th cut of Ci∗ andθ′ the l-th one:
7: if S(θ) ⊂ S(θ′) then
8: Setmax flag = false.
9: end if

10: end for
11: if max flag = true then
12: Add θ to C̄i∗.
13: end if
14: end for
15: end for
16: SetMax� C∗ = ∪n

i=1C̄
i∗.

B. Computing minimal multicuts

In order to compute the minimal multicuts, we could in prin-
ciple enumerate all subsets ofMax� C∗ and verify minimality
by means of Definitions7 and 9. However, this procedure is
computationally prohibitive even for simple examples. There-
fore, in the sequel, we present an additional result on multicuts

that will allow us to propose more efficient methods for finding
minimal multicuts, based on branch-and-bound techniques.

Definition 10 (Required set):Let M be a multicut ofF∗.
The required set ofM is defined as

Req(M) = {θ ∈ M : ∃u ∈ S(θ), 6 ∃θ′ ∈ M\{θ}, u ∈ S(θ′)}.
(21)

From Definition 10, it is apparent thatReq(Max� C∗)
collects the cuts inM that must belong to every minimal
multicut, otherwise at least one pair of sets inF∗ will not be
separated. ForM = {θ(1),1, θ(3),1, θ(2),2} in the example of
Figure3, Req(M) is empty: none of the cuts is required.

The notions of redundancy and of required set are used
to speed up the branch-and-bound algorithm summarized in
Algorithm 3 computing the setM∗

min ⊆ M∗ of all minimal
multicuts. The basic idea is to start with a small subset
of Max� C∗, given by Req(Max� C∗), and add new cuts
iteratively.

Algorithm 3: Create the setM∗
min of all minimal multicuts

1: Initialize the global variablesM∗
min = ∅ and best =

|Max� C∗|.
2: if U = ∪θ∈Req(Max� C∗)S(θ) then
3: AppendReq(Max� C∗) to M∗

min and exit
4: else
5: Branch(Req(Max� C∗),Max� C∗\Req(Max� C∗))
6: end if

function Branch(Min,Mleft)

1: for all θ ∈ Mleft do
2: Mleft = Mleft \ {θ}
3: if S(θ) 6⊆ ∪θ′∈Min

S(θ′) then
4: SetMout = Min ∪ {θ}
5: if U = ∪θ′∈Mout

S(θ′) then //Mout is a multicut.
6: if |Mout| = best then
7: AppendMout to M∗

min

8: else if |Mout| < best then
9: Set M∗

min = {Mout} and best = |Mout|
//ResetM∗

min and updatebest .
10: end if
11: else if |Mout| < best then
12: Branch(Mout,Mleft)
13: end if
14: end if
15: end for

During the execution of Algorithm3, the global variable
best stores the size of the smaller multicut found so far. If
Req(Max� C∗) is a multicut, it is also the only minimal
multicut in Max� C∗ and the algorithm terminates (lines2
and3 of the main procedure). Otherwise, the functionBranch
is called in order to add suitable cuts toReq(Max� C∗).

At line 3 of the functionBranch, the addition of a new cutθ
toMin is considered according to the following Proposition7.

Proposition 7: A multicut M of F∗ belongs to Min⊆ ↓
{Max� C∗} if and only if no θ ∈ M verifies

S(θ) ⊆
⋃

θ′∈M\{θ}

S(θ′)
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(its separation power is included in the separation power of
the other cuts inM).

Proof: (⇒) Assume, by contradiction, that there exists
a θ ∈ M such that

U =
⋃

θ̃∈M

S(θ̃) =
⋃

θ̃∈M\{θ}

S(θ̃),

thus showing thatM\{θ} is a multicut ofF∗ (because of
Proposition4). ThenM is not in Min⊆ ↓ {Max� C∗}.

(⇐) Assume, by contradiction, that the multicutM is not
in Min⊆ ↓ {Max� C∗}. Then, there exists a cutθ ∈ M such
thatM̃ = M\{θ} is a multicut ofF∗. But it follows from the
hypothesis that the set̃S = S(θ)\ ∪θ̃∈M̃ S(θ̃) is not empty.
This means that there is a pair of indexes(p, q) ∈ U such that
(p, q) 6∈ ∪θ∈M̃S(θ). By virtue of Proposition4, this implies
that M̃ is not a multicut.

Line 3 then anticipates that the addition of the chosen cut
lead to a multicut that does not belong to Min⊆ ↓ {Max� C∗}
and, as a consequence, that is not a minimal multicut. Any
time a new cutθ is considered givenMin, it is removed
from Mleft, so that a given set of cuts is only generated
once during the procedure. This feature greatly reduces the
computational time with respect to Algorithm 1 in [1]. Lines
5-9 process setsMout that are multicuts and modify the set
M∗

min accordingly. More specifically, a multicut of sizebest
is added toM∗

min (line 7), while a multicut of size less than
best causes the reset of the setM∗

min (line 9) and the update of
best . These operations guarantee that only minimal multicuts
will be stored inM∗

min.
Lines 11 and 12 handle the setMout when it is not

a multicut. The possibility of adding another cut toMout

(through the call toBranch at line 12) is explored only if
|Mout| < best , thus avoiding consideration of multicuts that
are larger than the smallest ones already found.

VII. R ECONSTRUCTION OF SWITCHING THRESHOLDS IN

PWA MODEL OF CARBON STARVATION RESPONSE OFE. coli

In order to test the applicability of the multicut approach,we
have used it for the reconstruction of switching thresholdsin a
PWA model of the carbon starvation response in the bacterium
Escherichia coli. In the absence of essential carbon sources,
an E. coli population abandons exponential growth and enters
a non-growth state calledstationary phase. This growth-phase
transition is accompanied by numerous physiological changes
in the bacteria, concerning among other things the morphology
and the metabolism of the cell, as well as gene expression. On
the molecular level, the transition from exponential phaseto
stationary phase in response to a carbon stress is controlled
by a complex genetic regulatory network.

In [20] a PWA model ofE. coli carbon starvation response
has been developed. The model describes how a carbon stress
signal is propagated through a network of interactions between
global transcriptional regulators of the bacterium, so as to
influence the synthesis of stable RNAs and thereby adapt the
growth of the cell. For this study, we have used a simplified
version of this model (Figure8), which preserves essential
properties of the qualitative dynamics predicted by the original

model, as verified by means of the approach described in
[14]. In response to a carbon starvation signal, the system
switches from a steady state characteristic for exponential
growth to another steady state, corresponding to stationary
phase. Reentry into exponential phase after a carbon upshift
gives rise to a damped oscillation toward the exponential-phase
steady state.

ẋCRP = κ0
CRP + κ1

CRP s−(xFis, θ
1
Fis)

s+(xCRP , θ1
CRP ) s+(xS , θS) − γCRP xCRP

ẋFis = κ1
Fis (1 − s+(xCRP , θ1

CRP ) s+(xS , θS))

+ κ2
Fis s+(xGyrAB , θGyrAB) (1−

s+(xCRP , θ1
CRP ) s+(xS , θS)) − γFis xFis

ẋGyrAB = κGyrAB s−(xFis, θ
3
Fis) − γGyrAB xGyrAB

ẋrrn = κrrn s+(xFis, θ
2
Fis) − γrrn xrrn

ẋS = 0

(a)

Activation

Inhibition

GyrAB

Fis Synthesis of protein Fis

Legend

Fis

Stable RNAs

Signal

CRP

gyrAB

fis from genefis

fis

rrn

crp

(b)

Fig. 8. (a) Simplified PWA model of the carbon starvation network in
E. coli [20]. The variablesxCRP , xFis, xGyrAB , and xrrn denote the
concentrations of CRP, Fis, GyrAB, and stable RNAs, whilexS represents the
carbon starvation signal (s+(xS , θS) = 1 means that the carbon starvation
signal is present). The variables have been rescaled to the interval [0, 1], and
the following parameter values have been used for the simulations:θ1

CRP =
0.33, θ1

Fis = 0.1, θ2
Fis = 0.5, θ3

Fis = 0.75, θGyrAB = 0.5, θS = 0.5,
γCRP = 0.5, γFis = 2, γGyrAB = 1, γrrn = 1.5, κ0

CRP = 0.25,
κ1

CRP = 0.17, κ1
Fis = 0.6, κ2

Fis = 1.15, κGyrAB = 0.75, κrrn = 1.12,
(b) Graphical representation of the PWA model, indicating genes and their
regulatory interactions.

The use of reporter genes encoding fluorescent and lumines-
cent proteins makes it possible to obtain precise and densely-
spaced measurements of the expression of the genes in the
carbon starvation response network. This kind of data is well-
suited for system identification purposes, as shown previously
in [12]. In this paper, we use simulated data to test the multicut
approach, staying close to the expected noise and sample
density of the real measurements.

The numerical simulations have been carried out in Matlab
with values for the parameters and initial conditions satisfy-
ing the inequality constraints inferred from the experimental
literature [20]. The simulations describe the variation ofthe
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concentration of the proteins during the growth-phase transi-
tions. Figure9 gives an indication of the data obtained when
simulating the entry into exponential phase after a carbon
upshift followed by a reentry into stationary phase. In order
to separate the threshold reconstruction problem from the
classification problem for the purpose of this paper, we have
generated the correct classification by detecting mode switches
during simulation. That is, the simulator recognizes when the
expression rate of a gene changes due to the crossing of a
threshold by one of the regulators of the gene. The sampled
data points are then assigned to the mode of regulation that is
active at the corresponding sampling times.

We have carried out a total of 600 simulations of the carbon
starvation network for fixed initial conditions. Each of the
resulting data sets has been analyzed by means of a Matlab
implementation of the algorithms presented in SectionVI .
Figure 10(a) summarizes the distribution of the number of
minimal multicuts produced for each simulated data set. As
can be seen, most data sets give rise to only a small number
of minimal multicuts. Notably, 209 out of 600 cases result in
a single minimal multicut while 258 cases yield two minimal
multicuts.

(a)

(b)

Fig. 10. Global overview of results produced by the threshold reconstruction
algorithms on 600 simulated data sets for theE. coli example. (a) Distribution
of the number of minimal multicuts produced for each data set. (b)Number
of occurrences of the individual minimal multicuts in the solutions produced
for the data sets. 123 minimal multicuts are distinguished, as determined by
clustering nearby cuts.

In order to assess the variability of the results, we have
compared the minimal multicuts generated from different data
sets. This has required us to find a way around the problem
that, due to noise in the data, the zeros of the cuts do not
have the same numerical values across the different cases and
are therefore not directly comparable. We have used a standard
clustering algorithm (k-means) to group nearby cuts and assign
them a common label. This allows us to compare the minimal
multicuts and observe that only a limited number of different
multicuts were generated (Figure10(b)). In fact, three minimal
multicuts together cover 57% of the total number of multicuts
generated from the 600 simulations. The most frequently
occurring minimal multicut is present in 96% of the cases
and is the only one generated in 206 cases.

In the sequel, we describe the results obtained for a repre-
sentative data set that generates two minimal multicuts. These
multicuts occur in 96% and 11% of the cases, respectively.
The results for this data set are summarized in Figures11 and
13. Algorithm 2 finds Max� C∗ consisting of thirteen cuts.

Each cut in Max� C∗ corresponds to a switching threshold,
associated with a regulatory interaction in the network. For
instance, one can verify in Figure9 that whenxFis crosses
the threshold value 0.49 from below, the concentrationxrrn

of stable RNAs starts to increase as well. This motivates
the conclusion that the threshold wherexFis equals 0.49
corresponds to the thresholdθ2

Fis in the model (Figure8),
that is, the threshold that triggers the activation of therrn
operon by Fis. This interaction is correctly inferred from the
data represented in Figure9. In total, five of the thirteen cuts
in Max� C∗ correspond to real thresholds of the system. By
repeating the same analysis for the 600 simulations, we find
that the variability of the inferred thresholds is very small:
for each of the five cuts that correspond to an interaction in
the original model of Figure8, the standard deviation of the
threshold value is always smaller than 0.015.

Cut Variable Value Interaction C
θ1 xCRP 0.59 CRP activatesfis N
θ2 xCRP 0.62 CRP inhibitsgyrAB N
θ3 xCRP 0.67 CRP inhibitsrrn N
θ4 xCRP 0.68 CRP activatesfis N
θ5 xFis 0.10 Fis inhibitscrp Y
θ6 xFis 0.49 Fis activatesrrn Y
θ7 xFis 0.75 Fis inhibitsgyrAB Y
θ8 xGyrAB 0.50 GyrAB activatesfis Y
θ9 xGyrAB 0.54 GyrAB inhibits rrn N
θ10 xGyrAB 0.66 GyrAB activatescrp N
θ11 xrrn 0.09 Stable RNAs inhibitscrp N
θ12 xrrn 0.63 Stable RNAs activatesfis N
θ13 xSignal 0.50 Signal inhibitsfis Y

Fig. 11. Maximal multicut for the data in Figure9: the cuts have been
obtained from Algorithm1 and2, by combining cuts with numerically-close
values. Column C tells if the cut is correct or not (Y/N).

In order to get an idea of the separation power of the
cuts, Figure12 pictures the projection of the data points on
the (xFis, xGyrAB) and(xGyrAB , xSignal) subspaces. As can
be seen, there are five cuts that nicely separate the classes
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Fig. 9. Simulation of the entry into exponential phase due to acarbon upshift followed by the reentry into stationary phase, using the PWA model in
Figure8(a). In order to mimic the absence of a carbon stress,xSignal has been set to0 in the first part of the simulation, then to1 in the second part (after
the system reached a first steady state). For each protein concentration variable, the mode switches are indicated by meansof vertical bars.

generated from the simulation (Figure9). The resulting cuts
correspond toθ5, θ6, θ7, θ8 andθ13 in the table of Figure11.

Fig. 12. Illustration of the separation power of the cutsθ5, θ6, θ7, θ8 and
θ13, included in the minimal multicutM1 (Figure 13). The data have been
projected on the(xFis, xGyrAB) and (xGyrAB , xSignal) subspaces.

Applying Algorithm 3 to the thirteen maximal cuts yields
two minimal multicutsM1 and M2 represented Figure13:
each of the multicuts consists of five cuts, four of which occur
in bothM1 andM2. Algorithms 1 to 3 were executed in8.3

seconds (average time for different data sets) on a Pentium
III 1.2 GHz running Matlab 14. The cutθ7 corresponds
to the switching threshold above which Fis starts to inhibit
the expression of the genegyrAB, while θ6 represents the
switching threshold associated with the activation ofrrn by
Fis. θ8 corresponds to the activation offis by GyrAB, and
θ13 is easily identified as the inhibition of Fis by Signal. All
of them correspond to correct switching thresholds. Finally
the simplified minimal multicutM1 contains only cuts cor-
responding to correct switching thresholds, whereas forM2

four out of five thresholds are correct.

Multicut Cuts in multicut Correct? (Y/N)
M1 {θ5, θ6, θ7, θ8, θ13} {Y, Y, Y, Y, Y }
M2 {θ6, θ7, θ8, θ11, θ13} {Y, Y, Y,N, Y }

Fig. 13. Minimal multicuts obtained after combining numerically-close
cuts, generated by Algorithm3 from the maximal multicut obtained from
Algorithm 1 and2.

Summarizing the results of the switching threshold recon-
struction process, Figure14 projects the multicutM1 on the
graphical representation of the carbon starvation network. As
can be seen, from the data the multicut approach has inferred
five out of six thresholds in the model of Figure8: only the
threshold above which CRP activates the transcription of its
own gene and inhibits the expression offis is missed. This
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is expected since the concentration of CRP never reaches
θ1

CRP = 0.33. The interactions corresponding to the thresholds
have been shown in bold in Figure14. As for the worst
minimal multicut found by the algorithm for this example,
it nevertheless achieves the correct identification of fourof
the switching thresholds in the model. These results confirm
the in-principle applicability of our approach.

GyrAB CRP

crp

Signal
fis

Stable RNAs

rrn

gyrAB

Fis

Fig. 14. Interactions (in bold) correctly identified by the minimal multicut
M1.

VIII. C ONCLUSIONS

In this paper we have proposed a pattern recognition
technique for reconstructing all combinations of switching
thresholds that are consistent with measured data in PWA
models of genetic regulatory networks. We have shown how
to recast this problem into the one of finding all minimal
multicuts of maximal cuts that separate different sets of
points within a given collection. This algorithm is intended
to be used jointly with hybrid identification procedures for
classifying the data (i.e., partitioning temporal gene expression
data into subsets associated with different regulatory modes)
and for reconstructing the values of synthesis/degradation
parameters characterizing the dynamics of the network in
different regulatory domains. Indeed, data classificationis a
preliminary requirement for estimating the switching thresh-
olds, and complete models of genetic regulatory networks can
be inferred only from the joint estimation of thresholds and
synthesis/degradation parameters.

A potential pitfall of the multicut approach is that Algo-
rithms1, 2, and3 have been derived under the assumption that
the sets of points considered are m-separable. Although this
assumption is satisfied in the example of SectionVII , it may be
violated in other situations for two main reasons. The first one
is that noisy data may affect the quality of the results obtained
through hybrid systems identification, and lead to a misclas-
sification of some data points [21]. The second reason is that
genetic regulatory networks may exhibit the same dynamics
on different regulatory domains, a fact that may result in a
structural loss of m-separability. However, we stress thateven
if some pairs of sets are not separable, this does not preventthe
multicut algorithm from findingsomeof the thresholds. Most
importantly, the m-separability assumption can be verified
right after the execution of Algorithm1. We also believe that
even if the mathematical framework for multicuts developed
in SectionsIV to VI is tailored to an idealized case, it provides
a sound background for developing new methods capable of
dealing with m-inseparable collections of sets.
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