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Abstract— This paper concerns parameter identification for
the class of jump Markov linear systems. We present recursive
formulae for the computation of the second-order statistics of
a jump Markov process and discuss their application to the
estimation of the model parameters given data from a single or
repeated experiments. Simulation results are provided to show
the effectiveness of our approach.

I. I NTRODUCTION

In the last three decades, a large effort has been devoted
to the study of Jump Markov Linear Systems (JMLS) [5].
These are dynamical systems governed by linear stochastic
equations, whose parameters can switch within a finite set
of values according to the laws of a Markov chain. In this
context, most of the research activity has been devoted to
state estimation and control problems. The body of theory
concerning stability and control of JMLS is now significant,
and a number of effective estimation algorithms have been
developed [5]. Nowadays, JMLS are employed in several
fields of engineering including tracking of maneuvering tar-
gets [14], computer vision [15] and control of manufacturing,
communications, and economics systems [3].

Jump Markov models typically follow from the nature of
the system at hand. In many contexts, however, the model is
partially unknown. In the field of systems biology, in particu-
lar, switching models are often used as putative descriptions
of complex mechanisms such as genetic regulatory networks,
and are by their nature largely undetermined [11], [1], [8],
[7].

Despite the need of identification tools for switching
systems, not much work has been developed in this direction.
The JMLS identification problem was perhaps first consid-
ered in [19]. Since then, parameter estimation procedures
mostly relying on stochastic approximation techniques have
been derived for specific identification tasks [10], [12], [16],
[22]. Methods for learning multiple models from data have
been developed in [15]. Recent achievements in the relevant
context of piecewise affine systems are summarized in [9]. A
theoretical analysis of system identifiability for a simplified
model with jumps was presented in [21].

This paper presents a comprehensive framework for the
parametric identification of JMLS. The methods we propose
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are based on the comparison of empirical statistics drawn
from the data and those predicted by the model for changing
values of the unknown parameters. The problem is apparently
complicated by the inherent complexity of jump Markov
linear systems. We present recursive formulae for the compu-
tation of the second-order statistics of a jump Markov model
whose complexity scales linearly with the size of the data
set. This allows us to implement identification algorithms
which effectively solve JMLS parameter identification.

Recursive equations similar to those presented here have
been derived in the context of stability analysis of JMLS,
see [5] and the references therein. To the authors’ best knowl-
edge, however, their application to the JMLS identification
problem has never been pursued. Contrary to previous works
on switching systems identification, the emphasis is not on
segmentation and individual identification of the different
discrete modes of the system, rather on the ensemble process
properties that emerge from the stochastic concatenation of
the different linear dynamics. This puts the identification
problem into a novel perspective and makes this work an
original contribution to the study of stochastic switching
systems. For the time being, we intentionally limit ourselves
to relatively simple estimation settings. On one hand, this
is relevant to certain identification tasks that are found in
biological applications [8]. On the other hand, it allows us
to tackle the problem without facing identifiability issues, the
theoretical investigation of which is left for future research.

The paper is structured as follows. The class of jump
Markov linear systems is introduced in Section II. In Sec-
tion III, we state the parameter identification problem and
outline our approach to its solution. Motivated by the discus-
sion in Section III, recursive formulae for the computationof
the second-order statistics of a jump Markov linear process
are introduced in Section IV. In Section V, our identification
framework is specialized to various identification scenarios.
Numerical results for relevant case studies are discussed in
Section VI. Final comments on and perspectives of our work
are reported in Section VII. Due to space constraints, proofs
are not reported here. The interested reader is referred to [4].

II. JUMP MARKOV LINEAR SYSTEMS

For a given integerN > 0, let q(t) be a first-order Markov
chain taking values inQ = {0, 1, . . . , N − 1}. We assume
that the initial probability distribution

pi(0, γ) = P[q(0) = i|γ] (1)

and, for allt ≥ 0, the transition probabilities

πj,i(t + 1, t, γ) = P[q(t + 1) = j|q(t) = i, γ] (2)



are known functions of a (potentially unknown) parameter
vectorγ ∈ R

d. For everyi ∈ Q, let (Ai, Bi, Gi, Ci, Di, Hi)
be an assigned tuple of matrices such thatAi ∈ R

n×n, Bi ∈
R

n×mv , Gi ∈ R
n×mu , Ci ∈ R

r×n, Di ∈ R
r×me , Hi ∈

R
r×mu . We assume that dimensionsn, mv, mu, me andr

are fixed and known. Fort ≥ 0, consider the system:
{

x(t + 1) = Aq(t)x(t) + Bq(t)v(t) + Gq(t)u(t),

y(t) = Cq(t)x(t) + Dq(t)e(t) + Hq(t)u(t),
(3)

whereu(t) is a known input, whereasv(t) ande(t) are mu-
tually independent normalized i.i.d. processes. The random
variablex(0) is independent ofv and e. We assume that,
for all i ∈ Q, its conditional mean̄µi and covariance matrix
Σ̄i given q(0) = i are known. Finally, for allt ≥ 0, q(t)
is assumed to be independent of{v(s), ∀s} ∪ {e(s), ∀s}
and conditionally independent ofx(0) givenq(0). Model (3)
is called jump Markov linear system. Quantity

(

x(t), q(t)
)

fully describes the joint process
(

x(s), y(s′)
)

for all s, s′ ≥ t

and is therefore called the (hybrid) state of the system at time
t. Its continuous and discrete parts, namelyx(t) andq(t), are
simply called the continuous and discrete state of the system,
respectively.

III. PARAMETER IDENTIFICATION

Let Y denote a given set of outcomes of processy over the
discrete-time intervalIT = {0, 1, . . . , T}. For generality, let
us defineY as follows:

Y = {yk(t) : t ∈ T , k = 1, 2, . . . , K},

whereyk is the k-th outcome fromK independent experi-
ments andT ⊆ IT is a (possibly irregular) sequence of
observation times not depending onk. Let θ denote the
collection of model parameters

θ =
(

{Ai, Bi, Gi, Ci, Di, Hi, µ̄i, Σ̄i}i∈Q, γ
)

and letΘ denote a (nonempty) set of admissible values ofθ.
The comprehensive statement of the identification problem
is the following.

Problem 1: Given Y , estimateθ subject toθ ∈ Θ. �

Note thatΘ may be defined so that part of the entries ofθ are
fixed. This is the case when some parameters of the model
are known. On the other hand, we do not require that dataY

have been generated by a model in the class defined byΘ.
That is, in principle, we do not assume that a true parameter
θ∗ ∈ Θ exists. LetFy denote the true probability distribution
of processy (perhaps restricted toIT ), and letFy|θ be the
probability distribution ofy determined by model (3) for a
given value ofθ. Ideally, an optimal solution to Problem 1
would be to compute estimatêθ of θ as any solution of the
following optimization problem:

min
θ∈Θ

||F̂y|Y − Fy|θ||,

where F̂y|Y is an estimate ofFy based on the available
data Y , and || · || is a norm on the space of probability
distributions. In practice, this method is inapplicable because

the computation ofFy|θ is formidable. In many realistic
settings, reliable estimates of the second-order statistics

µy(t) =E[y(t)],

Σy(s, t) =E

[

(

y(s) − µy(s)
)(

y(t) − µy(t)
)T

]

may be computed empirically fromY . It turns out that, for
all t ands in IT , mean and autocovariance functions

µy|θ(t) =E[y(t)|θ],

Σy|θ(s, t) =E

[

(

y(s) − µy|θ(s)
)(

y(t) − µy|θ(t)
)T

|θ
]

associated to model (3) can be computed efficiently for any
fixed parametrizationθ. This allows to set up and numerically
solve the identification problem in terms of the following
optimization:

min
θ∈Θ

D(µ̂y|Y , Σ̂y|Y , µy|θ, Σy|θ),

where µ̂y|Y and Σ̂y|Y are estimates ofµy and of Σy

given Y , respectively, andD is a convenient quantification
(not necessarily a distance) of the discrepancy between
the second-order statistics predicted by the model and the
corresponding empirical estimates based on the data.

IV. SECOND-ORDER STATISTICS OF A JUMPMARKOV

PROCESS

This section concerns properties of the stochastic
processes defined by model (3) for arbitrary but fixed values
of the model parametersθ. For simplicity, where no ambi-
guity arises, we shall drop the dependence onθ from our
notation. Let us generalize definitions (1) and (2) as follows:
for all i, j ∈ Q and alls, t ≥ 0,

pi(t) =P[q(t) = i],

πj,i(s, t) =P[q(s) = j|q(t) = i].

Denotep(t) =
[

p0(t) . . . pN−1(t)
]T

and

π(s, t) =







π0,0(s, t) . . . π1,N−1(s, t)
...

. ..
...

πN−1,0(s, t) . . . πN−1,N−1(s, t)






.

Proposition 1: Probabilitiesp(t), with t ≥ 0, andπ(s, t),
with s ≥ t, can be computed recursively as follows:

p(t + 1) = π(t + 1, t)p(t),

π(s + 1, t) = π(s + 1, s)π(s, t), π(t, t) = I.

�

For t ≥ 0, τ > 0 and i, j ∈ Q define:

µx|j(t) = E[x(t)|q(t) = j],

νx|j(t) = E[x(t)x(t)T |q(t) = j],

ρx|j,i(τ, t) = E[x(t + τ)x(t)T |q(t + τ) = j, q(t) = i].



Proposition 2: The following recursions hold:

µx|j(t + 1) =
∑

i∈Q

(

Aiµx|i(t) + Giu(t)
)

× πj,i(t + 1, t, γ)
pi(t)

pj(t + 1)
,

νx|j(t + 1) =
∑

i∈Q

(

Aiνx|i(t)A
T
i + BiB

T
i

+ Giu(t)u(t)T GT
i + Aiµx|i(t)u(t)GT

i

+ Giu(t)µx|i(t)
T AT

i

)

× πj,i(t + 1, t, γ)
pi(t)

pj(t + 1)
,

ρx|j,i(τ + 1, t) =
∑

`∈Q

(

A`ρx|`,i(τ, t) + G`u(t + τ)µT
x|i(t)

)

× πj,`(t + τ + 1, t + τ)
π`,i(t + τ, t)

πj,i(t + τ + 1, t)
,

with µx|j(0) = µ̄j , νx|j(0) = Σ̄j + µ̄j µ̄
T
j andρx|j,j(0, t) =

νx|j(t). �

For t ≥ 0, τ > 0 and i, j ∈ Q define:

µy|j(t) = E[y(t)|q(t) = j],

νy|j(t) = E[y(t)y(t)T |q(t) = j],

ρy|j,i(τ, t) = E[y(t + τ)y(t)T |q(t + τ) = j, q(t) = i].

Proposition 3: It holds that:

µy|j(t) =Cjµx|j(t) + Hju(t),

νy|j(t) =Cjνx|j(t)C
T
j + DjD

T
j + Hju(t)u(t)T HT

j +

Cjµx|j(t)u(t)T HT
j + Hju(t)µx|j(t)

T CT
j ,

ρy|j,i(τ, t) =Cjρx|j,i(τ, t)C
T
i + Hju(t + τ)u(t)T HT

i +

Cjµx|j(t + τ)u(t)T HT
i +

Hju(t + τ)µx|i(t)
T CT

i .

�

For t ≥ 0 andτ > 0 define

νy|θ(t) =E[y(t)y(t)T |θ],

ρy|θ(τ, t) =E[y(t + τ)y(t)T |θ]

(also recall the definition ofµy|θ(t) of Section III).
Proposition 4: It holds that:

µy|θ(t) =
∑

i∈Q

µy|i(t)pi(t),

νy|θ(t) =
∑

i∈Q

νy|i(t)pi(t),

ρy|θ(τ, t) =
∑

j∈Q

∑

i∈Q

ρy|j,i(τ, t)πj,i(t + τ, t)pi(t).

�

By the results of Propositions 1–4, for any given values of
θ and any given input signalu, the second-order statistics
µy|θ(t), νy|θ(t) andρy|θ(τ, t) may be computed recursively
for t = 0, 1, . . . , T andτ = 1, 2, . . . , ∆ by means ofO(T ×

∆ × N3) operations. Note that the autocovariance function
of processy may be derived as follows: forτ ≥ 0,

Σy|θ(t + τ, t) = ρy|θ(τ, t) − µy|θ(t + τ)µy|θ(t)
T

and, forτ < 0, Σy|θ(t + τ, t) = Σy|θ(t, t + τ)T .

V. SECOND-ORDER IDENTIFICATION

One may consider two classes of problems:
(i) Identification of a (wide-sense) stationary ergodic

process from a single experiment (K = 1);
(ii) Identification of a (possibly) nonstationary process

from multiple independent experiments (K > 1).
In essence, the two settings differ in the requirements on

the data setY and in the choice of the objective function
D . Problem (i) is the typical setting of linear identification
theory [13], [17], [20]. A more detailed analysis of this
problem in the context of JMLS is left for future research. In
the present paper, we shall concentrate on Problem (ii). This
setting is especially relevant, but not limited, to certainreal-
world biochemical experimental settings (e.g. gene reporter
systems), where the evolution of several copies of the same
biological system is observed in parallel.

The following estimates of the second-order statistics of
processy may be drawn from data setY [2]: for t, s ∈ T ,

µ̂y|Y (t) =
1

K

K
∑

k=1

yk(t),

Σ̂y|Y (s, t) =
1

K − 1

K
∑

k=1

(

yk(s) − µ̂y|Y (s)
)

×

×
(

yk(t) − µ̂y|Y (t)
)T

.

The idea is to match the empirical statistics computed from
the data with the corresponding statistics predicted by the
model for changing values ofθ. A fundamental consideration
to select a sensible objective function is that the number of
statistics being matched should be greater than the number of
unknown parameters. In addition, these statistics should be
independent, in the sense that none of them is a function
of the others. Note that, ify is stationary,Σ̂y(s, t) will
approximately depend on the differencet− s only, therefore
providing redundant information. In the case wherey is zero-
mean, the following definition ofD may be considered:

DΣ(Σ̂y|Y , Σy|θ) =
∑

(t,s)∈TΣ

||Σ̂y|Y (s, t)−Σy|θ(s, t)||
2, (4)

where TΣ ⊂ T × T . In a stationary setting, this relates
to looking for the model parametrization that provides the
best approximation of the process spectrum. If the mean is
not zero, but it is time varying, certain estimation problems
may be solved by simply matching the empirical and the
predicted mean values:

Dµ(µ̂y|Y , µy|θ) =
∑

t∈Tµ

||µ̂y|Y (t) − µy|θ(t)||
2, (5)

whereTµ ⊆ T . A definition of D accounting for both the
mean and the autocovariance function is not obvious. In the



literature, certain problems that can be seen as special cases
of Problem 1 are solved by minimizing the Kullback-Leibler
(KL) (pseudo)distance [6] between the model distribution
Fy|θ and the data distribution. This choice is supported by
the fact that, at least in the linear case, the KL criterion
plays a central role in identification of stochastic systems
and has deep connections with maximum likelihood estima-
tion [18]. Since the data distribution is unknown, the KL
index is evaluated by stochastic approximation techniques
whose implementation depends on the peculiar problem at
hand [16], [12], [22]. In the general case, we may formulate
the criterion as follows:

DKL(fy|θ, f̂y|Y ) = E

[

log(fy|θ) − log(f̂y|Y )
∣

∣θ
]

. (6)

where f indicates probability density. In our setting, this
quantity needs to be approximated in terms of the mean and
covariance functions. Let(t1, t2, . . . , tS) ⊆ T . Consider the
S-dimensional vector of observations

ȳ =
[

y(t1) y(t2) · · · y(tS)
]T

.

Of course, mean and covariance matrix ofȳ are given by

µȳ =







µy(t1)
...

µy(tS)






, Σȳ =







Σy(t1, t1) · · · Σy(t1, tS)
...

. . .
...

Σy(tS , t1) · · · Σy(tS , tS)






.

If we postulate that the distribution of̄y is Gaussian, then
Equation (6) takes the following form:

DKL(fy|θ, f̂y|Y ) = − log det(Σ̂−1
ȳ|Y Σȳ|θ) + tr(Σ̂−1

ȳ|Y Σȳ|θ)

+ (µ̂ȳ|Y − µȳ|θ)
T Σ̂−1

ȳ|Y (µ̂ȳ|Y − µȳ|θ) − S, (7)

with obvious meaning of the symbols. In practice, principal
component analysis [2] is recommended to ensure that the
inversion of Σ̂ȳ|Y is not ill-conditioned and to reduce the
dimension of the problem. We stress the fact that, among all
distributions with fixed covariance matrix and arbitrary mean,
the Gaussian distribution is the one with largest entropy [6].
Put another way, provided the information onfy is limited
to its moments up to the second order, the approximation
introduced to turn (6) into the explicit formula (7) introduces
the least artificial structure into the problem.

VI. N UMERICAL SIMULATIONS

We considered parameter estimation for a simple JMLS
with dimensionn = 2 and N = 2 discrete modes. The
(“true”) model that generates the data is defined as follows:







x(t + 1) =

[

0.5 1
0 aq

]

x(t) + Bv(t) + Gu(t),

y(t) =x(t) + De(t),

(8)

where B = diag{0.1, 0.1}, G =
[

0 1
]T

and D =
diag{0.01, 0.01}. The switching coefficient(Aq)2,2 = aq

takes on the valuesa0 = 0.7 and a1 = −0.1. The initial
probability distribution ofq is p1(0) = p2(0) = 0.5, whereas
the switching probabilities are constant and equal toπ1,0 =
0.3 and π0,1 = 0.9. The initial statistics ofx(0) are set to

Σ̄i ≡ Σ̄ = diag{0.1, 0.1} and µ̄i ≡ µ̄, independently ofi.
The following scenarios were considered:

1. µ̄ = [0, 0]T andu(t) = 0, ∀t;
2. µ̄ = [1, 0]T andu(t) = sin(0.3t).

In the first case, after a small initial transient, the process
becomes zero-mean. In the second case, the effect of the
initial conditions is made more pronounced by the nonzero
value of µ̄. In addition, the system is excited over time
by a sinusoidal input. In both cases, we investigated the
identification of subsets of the model parameters, assuming
that the remaining parameters are known:

(a) Estimation of the switching probabilitiesπ1,0 andπ0,1;
(b) Estimation of the mode1 eigenvalues(A1)1,1 and

(A1)2,2;
(c) Estimation of the values of the switching coefficient

(A0)2,2 and (A1)2,2.

In all identification experiments — namely 1(a), 1(b), 1(c),
2(a), 2(b) and 2(c) — the data setY amounts toK simulated
runs of system (8) from time0 to time T = 100, with
observations taken at all timesT = {0, 1, . . . , T}. For
scenario 1, where the process is approximately zero-mean,
identification relied on the covariance criterion (4) with
TΣ = {(t, t + τ) : τ = 0, 1, . . . , 5, t = 0, 1, . . . , T − τ}. In
scenario 2, the mean value criterion (5) withTµ = T was
used. Optimization was accomplished by standard numerical
minimization routines, starting from zero initial guessesfor
problems(b) and(c), and from guessesπ1,0 = π0,1 = 0.5 for
problem(a). In the latter case, optimization was explicitly
constrained to(π1,0, π0,1) ∈ [0, 1] × [0, 1] for consistency.
Evidently, the low dimension of the unknown parameter
space prevented the algorithms from getting stuck into local
minima. Monte Carlo evaluation of the mean and covariance
matrix of the estimators was obtained by repeating the
experiments one hundred times.

Scatter plots of the estimation results are reported in
Figure 1 for bothK = 100 andK = 1000. The (empirical)
mean and covariance matrix of the corresponding estimators
are shown in Table I (K = 100) and in Table II (K = 1000).

For K = 100, numerical results show approximate unbi-
asedness of all estimators. An estimation bias was introduced
in problem (a) (scenarios 1 and 2) due to constraintπ0,1 ≤ 1.
In all cases, identification in presence of the sinusoidal input
performed better that in the zero input case. This is partially
due to the deterministic contribution in the output being
well above the noise level. However, the possibility that
the specific form of the input facilitates the identification
tasks should not be disregarded. For all problems (a)–(c),
estimation covariance matrices reveal directions in the para-
meters space along which identifiability is weaker. This is
confirmed visually by the scatter plots. Interestingly, scatter
plots for problem (a) indicate that the weakly identifiable
subspaces are nonlinear. Simulation results forK = 1000 are
similar in nature to those withK = 100, but the estimation
variance is largely reduced and a smaller bias is achieved
(also note that conditionπ0,1 ≤ 1 in experiment 2(a) ceases
to affect the estimates ofπ0,1). This suggests that in all
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(b) Switching probabilities (sinusoidal input).
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(c) Mode1 eigenvalues (no input).
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(d) Mode1 eigenvalues (sinusoidal input).
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(e) Switching parameter values (no input).
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(f) Switching parameter values (sinusoidal input).

Fig. 1. Identification results forK = 100 (red crosses) andK = 1000 (black dots). Solid lines indicate the true parameter values.

Switching probabilities Mode 1 eigenvalues Switching parameter values�
0.2861

0.8184� �
0.0022 0.0090

0.0090 0.0504� �
0.4862

−0.0935� �
0.0017 −0.0007

−0.0007 0.0077 � �
0.6758

−0.0267� �
0.0037 −0.0135

−0.0135 0.0554 ��
0.2975

0.8916� �
0.0001 0.0005

0.0005 0.0053� �
0.4997

−0.1035� �
0.0105 −0.0034

−0.0034 0.1903 �× 10−3

�
0.6986

−0.0939� �
0.0023 −0.0052

−0.0052 0.0120 �
TABLE I

EMPIRICAL MEAN (VECTORS) AND COVARIANCE (MATRICES) OF THE PARAMETER ESTIMATORS FOR THE NO INPUT(FIRST ROW) AND SINUSOIDAL

INPUT (SECOND ROW) SETTINGS(CASEK = 100).



Switching probabilities Mode 1 eigenvalues Switching parameter values�
0.2980

0.8839� �
0.0002 0.0012

0.0012 0.0099� �
0.4985

−0.1015� �
0.1701 −0.0568

−0.0568 0.8053 �× 10−3

�
0.6987

−0.0963� �
0.0001 −0.0003

−0.0003 0.0024 ��
0.3001

0.9018� �
0.0118 0.0642

0.0642 0.5603�× 10−3

�
0.5001

−0.0992� �
0.0106 −0.0046

−0.0046 0.2253 �× 10−4

�
0.6979

−0.0942� �
0.0004 −0.0009

−0.0009 0.0020 �
TABLE II

EMPIRICAL MEAN (VECTORS) AND COVARIANCE (MATRICES) OF THE PARAMETER ESTIMATORS FOR THE NO INPUT(FIRST ROW) AND SINUSOIDAL

INPUT (SECOND ROW) SETTINGS(CASEK = 1000).

experiments considered the two unknown parameters are
jointly identifiable (regardless of the presence of the input).

VII. C ONCLUSIONS

In this paper we have proposed a stochastic framework
for the identification of the parameters of jump Markov
linear models. We have presented recursive equations for the
computation of the second-order statistics of a jump Markov
process. Given experimental data, we have described the
application of these formulae to the estimation of unknown
model parameters under the assumption that the dimension of
the system is known in advance. Results from several simu-
lation examples showed the efficacy of our approach and mo-
tivate us to pursue the analysis of the problem much further.
Indeed, several aspects of the problem remain unexplored.
First of all, the kind of parameter identification problems
that can be solved unambiguously remains undetermined. It
should be noted that JMLS parameter identifiability relates
to the structural properties of the model class, regardlessof
the estimation method that is actually implemented. On the
other hand, a theoretical study of second-order identification
shall be carried out for different identification settings to
establish conditions for the consistency of the estimatorsand
to determine the convergence properties of the parameter
estimates. In addition, the estimation of the model orders,
in particular the dimension of the continuous staten and
the number of discrete modesN , should be investigated in
order to turn JMLS parameter estimation into a model iden-
tification tool. Finally, a significant extension of the method
shall be considered by allowing the transition probabilities
of the discrete chain to depend on the continuous state of
the system. It is intuitive that this modification would make
the present identification framework applicable to a much
broader class of switching models, including for instance
piecewise affine systems.
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