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Abstract

This paper proposes a control scheme for distributed sensing using a leader/follower multi-agent architecture. The control objective
is to make a group of mobile agents cover and sense a sequence of regions of interest. More specifically, when the leaders reach a
new target region, they stop until the followers have performed a sensing task. Furthermore, the followers must be contained inside
the convex-hull of the leaders’ positions during the motion. Key features of our method, that combines hybrid control with Model
Predictive Control (MPC) techniques, are the possibility to take into account input constraints in order to plan the sensing maneuver
and the ability of the followers to detect containment violations by simple computation based on the available information about
the leaders’ positions.

Keywords: multi-agent systems, consensus, containment, distributed sensing, model predictive control.

1. Introduction

The recent literature on multi-agent systems has witnessed an
increasing interest in consensus-related problems such as for-
mation control, obstacle avoidance and the execution of coordi-
nated tasks [1–5].

Special attention has been devoted to the problem of dis-
tributed sensing, that has many applications ranging from
surveillance of areas to environmental monitoring. In partic-
ular, research focused on the definition of strategies for the
efficient deployment of sensors over regions to be measured.
This problem is technically compelling in many contexts and
has received consistent attention in the community; see for in-
stance [6–8] and references therein.

A further stream of research is related to the design of leader-
follower control architectures [9, 10] able to ensure the fulfill-
ment of geometrical constraints on the agents’ motion. Simi-
lar approaches have also been applied to the so-called contain-
ment problem, in which leader agents define a (time-varying)
geometrical shape in the space, consisting of their convex-hull,
while follower agents are forced to move confined inside this re-
gion; see for instance [11–15]. As shown in [16], containment
control is a combination of formation and rendezvous problems
and as such it is of interest for UAV formation control [17],
robot swarms [18] and attitude control of rigid bodies [19].

IA preliminary version of the paper has been presented in IEEE CDC-CCC
2009.
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This paper aims at merging the two aspects discussed above
in order to face a mixed containment-sensing problem. The idea
is to exploit a hierarchical control structure, similar to the one
presented in [13], in order perform a complex measuring task.
Some mobile sensing units, represented by the followers, have
to be driven to zones of interest inside a given region in order to
perform measurements. The leaders are employed to coordinate
the sensing task at an upper level, by steering the followers to
these target zones. The objective is to accomplish the entire
task while guaranteeing suitable containment properties, in the
sense outlined in the last paragraph.

Such a control problem is addressed in the presence of agents
subject to single-integrator dynamics and possibly to input con-
straints by means of Model Predictive Control (MPC) schemes,
which are inspired to the ones previously proposed by the au-
thors of the present paper for solving consensus problems [20].
Further relevant references on the application of MPC to multi-
agent control problems include [21–23]. In our approach, MPC
strategies are integrated with a hybrid logic inspired by [13]
to produce a decentralized control scheme which is formally
proven to achieve the following objectives: the containment
property, i.e., the ability to drive the followers back to the lead-
ers’ convex-hull in the event that they get outside; the liveness
of the hybrid scheme during the entire maneuver; the conver-
gence of the system, intended as the completion of the task. The
theoretical results we present partially rely on the properties of
optimal state paths given in the references cited above. While
in [13] containment properties are attained by means of Lapla-
cian control, here our results strongly rely on the use of MPC,
allowing the agents to synthesize their own control actions tak-
ing into account input constraints and information about the op-
timal trajectories computed by other agents. Furthermore, in
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our case the target positions are reached in finite time and not
just asymptotically as in [20].

The paper is organized as follows: Section 2 contains some
basic concepts on graph theory, which will be used in order to
describe the information exchange among agents, and the def-
inition of both the dynamic model of the agents and the struc-
ture of the communication network connecting them, as well as
a formal statement of the control objectives. In Section 3 we
propose a hybrid control strategy for solving the problem under
consideration. Relevant properties of this scheme are analyzed
in Section 4. Finally, in Section 5 we report a simulation exam-
ple and there are some concluding remarks.

2. Problem setup

2.1. Preliminaries on graph theory

Consider a team of n agents indexed by the elements of the
set N = {1, . . . , n}. The communication network can be repre-
sented by means of a weighted graph G = (N ,E,wG), where
E ⊆ {(i, j) : i, j ∈ N , i , j} is the set of edges and wG : E 7→
R>0 associates to each edge (i, j) ∈ E a strictly positive weight
denoted by wi j. G is undirected if (i, j) ∈ E ⇔ ( j, i) ∈ E1 and
it is unweighted if, ∀(i, j) ∈ E, wi j = 1. In the latter case, the
graph can be simply represented by the pair (N ,E).

A node i ∈ N is connected to a node j ∈ N\{i} if there
is a path from i to j in the graph following the orientation of
the arcs. The graph G is connected if, ∀(i, j) ∈ N × N , i is
connected to j. If, ∀i, j ∈ N , (i, j) ∈ E, the graph is complete.

If ( j, i) ∈ Ewe say that j is neighbor to i. The set of neighbors
to the node i ∈ N is N (i)(G) = { j ∈ N : ( j, i) ∈ E}.

2.2. Model of the agents and of the communication network

We assume that the dynamical model associated to each
agent i ∈ N is the following:

xi(k + 1) = xi(k) + ui(k) (1)

where xi(k) ∈ Rd and ui(k) ∈ Rd are the state and the control in-
put of agent i at time k, respectively. Since typical applications
of the control problem we are going to consider are related to
networks of robots or UAVs, we will assume xi to describe a
position. Also observe that often, in such kind of applications,
one has d ≤ 3.

With no loss of generality, assume that N is partitioned in
two subsetsNl = {1, . . . , nl} andN f = {nl + 1, . . . , n} represent-
ing the index sets associated to leaders and followers, respec-
tively, where nl < n is the number of leaders. Also define the
number of followers as n f = n − nl.

In our setup, the information exchange among agents will
consist in transmitting instantaneously information related to
the containment status, the state and, in some cases, the optimal

1As remarked in [24], weights wi j and w ji can be different. If they are equal,
one recovers the notion of undirected graphs.

trajectories computed by the agents. We represent the network
by means of two weighted undirected graphs:

Gl = (Nl,El,wGl ), El ⊆ {(i, j) : i, j ∈ Nl, i , j}

Gl f = (N ,El f ,wGl f ), El f ⊆
{
(i, j) : i ∈ Nl, j ∈ N f

}
where graph Gl represents the interconnections among leaders
and Gl f describes the information exchange between the group
of leaders and the group of followers. From here on, we assume
that Gl is a connected graph associated to a multi–hop network,
so that a piece of information can be sent to any agent in Nl

within a sampling interval. Furthermore we assume that, ∀i ∈
N f , ∃ j ∈ Nl such that ( j, i) ∈ El f . The set of leaders connected
to i ∈ N f will be denoted by N (i)(Gl f ) =

{
j ∈ Nl : ( j, i) ∈ El f

}
.

For future utility, we also introduce the graph matrix ΦGl f ∈

Rn f×nl , whose elements are φi j =
wi j∑

h∈N(i) (Gl f ) wih
if the leader in-

dexed by the j-th element of Nl is connected to the follower
indexed by the i-th element of N f and φi j = 0 otherwise.

2.3. Definition of the control problem

Be D ⊂ Rd a convex bounded set to be explored and con-
sider an ordered sequence of m bounded regions D1, . . . ,Dm

inside D which we are interested in sensing. For simplicity
of exposition, we assume that Di, i = 1, . . . ,m, are polytopes
with nl vertexes denoted by v j(Di) ∈ Rd, j = 1, . . . , nl and de-
fine the associated setV(Di) =

{
v j(Di) ∈ Rd, j = 1, . . . , nl

}
. In

practical cases where regions Di are not defined as polytopes,
under suitable assumptions on the structure of the problem it
is possible to exploit techniques proposed in the literature for
their polytopic approximation, see for instance [25, 26]. Also
define the target points t j(Di), j = 1, . . . , n f representing the
positions in Di where the measurements have to be performed.
The associated set is T (Di) =

{
t j(Di), j = 1, . . . , n f

}
. As dis-

cussed in the sequel of the paper, it will be necessary to define
maps associating each element of V(Di) to a leader j ∈ Nl

and each element of T (Di) to a follower j ∈ N f , for each
i = 1, . . . ,m. We will label as vl

j(Di) the vertex of Di asso-

ciated to each j ∈ Nl and as t f
j (Di) the target point inside Di

associated to each j ∈ N f .
Our objective is to guarantee the completion of the opera-

tions enumerated in the following algorithm:

for i=1:m

1. denote the next region to be sensed asDnext = Di;

2. the leaders reach the vertexes ofDnext while the contain-
ment of the followers is forced by a proper control action;

3. the leaders stay still until the followers have reached the
target positions inDnext to perform (instantaneous) sens-
ing.

end
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In order to formalize the notion of containment we are in-
teresed in, denote by Ωl the leader-polytope, i.e., the convex-
hull spanned by positions of the leaders. The following distance
measure will be used to assess the containment property [11]:

d(µ,Ωl) = ζΩl (µ) min
y∈δΩl

‖µ − y‖

where ζΩl (µ) = −1 if µ ∈ Ωl and +1 otherwise, δΩl is the bound-
ary of set Ωl and ‖ · ‖ is the Euclidean 2-norm. Furthermore,
for any agent i ∈ N f , be Ω

(i)
l the convex-hull spanned by the

positions of the leaders belonging to N (i)(Gl f ). Then, we can
introduce the following definitions:

Definition 1 (ε-containment) The followers are ε-contained in
Ωl if, for all i ∈ N f and for a given ε > 0, d(xi,Ωl) < ε.

Definition 2 (local ε-containment) Agent i ∈ N f is ε-contained
in Ω

(i)
l if, for a given ε > 0, d(xi,Ω

(i)
l ) < ε.

Observe that local ε-containment of all the followers i ∈ N f

implies ε-containment in the sense of Definition 1, while the
converse is not true. The distinction between these two notions
is important, since a violation of local ε-containment is much
easier to detect than a violation of ε-containment, in our frame-
work. Indeed, a follower i ∈ N f can directly detect whether it
is ε-contained in Ω

(i)
l or not by using the positions of the leaders

belonging toN (i)(Gl f ), which are transmitted to it. By referring
to the notion of ε-containment, we will be able to propose a
control strategy even in the case Ωl is not full-dimensional, in
the sense that it is included in a subspace of Rd.

3. The control architecture

In this section, we propose a control scheme for solving the
task presented above. It is a hybrid strategy inspired by [13],
where discrete modes of operation are governed by automata.
The novelty of our approach strongly relies on the control tech-
niques we exploit, that are based on the use of decentralized
MPC. In particular, in this section we will present two MPC
control schemes to be combined with automata in order to de-
scribe the different modes of operation of leaders and followers.

3.1. MPC schemes

1. Decentralized MPC (D-MPC) Given an agent i ∈ N , define
the input sequence Ui(k) = [ui(k)′ ui(k + 1)′ · · · ui(k + N − 1)′]′

and the cost
Ji(k) = Jx

i (k) + Ju
i (k)

with

Jx
i (k) = αi

N∑
j=1

‖xi(k + j) − zi(k + j)‖2 (3a)

Ju
i (k) = βi

N−1∑
j=0

‖ui(k + j)‖2 (3b)

where

• zi(k+ j) is the target for agent i at time k+ j, to be specified
in the sequel;

• αi, βi > 0 are weights and N ≥ 1 is the prediction horizon.

Now define the D-MPC control scheme as the following Con-
strained Finite-Time Optimal Control (CFTOC) problem for
agent i ∈ N :

min
Ui(k)

Ji(k)

subject to the following constraints:

(a) the agent dynamics (1);

(b) the input constraint ‖ui(k + j)‖ ≤ ui,max, ∀ j ∈ [0,N − 1],
with ui,max > 0;

(c) the final state constraint xi(k + N) = Xi(k + N), that will be
specified in the sequel. �

2. Decentralized contractive MPC (DC-MPC)
Given an agent i ∈ N , consider the following cost:

J̃i(k) = J̃x
i (k) + J̃u

i (k)

with

J̃x
i (k) = αi

N∑
j=1

‖xi(k + j) − τi(Dnext)‖2 (4a)

J̃u
i (k) = βi

N−1∑
j=0

‖ui(k + j)‖2 (4b)

where

• τi(Dnext) is the target for agent i in Dnext, to be specified
in the sequel;

• αi, βi > 0 are weights and N ≥ 1 is the prediction horizon.

Now define the DC-MPC control scheme as the following
CFTOC problem for agent i:

min
Ui(k)

J̃i(k)

subject to the following constraints:

(A) the agent dynamics (1);

(B) the input constraint ‖ui(k + j)‖ ≤ ui,max, ∀ j ∈ [0,N − 1],
with ui,max > 0;

(C) the state constraint xi(p(Dnext) + N) = τi(Dnext), where
p(Dnext) is the time instant at which the subtask of reach-
ing Dnext for sensing begins, according to the algorithm
presented in Section 2.3. �

Remark 1 The D-MPC and DC-MPC schemes differ in view
of the definition of Jx

i and J̃x
i ((3a) and (4a)) and the con-

straints (c) and (C). In particular, in (3a) zi varies along the
prediction horizon and it will be a function of the state of some
agents, while in (4a) τi(Dnext) can be constant over a period
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of time. Constraint (c) in D-MPC is a classical rolling-horizon
constraint imposed on the terminal state at the end of the pre-
diction horizon, while (C) takes fixed and constant values over
periods of time. Formulations similar to D-MPC and DC-MPC
have been considered in [20] for consensus in groups of agents
with single- and double-integrator dynamics.

The optimal cost for agent i computed at time k will be denoted
by Jo

i (k) in the case of D-MPC and by J̃o
i (k) in the case of DC-

MPC. Finally, be xo
i (k + j|k) the optimal state of agent i at time

k + j predicted at time k.

3.2. Hybrid control of the leaders

We assume that the leaders are governed by a hybrid control
strategy described by the automaton represented in Figure 1.
Such an automaton comprises three states, describing the
fundamental operating modes of the leaders. In particular,

Figure 1: The leaders’ automaton.

the GO mode is associated to the leaders moving towards the
next unvisited region Dnext to be reached. The TARGET mode
is associated to the leaders staying still at the vertexes of Dnext

until the sensing locations have been reached by the followers.
Finally, the STOP mode can get activated while the leaders
are moving towards the next target Dnext, in order to allow the
followers to re-establish the containment property when it is
lost during the motion. The corresponding mode transition
rules are labeled GO2STOP, STOP2GO, GO2TARGET and
TARGET2GO. We denote by Ml(k) the active mode in the
leaders’ automaton at time k. All the leaders are controlled
through a single instance of this automaton, which implies
that they are simultaneously in the same mode at any time.
This property is made possible by the assumption that Gl is
a multi–hop network. Next we formalize the control action
applied in the three operating modes presented above.

1. GO mode. In this mode, each leader i ∈ Nl is con-
trolled through the DC-MPC strategy, with N equal to a
suitable value N(Dnext) and τi(Dnext) = vl

i(Dnext), defined as
in Section 2.3. In order to assign N(Dnext), observe that it is
always possible to select a value ensuring that the DC-MPC
problem is feasible. In fact, choosing

N(Dnext) ≥ max
i∈Nl, v j∈V(Dnext)

‖xi(p(Dnext)) − v j(Dnext)‖
ui,max

(5)

is sufficient for the feasibility of the considered DC-MPC con-
trol problem, since it ensures that the prediction horizon N is

long enough to allow each leader to reach any vertex of Dnext

while fulfilling all the constraints associated to the DC-MPC
problem. As for the choice of vl

i(Dnext), ∀i ∈ Nl, various crite-
ria can be applied; an idea is to solve a perfect matching prob-
lem [27] formulated taking into account the distance of each
leader from each vertex ofDnext at the beginning of the current
subtask, as well as the constraints of the DC-MPC formulation.

In order to complete the definition of the GO mode, it is nec-
essary to introduce a rule for initializing the DC-MPC each
time this mode is activated. In particular, we distinguish be-
tween two different methods depending on whether the mode
of provenience is TARGET or STOP:

• if TARGET2GO: update the next target region Dnext and
define the new values N(Dnext) (according to (5)) and
τi(Dnext); consequently, update (4a), (4b) and (C).

• if STOP2GO: in (4a), (4b) and (C), replace N = N(Dnext)
with N = N(Dnext) + Nstop(Dnext, k), where Nstop(Dnext, k)
denotes the number of time steps in which the leaders’ au-
tomaton was in the STOP mode prior to current time k
during the execution of the associated subtask. Observe
that this update rule preserves the validity of criterion (5).

2. STOP mode. In this mode, similarly to [13], the leaders are
halted in order to wait for the followers to re-establish the con-
tainment property; therefore xi(k + 1) = xi(k), ∀i ∈ Nl, if STOP
is active at time k.
3. TARGET mode. This mode has the same features of the
STOP mode, from which it is only kept distinct because the
transition rules are different in the two cases, with the implica-
tions discussed above.

Finally, it is possible to complete the description of the lead-
ers’ automaton by specifying the mode transition rules. Since
these are shared with the followers’ automaton, the description
of the corresponding guards is postponed. Also the initializa-
tion of the leaders’ automaton at the beginning of the complete
control task is detailed below in this section.

3.3. Hybrid control of the followers

We assume that the followers are governed by means of a hy-
brid control structure including three states which describe the
operating modes FOLLOW, CONTAINMENT and SENSING,
as shown in Figure 2. Also in this case, thanks to the network
structure we assume that there is a single instance of the au-
tomaton associated to the whole group of followers. The FOL-

Figure 2: The followers’ automaton.
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LOW and CONTAINMENT modes are used when the lead-
ers are in the GO and STOP mode, respectively. The SENS-
ING mode serves for suitably placing the followers inside the
sensing region Dnext in order to perform the measurements; in
particular, the followers are assumed to take an instantaneous
measure of the quantities to be sensed when they have reached
the prescribed sensing locations t f

i (Dnext), ∀i ∈ N f . Symbol
M f (k) stands for the active mode in the followers’ automaton
at time k.

Next, we detail the control strategies relative to each mode
in the followers’ automaton.

1. FOLLOW mode. This mode is coupled with the GO
mode in the leaders’ automaton. Assuming that the FOLLOW
mode is active at time k, each follower i ∈ N f applies the
control action described by D-MPC, with

zi(k + j) = (ΦGl f ,i ⊗ Id)xo
l (k + j|k), ∀ j ∈ [1,N] (6)

where ΦGl f ,i is the i-th row of ΦGl f , ⊗ denotes the Kronecker
product, Id is the identity matrix of size d and xo

l (k + j|k) =

[xo
1(k+ j|k)′ · · · xo

nl
(k+ j|k)′]′ are the optimal states of the leaders

at time k + j predicted by the leaders at time k. In view of
the structure of matrix ΦGl f , this means that each follower i ∈
N f will receive from the leaders j ∈ N (i)(Gl f ) their current
state as well as the optimal input sequences they computed by
solving the DC-MPC problem associated to the GO mode. We
assume that this operation is instantaneous, in the sense that
both the calculation of the optimal state path of each leader and
the transmission of the predicted values are performed in zero
time2. Finally, in this case we assume that Xi(k + N) = xi(k +

N), ∀i ∈ N f , which means that constraint (c) is removed. As a
consequence, an arbitrary positive integer can be chosen as the
value of N, since the feasibility of D-MPC is never spoiled.
2. CONTAINMENT mode. This mode is associated to the
STOP mode in the leaders’ automaton. The cost function is the
same as in the FOLLOW mode, with the main difference that in
this case, ∀i ∈ N f , we have

zi(k + j) = (ΦGl f ,i ⊗ Id)xl(k), ∀ j ∈ [1,N] (7)

with xl(k) = [x1(k)′ · · · xnl (k)′]′, since the leaders are in the
STOP mode. Furthermore, we impose

Xi(k + N) = zi(k + N) (8)

Finally, also in this case it is always possible to determine a pos-
itive integer N ensuring feasibility. In fact, if the CONTAIN-
MENT mode is triggered at time k, in view of the definition
of the GO and FOLLOW modes necessarily d(xi(k),Ω(i)

l (k)) is
bounded, ∀i ∈ N f , where Ω

(i)
l (k) is the convex-hull of the posi-

tions assumed at time k by the leaders belonging to N (i)(Gl f ).

2This assumption can be replaced with the milder requirement that, in a
sampling interval, the leaders solve their optimization problems, send the com-
puted optimal states to the neighbor followers and all the followers also solve
their optimization problem.

2. SENSING mode. This mode corresponds to the TAR-
GET mode in the leaders’ automaton. In this case the follow-
ers are controlled by means of the DC-MPC scheme assum-
ing τi(Dnext) = t f

i (Dnext), where t f
i (Dnext) is defined as in Sec-

tion 2.3, with N equal to a suitable value Ns,i(Dnext). As we
can observe from the construction of the hybrid strategy, this
quantity has to fulfill the constraint

Ns,i(Dnext) ≥
‖xi(k̃) − t f

i (Dnext))‖
ui,max

(9)

where k̃ is the lowest value of k > p(Dnext) such thatMl(k) =

TARGET. We assume that the quantity t f
i (Dnext) is known by

each i ∈ N f , which implies that Ns,i(Dnext) can be computed by
the follower itself. Finally, define

Ns(Dnext) = max
i∈N f

Ns,i(Dnext)

The sensing positions can be chosen according to various
criteria, and this fact enables our control scheme to fit with
different methods proposed in the literature for optimal sensor
placement, see e.g. [8] and the references therein. The DC-
MPC ensures that, whileMl = TARGET, the sensing positions
t f
i (Dnext), ∀i ∈ N f , are reached in finite time.

In the followers’ automaton, the transition rules among dif-
ferent modes are shared with the leaders’ automaton, see Fig-
ure 2. The corresponding guards are specified as follows at
time k:

GUARDGO2T ARGET : xi(k) = vl
i(Dnext), ∀i ∈ Nl ?

GUARDT ARGET2GO : xi(k) = t f
i (Dnext), ∀i ∈ N f ?

GUARDGO2S TOP : ∃i ∈ Nl s.t. xi(k) , vl
i(Dnext)

and ∃ j ∈ N f : d(x j(k),Ω( j)
l (k)) ≥ ε ?

GUARDS TOP2GO : d(xi(k),Ω(i)
l (k)) < ε ∀i ∈ N f ?

Observe that rules GUARDGO2S TOP and GUARDS TOP2GO are
specified by resorting to the notion of local ε-containment spec-
ified in Definition 2. In Section 2.3 we highlighted the fact
that each follower can compute its own violations of the local
ε-containment property, based on the available state informa-
tion about its leaders. The following remark specifies a relevant
consequence of this fact on the mode switching procedure tak-
ing place in the leaders’ automaton when local ε-containment
is violated.

Remark 2 The followers can trigger the switch between the
STOP and GO modes in the leaders’ automaton by themselves,
with no need for external interventions. In fact, each follower
can communicate the modifications of its containment status to
its leaders by means of the graph Gl f , and the multi–hop struc-
ture of the leaders’ network ensures a synchronous mode switch
in all the leaders, when necessary.

The following remark contains some computational consid-
erations about our control strategy.
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Remark 3 If Dnext is considerably distant from the preceding
sensing region, large values of N(Dnext) can be required in the
leaders’ GO mode to ensure feasibility. This fact can result
in MPC optimization problems with a large number of deci-
sion variables. A practical remedy is to introduce intermedi-
ate checkpoints, i.e., target regions for the leaders that do not
trigger SENSING for the followers but are just there to define
smaller values N(Dnext).

The choice of ε results from a tradeoff: the higher it is, the
less stringent the containment property will be. Also observe
that, differently from [13], hysteresis is not included in rule
GUARDS TOP2GO since here we are considering discrete-time
models. Finally, assuming xi(0) , vl

i(D1) for some i ∈ Nl,
suitable initializations for the two automata presented in this
section are given by Ml(0) = GO and M f (0) = FOLLOW or
Ml(0) = STOP andM f (0) = CONTAINMENT, depending on
whether the local ε-containment property is fulfilled by all the
followers at time k = 0 or not.

In the next section, we will discuss the main properties of the
control scheme proposed above.

4. Analysis of the control structure

Referring to the theoretical results discussed in [13], here we
aim at showing the following properties of our control strategy:

• containment: the control action restores ε-containment
when it is lost;

• liveness: the leaders’ automaton does not stay in the STOP
mode indefinitely;

• convergence: the control scheme accomplishes the control
task, i.e., all the regions Di, i = 1, . . . ,m, are visited and
sensed by the multi-agent system.

These issues are addressed in the sequel and hinge on character-
izations of the optimal solutions of the D-MPC and DC-MPC
based on concepts from [20].

4.1. Containment

In our scheme, loosing the ε-containment at time k̄ implies
the activation of either transition GO2TARGET or GO2STOP,
depending on whether xi(k̄) = vl

i(Dnext), ∀i ∈ Nl, or not. In
the first case one necessarily has M f (k̄) = SENSING, while
in the second caseM f (k̄) = CONTAINMENT. The following
theorem ensures that ε-containment is restored in finite time, in
the event that this property is lost.

Theorem 1 The hybrid MPC control strategy proposed in Sec-
tion 3 guarantees that, if ∃k̄ ≥ 0 such that d(xi(k̄),Ωl(k̄)) ≥ ε
for some i ∈ N f , then there exists a finite positive integer R such
that d(xi(k̄ + R),Ωl(k̄ + R)) < ε.

Proof: As a first step, assume that the active modes areMl(k̄) =

STOP and M f (k̄) = CONTAINMENT. In this situation, the

target is time-invariant and only depends on the current posi-
tions of the leaders, as observed in the previous section. For-
mulas (7) and (8) imply that the D-MPC control strategy associ-
ated to the CONTAINMENT mode is equivalent to one of those
presented in [20], with the only difference that here there is an
additional final constraint on the state of the system. It is easy to
verify that this difference does not spoil the property of the op-
timal state trajectories consisting in pointing towards the target
point, in the sense stated in the reference. As a consequence,
Theorem 3 in [20] can be easily extended to our setting and this
implies asymptotic convergence of the state of each follower to
the respective target. Now observe that, in view of Definition 2,
the local ε-containment regions are always nonempty and full-
dimensional. Therefore, asymptotic stability implies that local
ε-containment is achieved in finite time, ∀i ∈ N f . This means
that ε-containment is achieved in finite time, as well.

In the second case, we haveMl(k̄) = TARGET andMl(k̄) =

SENSING; thus, the convergence properties of the DC-MPC
scheme need to be analyzed. Also in this case, the theoreti-
cal results presented in [20] can be exploited and, thanks to the
presence of constraint (C), one can prove the finite-time con-
vergence of the state of each follower to the respective sensing
target. Thus, since ti(Dnext) ∈ Dnext, ∀i ∈ N f , finite-time ε-
containment is guaranteed in this case, too. This completes the
proof. �

We highlight that the proof of Theorem 1 critically depends
on the properties of the D-MPC and DC-MPC schemes pro-
posed above.

4.2. Liveness

This property is a direct consequence of the preceding result,
ensuring that the time of permanence in the STOP mode is at
most finite.

4.3. Convergence

Theorem 2 The hybrid MPC control scheme proposed in Sec-
tion 3 guarantees that all regions Di, i ∈ {1, . . . ,m} are sensed
in a finite number of time steps.

Proof: First observe that there exist finite values N(Di) and
Ns(Di) such that all MPC sub-problems are feasible, in view of
formulas (5), (9) and the observations on the choice of predic-
tion horizons for the D-MPC and DC-MPC schemes proposed
in the previous section. Then consider the case in which the
leaders’ automaton never enters the STOP mode. Under this
assumption, the total execution time of the algorithm is equal
to
∑m

i=1 (N(Di) + Ns(Di)), where N(Di) denotes the prediction
horizon referred to the leaders targeting region Di and Ns(Di)
is the prediction horizon referred to the followers while they are
in the SENSING mode relative toDi. Now note that, thanks to
Theorem 1, it is guaranteed that permanence in the STOP mode
is finite in time, at each occurrence of transition GO2STOP.
Since the DC-MPC algorithm associated to the GO mode in the
leaders’ automaton has finitely many steps, the complete task is
executed in finite time. �
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5. Simulations

In this section we propose an application of our control
scheme to a planar problem, with nl = 4 leaders and n f =

4 followers with the following initial conditions: x1(0) =

[0 0]′, x2(0) = [1 0]′, x3(0) = [0 1]′ and x4(0) = [1 1]′ for
the leaders; x5(0) = [0.2 0.2]′, x6(0) = [0.4 0.4]′, x7(0) =

[0.6 0.6]′ and x8(0) = [0.8 0.8]′ for the followers. Note that the
initial conditions fulfill the containment property. The commu-
nication among leaders and followers is described by the fol-
lowing graph matrix:

ΦGl f =
1
3
·


1 1 1 0
0 1 1 1
1 0 1 1
1 1 0 1

 (10)

We assume that the sensing task consists in visit two regions
D1 andD2 whose vertexes are:

vl
1(Di) vl

2(Di) vl
3(Di) vl

4(Di)
i = 1 [2 2]′ [4 3]′ [1 4]′ [5 5]′

i = 2 [8 2]′ [10 4]′ [8 4]′ [10 2]′

The corresponding target positions for sensing are:

t f
1 (Di) t f

2 (Di) t f
3 (Di) t f

4 (Di)
i = 1 [2.2 3]′ [1.8 3.8]′ [3.5 3.2]′ [4 4.2]′

i = 2 [8.5 2.5]′ [8.5 3.5]′ [9.5 2.5]′ [9.5 3.5]′

Clearly, all these target positions fulfill the assumption t f
i (D j) ∈

D j, for all i ∈ N f and for j = 1, 2. In Figure 3, we provide a
graphic representation of the initial and target regions.

0 1 2 3 4 5 6 7 8 9 10

0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

5

x
(1)

x
(2

)

k=10
k=21

k=0

Figure 3: The initial and target regions considered in the example. The left
shape describes the initial condition, the central one is D1 and the right one
is D2. The time labels indicate the time instant at which each configuration is
reached, by applying our algorithm.

We fix ui,max = 2.8, ∀i ∈ N , and unitary weights in all D-
MPC and DC-MPC schemes; finally, we choose N(D j) = 6 and
Ns,i(D j) = 4, for all i ∈ N f and for j = 1, 2, while ε = 0.001.

Simulations show that the complete task is performed in 21
time steps, since the leaders’ automaton stays in the STOP

mode for one step, at time k = 12. Figure 4 represents the
state of the system at k = 6; it results Ml(6) = TARGET and
M f (6) = SENSING. Therefore, xi(6) = vl

i(D1), ∀i ∈ Nl. The
desired sensing configuration is reached at k = 10, see Figure 5.

Figure 6 illustrates the violation of the containment property

0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
1.5

2

2.5

3

3.5

4

4.5

5

Time k=6

x
(1)

(k)

x
(2

) (k
)

Figure 4: Time k = 6: xi(6) = vl
i(6), ∀i ∈ Nl while the sensing positions

associated toD1 still have not been reached.
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x
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(k)

x
(2

) (k
)

Figure 5: Time k = 10: xi(10) = vl
i(D1), ∀i ∈ Nl and x j(10) = t f

j (D1), ∀ j ∈
N f .

at at time k = 12, while Figures 7 and 8 display the controls
associated to the leaders and followers along time. It can be ob-
served that the input constraint is active during the completion
of the task and that the leaders have zero input at time k = 12,
in order to allow the followers to re-establish containment.

6 6.5 7 7.5 8 8.5 9 9.5

2

2.5

3

3.5

4

Time k=12

x
(1)

(k)

x
(2

) (k
)

Figure 6: Time k = 12: the leaders switch to the STOP mode.
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Figure 7: Controls ui(k) for i ∈ Nl.
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Figure 8: Controls ui(k) for i ∈ N f .

Conclusions

In this paper we considered the use of MPC-based policies
for a mixed containment-sensing problem. A two-layered con-
trol architecture has been proposed, where leader agents govern
the overall motion of the team of follower agents, representing
sensing units which move confined inside the leaders’ polytope.
Future extensions of this work will include the case of agents
with double-integrator dynamics, which could be analyzed by
resorting to the results reported in [20]. Further developments
could also deal with multi-layered control structures, as in [13].
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