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Abstract

In this paper we present various algorithms both for stability and performance analysis of discrete-time Piece-Wise Affine (PWA)
systems. For stability, different classes of Lyapunov functions are considered and it is shown how to compute them through
Linear Matrix Inequalities that take into account the switching structure of the systems. We also show that the continuity
of the Lyapunov function is not required in discrete-time. Moreover, the tradeoff between the degree of conservativeness and
computational requirements is discussed. Finally, by using arguments from the dissipativity theory for nonlinear systems, we
generalize our approach to analyze the l2-gain of PWA systems.
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1 Introduction

Piece-Wise Affine (PWA) systems have been receiving
increasing attention by the control community because
they provide a useful modeling framework for a class of
hybrid systems. In fact, discrete-time PWA systems are
equivalent to interconnections of linear systems and fi-
nite automata (Sontag 1996), to linear complementarity
systems (Heemels et al. 2001) and also hybrid systems
in the Mixed Logic Dynamical (MLD) form (Bemporad
and Morari 1999). In particular, the MLD form is capa-
ble to model a large class of hybrid systems including
linear hybrid dynamical systems, hybrid automata,
some classes of discrete-event systems, and systems with
qualitative inputs/outputs. The algorithm to obtain the
discrete-time PWA representation of an MLD system
and vice-versa is reported in Bemporad et al. (2000b).
Another reason for considering PWA systems is that in
Bemporad et al. (2002) the explicit form of Model Pre-
dictive Control (MPC) for linear constrained systems
was derived and, besides providing an algorithm for its
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computation, it was shown that the closed-loop system
has a PWA structure.
An important feature of PWA models is that the state-
update map can be discontinuous along the boundary
of the regions. For instance, when considering PWA sys-
tems stemming from hybrid systems in the MLD form,
discontinuities can arise from the representation of logic
conditions.
The first aim of this paper is to develop tests for check-
ing the stability of the origin of a PWA system. The
main motivation for this research is that there is no easy
way to check the stability even of an autonomous PWA
systems defined over two polyhedral regions. Indeed,
Blondel and Tsitsiklis (1999) showed that in general this
problem is either NP-complete or undecidable. More-
over, it is also hopeless to deduce the stability/instability
of a PWA system from the stability/instability of its
component subsystems, see Branicky (1998). These re-
sults highlight that, in order to derive practical stability
tests, one must either resort to a restricted subclass of
PWA system or look for sufficient conditions. An algo-
rithm to test stability for discrete-time PWA systems
was proposed in Bemporad et al. (2000a) by exploiting
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verification and robust simulation ideas. However, this
test applies only to PWA systems where the origin is
strictly contained in one region and it gives conclusive
results only if the the state trajectory enters an invari-
ant region around the origin in a number of steps that
must be fixed a priori.
In Johansson and Rantzer (1998) the stability of a
continuous-time PWA system has been investigated
and analyzed by using Piece-Wise Quadratic (PWQ)
Lyapunov functions that can be computed by solving
suitable Linear Matrix Inequalities (LMIs). In partic-
ular, their approach hinges on the use of continuous
Lyapunov functions. These results have been general-
ized in Pettersson and Lennartson (1997), Pettersson
and Lennartson (1999) to a wider class of continuous-
time hybrid systems showing that stability can be also
checked by exploiting PWQ discontinuous Lyapunov
functions. We propose similar LMI based procedures in
order to analyze the stability of discrete-time PWA sys-
tems via either PWQ or more general Lyapunov func-
tions. However, there is a major difference between the
continuous and the discrete-time case since in discrete-
time switching can also occur between non-adjacent re-
gions and this fact must be properly handled in the anal-
ysis algorithms. It is worthwhile pointing out that the
use of BMI (Bilinear Matrix Inequalities) techniques for
the analysis of discrete-time affine parameter-dependent
systems has been proposed by Slupphaug et al. (2000).
Concerning stability analysis of discrete-time PWA sys-
tems, in Section 2 we introduce various stability tests
that exhibit different degrees of flexibility. The more
general procedures are also computationally more de-
manding. In particular, in Section 2.2 we propose a
relaxation strategy (analogous to those proposed by
Johansson and Rantzer (1998) and Yakubovich (1971))
for the LMIs involved in the stability analysis through
PWQ Lyapunov functions that allows us to consider
displacements in the PWA system. Finally, in Section 3
we generalize our approach to the synthesis of storage
functions for testing the l2-gain of PWA systems. The
rationale for our derivation hinges on the use of passiv-
ity theory for nonlinear systems (Lin and Byrnes 1996).
An important application of the performance tests is
the possibility to check a posteriori the performance of
MPC for linear constrained systems. This can be done
by applying the techniques we propose to the explicit
PWA form of the closed-loop system.

2 Stability of discrete-time PWA systems

In this paper we focus on analysis problems for au-
tonomous PWA systems with the following form:

xk+1 = Aixk + ai, for xk ∈ Xi (1)

where the state belongs to the set of states X ⊆ Rn.
For the autonomous PWA system (1) the cells {Xi}s

i=1
represent a polyhedral partition of X, i.e. each set Xi is

a (not necessarily closed) convex polyhedron such that
Xi

⋂Xj = ∅, ∀i 6= j,
⋃s

i=1 Xi = X. Moreover we assume
that the origin belongs to X.
According to the notation in Johansson and Rantzer
(1998), we call I = {1, . . . , s} the set of indices of the
cells of the autonomous PWA system (1). I is partitioned
as I = I0∪I1, where I0 are the indices of the cells whose
closure contains the origin x = 0, and I1 are the indices
of the cells whose closure does not contain the origin.
We assume that x = 0 is an equilibrium of system (1)
and we focus on the stability of the origin. This implies
that ai = 0, ∀i ∈ I0 in the PWA form (1).

Definition 1 Let X0 ⊆ X such that 0 ∈ X0. The origin
x = 0 is exponentially stable on X0 if there exist two
coefficients K > 0, 0 < γ < 1 and a time instant k̄ such
that ∀x0 ∈ X0 then ‖xk‖2 ≤ Kγk‖x0‖2, ∀k > k̄.

Note that in (1), the set X is possibly defined by poly-
hedral constraints on the state trajectory xk. Therefore,
when focusing on stability on a set X0 it is natural to
introduce the next Assumption.

Assumption 1 The free evolution of the state trajectory
for the PWA system (1) stemming from x0 ∈ X0 satisfies
the condition xk ∈ X ∀k ∈ N+.

In order to analyze the stability of the origin, we exploit
a particular class of Lyapunov functions with the struc-
ture:

V (x) = xT Pi(x)x, ∀x ∈ Xi (2)
where Pi : Xi 7→ Rn×n are matrix-valued functions such
that, for all i ∈ I, there exist αi > 0 βi > 0 yielding

βi‖x‖2 > xT Pi(x)x > αi‖x‖2, ∀x ∈ Xi. (3)

Note that (3) does not imply that the matrices Pi(x) are
positive definite because the inequalities are required to
hold only for the points in the i-th region. In the sequel
we will restrict our attention to functions Pi(·) that are
either continuous or constant on each cell Xi. Note that,
in both cases the functions V (x) we consider can be
discontinuous across the cell boundaries. More precisely,
as stated in Theorem 1, we do not need to require the
continuity of V (x) on the whole set of states X to prove
the stability, as long as the number of cells is finite. For
this reason we introduce the following Assumption.

Assumption 2 The cardinality |I| of the set I is finite.

For stability, we can prove the following result.

Theorem 1 Let Assumption 2 hold. Let X0 be a set of
initial states satisfying Assumption 1. The equilibrium
x = 0 of (1) is exponentially stable on X0 if there exists
a function V (x) as in (2)-(3) with a negative forward
difference ∆V (xk+1, xk) = V (xk+1)− V (xk):

∆V (xk+1, xk) < 0, xk ∈ Xj\{0}, xk+1 ∈ Xi. (4)
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Proof. In view of (3), and the assumption on the cardi-
nality of the set I, the constants

α = min
i∈I

αi, β = max
i∈I

βi (5)

are positive and satisfy α‖x‖2 < xT Pi(x)x < β‖x‖2, ∀x ∈
Xi, ∀i ∈ I. Moreover, by recalling (4), there exists
γ > 0 arbitrarily small such that:

∆V (xk+1, xk)≤−γxT
k xk ≤ −γ

β
xT

k Pi(xk)xk

=−γ

β
V (xk) (6)

where i is the index for which the condition x(k) ∈ Xi is
satisfied.
Since the coefficient γ can be chosen arbitrarily small,
we can also select it such that 0 < 1 − γ

β < 1. On the
other hand, from (6) we can deduce that:

V (xk) ≤
(

1− γ

β

)k

V (x0), ∀k ∈ N+ (7)

and consequently, that

‖xk‖2 ≤ β

α

(
1− γ

β

)k

‖x0‖2, ∀k ∈ N+. (8)

Remark 1 Note that if, for a fixed 0 < γ ≤ 1, we can
substitute the condition (4) with

V (xk+1)− γV (xk) =
= xT

k+1Pi(xk+1)xk+1 − γxT
k Pj(xk)xk < 0, (9)

where xk ∈ Xj\{0}, and xk+1 ∈ Xi, then, by following the
same rationale used for proving Theorem 1, it is possible
to state that there exists a coefficient γ̄, 0 < γ̄ < γ such
that

∀k ∈ N+, ‖xk‖2 < Kγ̄k‖x0‖2 (10)
where K is a suitable positive coefficient. Therefore, γ
represents a strict upper bound on the degree of exponen-
tial stability.

2.1 LMI algorithms for exponential stability analysis

In this Section we investigate numerical procedures to
check the stability conditions (3) and (4). We first im-
pose a convenient structure to the Lyapunov function
(2). More precisely, we will adopt one of the following
alternatives:

i) Pi(x) = P ∀x ∈ X,∀i ∈ I: These conditions
lead to the so-called Quadratic Lyapunov stability (Q-
stability) widely studied in the past for systems sub-
ject to uncertainties described by polytopic affine in-
clusions (Boyd et al. 1994);

ii) Pi(x) = Pi ∀x ∈ Xi: This class of Lyapunov func-
tions, which leads to the so-called Piecewise Quadratic
(PWQ) stability, has been studied for continuous-time
PWA systems by Johansson and Rantzer (1998);

iii) Pi(x) =
∑N

j=0 Pi(j)ρi(j)(x) where ρi(j) : Xi −→
R, j = 1, 2, . . . , N are bounded basis-functions for
Pi(x) and Pi(1), Pi(2), . . . , Pi(N) are parameter matri-
ces. A similar class of Lyapunov functions has been
proposed for continuous-time nonlinear systems by Jo-
hansen (2000).

The stability tests that one obtains in these three cases
decrease in their degree of conservativeness when moving
from i) to iii). We point out that all these tests can be
translated into an LMI form (Scherer et al. 1997, Gahinet
et al. 1994) by replacing (3) and (4) with the following
more conservative conditions:

xT Pi(x)x > 0, ∀x ∈ Xi (11)
(Ajxk + aj)T Pi(Ajxk + aj)(Ajxk + aj)−

− γxT
k Pj(xk)xk < 0, (12)

xk ∈ Xj\{0}, xk+1 = Ajxk + aj ∈ Xi

where 0 < γ ≤ 1 represents a strict upper bound on the
minimal degree of exponential stability.

Remark 2 If Lyapunov functions of type iii) are
adopted, the existence of the coefficients αi defined in (3)
is not guaranteed by constraints (11)-(12) for unbounded
regions Xi. On the other hand it is possible to enforce
their existence by substituting the constraint (11) with

xT Pi(x)x > εix
T x, ∀x ∈ Xi (13)

where Xi is an unbounded region and εi is an arbitrarily
small positive coefficient.

As one can easily note, inequalities (11)-(12) are LMI
conditions in all the three cases i) − iii). Unfortu-
nately, in general and even when the set of states X is
bounded one has to deal with an infinite-dimensional
LMI problem or, in other words, it is necessary to deal
with a Parameterized LMI (PMI) problem that can be
reduced to a finite-dimensional LMI problem by resort-
ing to various techniques (Tuan et al. 2001, Gahinet et
al. 1996, Slupphaug et al. 2000). One of these techniques
is called grid method of the parameter space and can
be straightforwardly adapted to our case. An alterna-
tive approach, which is particularly advantageous from
a computational point of view in the case iii), is based
on the so-called multiconvexity concepts (Gahinet et
al. 1996, Slupphaug et al. 2000) and can be developed
starting from eqs. (11)-(12) by taking advantage of the
boundedness of the basis functions ρi(j)(x).

In order to analyze the conservativeness of the stability
tests corresponding to the cases i) − iii), we consider
the following numerical example:
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xk+1 =

8>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>:

24−0.999 0

−0.139 0.341

35xk xk ∈ (0, 1]× [−1, 0)24 0.436 0.323

0.388 −0.049

35xk xk ∈ [0, 1]× [0, 1]24−0.457 0.215

0.491 0.49

35xk xk ∈ [−1, 0]× [−1, 0]\{0}24−0.022 0.344

0.458 0.271

35xk xk ∈ [−1, 0)× (0, 1]

The regions {Xi}4i=1 partition in four quadrants the set
of states X = [−1, 1]× [−1, 1]. It is possible to check that
if x0 ∈ X then xk ∈ X, ∀k ∈ N+. We have applied the
stability tests corresponding to the three cases i) − iii)
for different values of the coefficient γ. In particular, ac-
cording to Johansen (2000), the case iii) has been tack-
led by means of the following basis-functions:

ρi(j)(x) =
µi(j)(x)∑4

k=1 µi(k)(x)
∈ [0, 1] (14)

where µi(j)(x) = exp
(−0.5(x− xi(j))

)
and xi(j) (with

i, j = 1, 2, 3, 4) are the vertices of each cell Xi. The
corresponding LMIs (11)-(12) were solved by exploit-
ing gridding techniques (Tuan et al. 2001, Gahinet et
al. 1996). The test corresponding to the case i) is feasi-
ble for γ ≥ 0.72, the test corresponding to the case ii)
is feasible for γ ≥ 0.35 and, finally, the test correspond-
ing to the case iii) is feasible for γ ≥ 0.14. This simple
experiment highlights that the last stability test is the
least conservative and can be used to obtain better in-
formation about the degree of exponential stability of
the considered system.
Furthermore, it is not difficult to prove that there exist
PWA systems whose stability can be proved only by a
test of type iii).

2.2 Relaxation of finite-dimensional LMI tests for ex-
ponential stability

In the previous subsection we proposed three stability
tests based on the conditions (3) and (4).
In this subsection we concentrate on the tests associated
with Lyapunov functions of type (2)-(3) with the struc-
ture corresponding to the cases i) and ii). In fact, for
these cases, it is possible to obtain stability tests that
do not require gridding and that are computationally
less expensive. For the sake of simplicity, we first assume
that:

ai = 0, ∀i ∈ I (15)
and later we will show how to remove this assumption.

It is easy to verify that conditions (11)-(12) are sat-
isfied, for a given γ > 0, if the following alternative
inequalities are met:

Pi > 0, ∀i ∈ I (16)

AT
j PiAj − γPj < 0,∀(i, j) ∈ W (17)

where

W = {(i, j) ∈ I × I|∃k ∈ N+, xk ∈ Xj , xk+1 ∈ Xi} .

The LMI test represented by inequalities (16)-(17) corre-
sponds to the case ii) when the matrices Pi are allowed to
be different (PWQ stability), whereas the case i) corre-
sponds to the more demanding condition Pi = P,∀i ∈ I
(Q-stability). The setW represents all possible switches
in a single time-step and an easy procedure for finding a
set of switches W̄ ⊇ W is the following. First, note that
it is possible to represent each closed polyhedron Cl(Xi)
as

Xi =

{
x : Ēi

[
x

1

]
= [Ei ei]

[
x

1

]
≥ 0

}
(18)

where Ei and ei are suitable matrices and the inequality
holds componentwise. Then, the pair (i, j) is included in
W̄ if there is at least one point x ∈ X satisfying

EiAjx≤ ei − Eiaj (19)
Ejx≤ ej (20)

In fact (20) represents the condition x ∈ Cl(Xj) and
(19) the condition Ajx+aj ∈ Cl(Xi). Note that W̄ does
not coincide withW for the only reason that the regions
Xi are replaced with their closures. However, this allows
having non strict inequalities in the feasibility test (19)-
(20) that can be implemented by using standard linear
programming solvers. The computation of W̄ requires
s2 · lp(n, nc), where lp(n, nc) is the complexity of solv-
ing a linear program in n unknown and nc constraints
that depends on the solver adopted (Goodman and
O’Rourke 1997). In practice we found that the compu-
tational burden for the determination of W̄ is usually
much less than the one needed for solving the LMIs
(21)-(22). Moreover this complexity could be reduced
by computing W̄ in a different way, namely by resorting
to the equivalence between PWA and MLD systems and
by exploiting switching detection procedures available
for MLD systems and based on mixed integer linear
programming (Bemporad et al. 2000b). Finally, a more
trivial possibility is to resort to LMI constraints of type
(16)-(17) defined for each couple (i, j) contained in the
set Wall = I × I. In this way we take into account all
conceivable switches of a PWA system. Clearly, the sta-
bility test obtained by exploiting Wall instead of W or
W̄ can be more conservative since it can comprise LMI
constraints that are unnecessary.
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In order to distinguish between these types of stability
analysis, we refer to as W-PWQ stability, the stabil-
ity condition associated with the set W whereas the
stability condition obtained for the set Wall is referred
to as Wall-PWQ stability. If the additional condition
Pi = P,∀i ∈ I is imposed, it is not necessary to distin-
guish between the stability test associated with the set
W and the stability test associated to the set Wall. We
will use the term Q-stability to refer to the correspond-
ing stability condition.

Following the rationale of Johansson and Rantzer (1998)
we note that the LMIs (16)-(17) are actually valid on
the whole state space, even though they would be re-
quired to hold in a single cell only i.e. for x ∈ Xi. We can
remove some conservativeness by deriving from (3) and
(4) some alternative conditions exploiting the so-called
S-Procedure (Yakubovich 1971, Iwasaki et al. 2000).
More precisely, it is possible to reduce conservativeness
if we can find matrices Fi and Gij such that

Pi − Fi > 0,∀i ∈ I (21)
AT

j PiAj − γPj + Gij < 0, ∀(i, j) ∈ W (22)

xT Fix ≥ 0, xT Gijx ≥ 0 if x ∈ Xi. (23)

Note that we do not require the matrices Fi and Gij

to be positive or negative definite, we only require that
the quadratic forms take on the signs mentioned above
in the corresponding regions. From the assumptions on
the matrices Fi and Gij it follows that the fulfillment of
the LMIs (21)-(22) implies the fulfillment of (11)-(12).
An effective procedure to find suitable matrices Fi and
Gij meeting the requirement (23) can be provided by
exploiting the representation (18) of the cells Cl(Xi) in
form of inequalities. Here, we assume

ei = 0, ∀i ∈ I. (24)

This condition will be removed together with the as-
sumption (15) on the vectors ai. By exploiting (24),
as shown by Johansson and Rantzer (1998), a possible
choice of the matrices Fi and Gij is given by:

Fi = ET
i UiEi, Gij = ET

i ZijEi, (25)

where Ui and Zij are matrices of suitable dimensions
with non-negative entries.

Remark 3 In this remark we provide a simple proce-
dure to remove the assumptions on the vectors ai and ei

(equations (15) and (24), respectively). We introduce the
extended state x̄k = [ xT

k 1 ]T and rewrite the original
system (1) as follows:

x̄k+1 = Āix̄k, for xk ∈ Xi (26)

where

Āi =

[
Ai ai

0 1

]
. (27)

The system (26) has the same structure of the original
system (1), i.e. without displacements. However, the ma-
trices Āi have an eigenvalue at 1. This means that the
LMIs (16)-(17), necessary for PWQ stability, are in gen-
eral not satisfied. There are two possible remedies for this
problem: the first is to resort to a more complex family
of Lyapunov functions, as in point iii) of Section 2.1.
The second, that is analogous to the procedure proposed
in Johansson and Rantzer (1998), is to exploit PWQ
Lyapunov functions together with relaxations (21). Fol-
lowing the same rationale used in Johansson and Rantzer
(1998), we can formulate the following stability test.

Lemma 4 Let X0 be the set of initial states satisfying
Assumption 1. If Assumption 2 holds and the LMIs

Pi − ĒT
i ŪiĒi > 0 ∀i ∈ I (28)

ĀT
j PiĀj − γPj + ĒT

i Z̄ijĒi < 0 ∀(j, i) ∈ W. (29)

admit a solution in Pi = PT
i , Ūi and Z̄ij (where Ūi, Z̄ij

are matrices of suitable dimensions with non-negative
entries and Ēi = [Ei ei]), then the origin of (1) is expo-
nentially stable on X0 with a degree of stability γ.

In the sequel, each system satisfying the stability test
of Lemma 4 based on the use of S-Procedure, will be
referred to as W-PWQ stable with relaxations (or Wall-
PWQ stable with relaxations in caseWall is used instead
of W).

The stability tests presented in this section exhibit dif-
ferent levels of conservativeness in their applications. For
instance it is clear that Q-stability implies Wall-PWQ
stability of the system. The relations become more com-
plex if one considers relaxations and minimal switching
sets W. For instance systems can be found, that are not
Wall-PWQ stable, but are both Wall-PWQ stable with
relaxations andW-PWQ stable. A more detailed discus-
sion is provided in Mignone et al. (2000).

3 Performance analysis techniques

In this section we propose algorithms for performance
analysis of discrete-time PWA systems. More precisely,
we focus on the l2-gain of PWA systems, showing that it
can be analyzed by resorting to LMI-based algorithms
(see Johansson and Rantzer (2000) for the continuous-
time counterpart). The rationale for our derivation
hinges on the use of passivity theory for nonlinear sys-
tems (Lin and Byrnes 1996). As will be clear, the pro-
posed LMI techniques can also be adapted to consider
other performance measures.
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3.1 l2-gain of PWA systems

Consider the augmented PWA system

xk+1 = Aixk + Biwk + ai

zk = Cixk + Diwk

xk ∈ Xi (30)

where wk ∈ Rr is a disturbance signal and zk ∈ Rs is
a penalty output that can model, for instance, tracking
errors. Also in this case the cells Xi define a polyhedral
partition of the set of states X. Moreover, it is easy to
adapt the procedure described in Section 2.2 to compute
the set of one-step switches W in order to take into ac-
count the presence of the input signal wk.
Assumption 1 has to be modified in order to take into ac-
count the effects of the disturbance signal wk as follows:

Assumption 3 The evolution of the state trajectory for
the PWA system (30) starting form x0 = 0 and due to
a disturbance signal wk, k ∈ N+ satisfies the condition
xk ∈ X ∀k ∈ N+.

Analogously to the stability analysis, we first assume
ai = 0, ∀i ∈ I and then we remove this assumption by
resorting to the procedure described in Remark 3.

In this subsection we focus on the disturbance attenua-
tion problem in an l2 framework: Given a real number
γ > 0, the exogenous signal w is attenuated by γ if,
starting from x0 = 0, for each integer N ≥ 0 and for
every w ∈ l2 ([0, N ] ,Rr)

N∑

k=0

‖zk‖2 < γ2
N∑

k=0

‖wk‖2. (31)

A discrete-time nonlinear system is strictly dissipative
with supply rate W : Rs × Rr → R (Byrnes and Lin
1995) if there exists a non-negative function V : Rn → R
termed storage function such that V (0) = 0 and ∀wk ∈
Rr, ∀k ≥ 0, it holds

V (xk+1)− V (xk) < W (zk, wk), (32)

Condition (32), is the so-called dissipation inequality
that can be equivalently represented through the condi-
tion (Lin and Byrnes 1996, Willems 1972):

V (xN+1)− V (x0) <

N∑

k=0

W (zk, wk) (33)

that must hold ∀wk, ∀N ≥ 0, ∀x0 ∈ X. Hereafter, we
concentrate on finite gain dissipative PWA systems with
the following supply rate

W∞(z, w) = γ2‖w‖2 − ‖z‖2, γ > 0 (34)

In fact, W∞(z, w) is related to the l2-gain of the PWA
system. Other types of performance analysis procedures
can be derived by considering alternative types of supply
rates, Scherer et al. (1997). An important issue is repre-
sented by the structure of the storage function used to
test this performance criterion. The considerations re-
ported in Section 2.1 about the structure of a Lyapunov
function for stability tests, are valid also for the choice
of a storage function.

3.2 l2-gain analysis for PWA systems

We first establish some preliminary facts on the l2-gain of
a PWA system for which the origin is stable and stability
can be checked with a storage function of type (2)-(3).

Lemma 5 Let Assumptions 2 and 3 hold and set x0 = 0.
Assume that the stability of the origin for the autonomous
system obtained from system (30) by neglecting the input
wk can be proved with a Lyapunov function of type (2)-
(3). Then, the l2 constraint (31) is satisfied ∀γ > γ0

where

γ0 :=
(
C̃2γ̄2 + D̃2

)1/2

(35)

and

C̃ := sup
i∈I

‖Ci‖, D̃ := sup
i∈I

‖Di‖

γ̄ :=
L̄1 + (L̄2

1 + 4L̄2)1/2

2
, L̄1 :=

2L1P̄

σ
, L̄2 :=

L2P̄

σ
L1 := sup

i∈I
‖Ai‖‖Bi‖, L2 := sup

i∈I
‖Bi‖2

P̄ := sup
i∈I

sup
x∈Xi

‖Pi(x)‖.

Proof. The proof is reported in Ferrari-Trecate et al.
(2000).

The next result, which is a generalization of the classical
Bounded Real Lemma (Lin and Byrnes 1996) to PWA
systems, allows to analyze the l2 gain of a PWA system.

Lemma 6 Let Assumptions 2 and 3 hold. Consider the
system (30) with zero initial condition x0 = 0. If there
exists a function V (x) = xT Pi(x)x ∀x ∈ Xi of type (2)-
(3) satisfying the constraints

[
xT

k wT
k

]
Mji(xk, wk)

[
xT

k wT
k

]T
< 0, (36)

∀k ∈ N+, ∀xk ∈ Xj\{0}, ∀xk+1 ∈ Xi
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where

Mji(xk, wk) :=

[
M (1,1) M (1,2)

M (2,1) M (2,2)

]
(37)

M (1,1) := AT
j Pi(xk+1)Aj − Pj(xk) + CT

j Cj

(M (1,2))T = M (2,1) := DT
j Cj + BT

j Pi(xk+1)Aj

M (2,2) := BT
j Pi(xk+1)Bj + DT

j Dj − γ2I

then, the dissipativity inequality (32) with supply rate
(34) is fulfilled and the l2 performance condition (31) is
satisfied. Furthermore, the system (30) is exponentially
stable.

Proof. The proof is reported in Ferrari-Trecate et al.
(2000).

It is important to stress that the conservativeness of
the performance condition (34) depends strictly on the
structure imposed on the matrices Pi(x): some possible
choices are reported in Section 2.1.
Note also that (36) is satisfied if the the following in-
equality is fulfilled

Mji(xk, wk) < 0, xk ∈ Xj\ {0} , xk+1 ∈ Xi. (38)

Obviously, it is possible to reduce the condition (38) to a
PMI problem (see Section 2.1). Furthermore, by assum-
ing that the matrices Pi(x) are independent of the state
(cases i) and ii) of Section 2.1), and by using relaxations
similar to those discussed in Section 2.2, condition (38)
becomes:

Pi − ET
i UiEi > 0, ∀i ∈ I (39)

Mji < 0,∀(i, j) ∈ W (40)

M (1,1) = AT
j PiAj − Pj + CT

j Cj + ET
i ZijEi

(M (1,2))T = M (2,1) = DT
j Cj + BT

j PiAj

M (2,2) = BT
j PiBj + DT

j Dj − γ2I

where Ui and Zij are matrices of suitable dimensions
with non-negative entries. We point out that the set of
one step switchesW appearing in (40) must be computed
by taking into account the presence of the disturbance
wk. This can be done, especially in the case of bounded
disturbances, by straightforwardly adapting the proce-
dure described in Section 2.2.

4 Conclusions

An LMI based technique to test stability and perfor-
mance of discrete-time hybrid systems in PWA form has
been developed. In this paper we focused on two main
points: first, we highlighted the importance of the switch-
ing structure of the PWA system, second, we extended
our results to the l2 analysis problem. We also point

out that such LMI procedures can be extended to the
synthesis of state-feedback regulators. Some preliminary
results concerning the control of PWA systems, whose
switching structure depends on the state only, are re-
ported in Ferrari-Trecate et al. (2001) and further gen-
eralizations were derived in Cuzzola and Morari (2001)
where the authors considered controlling PWA systems
whose switches depend not only on the state but also on
the control input.
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