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SUMMARY

We consider the control of a large-scale system composed of state-coupled linear subsystems that can
be added or removed offline. As in [1] we present Plug-and-Play (PnP) design methods based on Model
Predictive Control (MPC) meaning that (i) the design of a local controller requires information from parent
subsystems only, (ii) the plugging in/out of a subsystem triggers at most the redesign of controllers associated
to subsystems coupled to it, (iii) plug in/out operations are automatically denied if they compromise
stability of the overall system or constraint satisfaction. We advance decentralized control schemes in [1] by
proposing a distributed control architecture that exploits communication between coupled subsystems. New
controllers embody coupling attenuation terms that make PnP design applicable even when the synthesis
method in [1] is not. The main features of our approach are illustrated considering the PnP design of
controllers for regulating the frequency of multiple generators in power networks.
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1. INTRODUCTION

Scalability of control architectures has always been a central issue in control theory. Nowadays,

the topic is receiving major attention because it enables the control of large-scale systems, such as

power networks [2], microgrids [3, 4] and transportation systems [5]. Moreover, it is perceived to

play a key role in the emerging field of cyber-physical systems [6].

As far as real-time operations are concerned, scalability means that the system should be equipped

with several regulators dedicated to the computation of different control variables, working in

parallel and exchanging a limited amount of information. These issues have been studied in the

field of decentralized and distributed control, where a large-scale system is represented through the

coupling of several subsystems equipped with local controllers connected through a communication

network (distributed architecture) or not (decentralized architecture). However, scalability has also

another meaning. In several applications, subsystems can be plugged in and out or get replaced

during the system lifetime. Therefore, it is desirable to perform these operations in a safely manner

and modifying as few as possible pre-existing controllers. This brings the issue of decentralizing

control synthesis, i.e. designing local controllers without relying on a model of the whole system.
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2 S. RIVERSO AND G. FERRARI-TRECATE

As shown in [2, 7], unless the plant has special properties, decentralized design implies that local

controllers must be robust with respect to coupling among subsystems. In [1] we exploited this

idea for designing local MPC controllers for state- and input-constrained subsystems with linear

dynamics. In our approach, the synthesis of a local controller for a subsystem only relies on parent

subsystems, i.e. subsystems influencing its dynamics. Moreover, when a subsystem is added or

removed,

(i) first it is checked whether the operation is feasible without spoiling stability and constraint

satisfaction of the overall system;

(ii) at most the redesign of local controllers associated to parents and children of the subsystem is

performed.

For these reasons, our design algorithms are termed Plug-and-Play (PnP). We highlight that plugging

in and out are here meant as off-line operations and therefore they do not trigger switching dynamics.

Local controllers in [1] are decentralized and, as usual in decentralized control, the design fails if

the coupling between subsystems connected in a cyclic fashion is strong enough. In the present paper

we show how it is possible to enhance the controllers in [1] with coupling attenuation terms that can

be designed in a PnP fashion. The resulting control architecture is distributed with communication

links matching parent-child relations among subsystems. Furthermore, by construction, the new PnP

design procedure is more general than the one in [1] since it works for a broader class of systems.

Existing approaches in decentralized and distributed MPC, such as those in [8, 9, 10, 11, 12, 13]

assume centralized design and this is the main difference from the PnP approach we propose.

Scalability of PnP design is however paid in terms of conservativity as, for some applications,

centralized synthesis can be feasible while PnP design is not. As regards online operations of local

controllers, following the classification in [14], our distributed architecture is non-cooperative (i.e.

different controllers minimize individual cost functions, as in [8, 10, 11, 12]) and non-iterative (i.e.

local controllers exchange information only once within a sampling interval, as in [8, 10, 11, 12]).

For the sake of clarity we first present the main ideas in the case of unconstrained subsystems

(Section 2) and show the benefits of the proposed method on a simple mechanical system (Section

3). We then extend the main ideas to the control of subsystems affected by state constraints and show

how the PnP procedure in [1] can be adapted for accounting for coupling attenuation terms. Finally,

in Section 6 we demonstrate the application of distributed PnP controllers to the design of Automatic

Generation Control (AGC) layer in power network systems. Compared to the control scheme in

[1, 15], control design is feasible for stronger coupling among generation areas. Furthermore,

PnP controllers are compared with centralized MPC in load-step experiments, showing how each

scheme achieves a different tradeoff between minimization of power transfer between areas and

maximization of tracking performances.

Notation. We use a : b for the set of integers {a, a+ 1, . . . , b} and R+ for strictly positive

real numbers. The column vector with s components v1, . . . , vs is v = (v1, . . . , vs). The function

diag(G1, . . . , Gs) denotes the block-diagonal matrix composed by s blocks Gi, i ∈ 1 : s. The

pseudo-inverse of a matrix A ∈ Rm×n is denoted with A♭. The symbol ⊕ denotes the Minkowski

sum, i.e. A = B ⊕ C if and only if A = {a : a = b+ c, ∀b ∈ B, ∀c ∈ C}. Moreover,
⊕s

i=1 Gi =
G1 ⊕ . . .⊕Gs. The Pontryagin difference is denoted by ⊖, i.e. A = B ⊖ C iff A = {a : a+ c ∈
B, ∀c ∈ C}. The symbol 1n denotes a column vector with n elements equal to 1. The identity

matrix of size M is IM . A zonotope is a centrally symmetric convex polytope: given a vector p ∈ Rn

and a matrix Ξ ∈ Rn×m, the zonotope X ⊆ Rn is the set X = {x | x = p+ Ξd, ||d||∞ ≤ 1}, with

d ∈ Rm. The set X ⊆ Rn is Robust Positively Invariant (RPI) [16] for x(t+ 1) = f(x(t), w(t)) and

w(t) ∈ W ⊆ Rm if x(t) ∈ X ⇒ f(x(t), w(t)) ∈ X, ∀w(t) ∈ W. The RPI set X is minimal if every

other RPI set X verifies X ⊆ X. The RPI set X(ǫ) ⊂ Rn is a ǫ-outer approximation of the minimal

RPI set X ⊂ Rn if

x ∈ X(ǫ) ⇒ ∃ x ∈ X and x̃ ∈ Bǫ(0) : x = x+ x̃

where, for ǫ > 0, Bǫ(v) = {x ∈ Rn|‖x− v‖ < ǫ}.
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PLUG-AND-PLAY DISTRIBUTED MODEL PREDICTIVE CONTROL WITH COUPLING ATTENUATION 3

2. PNP CONTROLLERS FOR UNCONSTRAINED LTI SYSTEMS

Consider an LTI system composed by M discrete-time subsystems

Σ[i] : x+
[i] = Aiix[i] +Biu[i] + w[i], w[i] =

∑

j∈Ni

Aijx[j] (1)

where x[i] ∈ Rni and u[i] ∈ Rmi are the state and the input, respectively, at time t, x+
[i] stands for x[i]

at time t+ 1, Aij ∈ Rni×nj , i, j ∈ M = 1 : M , Bi ∈ Rni×mi and Ni = {j ∈ M : Aij 6= 0, i 6= j}
is the set of parents of subsystem i.

In this section we propose a distributed controller for (1) guaranteeing asymptotic stability of

the closed-loop system when subsystems are plugged in and out. As in [1], we achieve design

decentralization by treating coupling terms Aijx[j], j ∈ Ni as disturbances for subsystem Σ[i].

However, we also decrease the coupling strength by using a distributed control architecture where

a local controller receives state measurements from parent subsystems. The local controller C[i] for

(1) is given by

u[i] = Kiix[i] +
∑

j∈Ni

δijKijx[j]. (2)

where Kij ∈ Rmi×ni and δij ∈ {0, 1}, j ∈ Ni. In particular, parameters δij can be chosen by the

user for selecting which parents of Σ[i] can send pieces of information to controller C[i]. When

δij = 1, ∀i ∈ M, ∀j ∈ Ni, then the communication network coincides with the coupling graph, i.e.

C[j] needs information from Σ[i] if and only if Σ[j] is a child of Σ[i]. Moreover, if δij = 0, ∀i ∈ M,

∀j ∈ Ni, the control scheme is completely decentralized, since each input u[i] depends upon states

of system Σ[i] only. Next, we clarify properties of matrices Kii, i ∈ M that are required for the

stability of system (1) controlled by (2). The closed-loop dynamics of Σ[i] equipped with controller

C[i] is

x+
[i] = Fiix[i] +

∑

j∈Ni

Fijx[j] (3)

where Fii = Aii +BiKii and Fij = Aij + δijBiKij . Therefore, if δij 6= 0, the distributed controller

C[i] allows us to modify the open-loop coupling term Aij . Hereafter, we extend the definition of δij
and Kij to all j ∈ M and, coherently with (2) and (3), if j /∈ Ni we set δij = 0 and Kij = 0. From

(3), one obtains the collective closed-loop model

x
+ = Fx (4)

where x = (x[1], . . . , x[M ]) ∈ Rn, n =
∑

i∈M
ni and F is composed by blocks Fij , i, j ∈ M.

Our aim is to design, in a decentralized fashion, controllers C[i], i ∈ M such that system (4) is

asymptotically stable. The design procedure will exploit the following assumption.

Assumption 1. The matrices Fii = Aii +BiKii, i ∈ M are Schur.

The next Proposition provides the main result on stability of (4).

Proposition 1. For given matrices Kii verifying Assumption 1 and parameters δij ∈ {0, 1}, i, j ∈
M, if the following conditions are fulfilled

αi =
∑

j∈Ni

∞
∑

k=0

||F k
iiFij ||∞ < 1, ∀i ∈ M (5)

then, the closed-loop system (4) is asymptotically stable.

Proof

Since matrices Fij , j ∈ Ni are fixed, the proof of Proposition 1 can be obtained by setting Fi = Ini
,

i ∈ M and Aij = Fij in the proof of point (I) of Proposition 1 in [1]. In particular, condition (5)

implies a small-gain-like condition for interconnected subsystems [17].
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4 S. RIVERSO AND G. FERRARI-TRECATE

We highlight that, for a given i ∈ M, the quantities αi in (5) depend only on local tunable

parameters {Kii, {Kij , δij}j∈Ni
} but not on parents’ tunable parameters. Hence, controllers C[i]

can be designed in parallel solving the following independent problems for i ∈ M.

Problem Pi Check if there exist Kii, Kij and δij , j ∈ Ni such that αi < 1.

The procedure for solving problems Pi, i ∈ M is summarized in Algorithm 1. In order to discuss

Algorithm 1 Design of distributed controllers C[i]

Input: Aii, Bi, Ni, {δij}j∈Ni
, {Aij}j∈Ni

.

Output: controller C[i] as in (2).

(i) ∀j ∈ Ni, if δij = 1, compute the matrix Kij , solving

min
Kij

||Fij ||∞. (6)

(ii) Compute a matrix Kii such that Assumption 1 is fulfilled and αi < 1. If it does not exist, then

stop (the controller C[i] cannot be designed).

step (i) of Algorithm 1, we upper bound αi in (5) as

αi =
∑

j∈Ni

∞
∑

k=0

||F k
iiFij ||∞ ≤

∞
∑

k=0

||Fii||
k
∞

∑

j∈Ni

||Fij ||∞. (7)

Hence, computing Kij as in (6) minimizes the upper bound. Moreover, (6) is an LP problem. So far,

the parameters δij have been considered fixed.

Remark 1. The computational complexity of Algorithm 1 is reduced as the set of parameters δij
that are equal to zero increases. However, the price to pay is that less matrices Kij can be selected

in the design phase and therefore it is more difficult to fulfill condition (5) enabling control design.

For step (ii) we defer the reader to [1] and [18], where we have proposed a method for computing

Kii through nonlinear optimization.

2.1. PnP operations

Consider a plant composed by subsystems Σ[i], i ∈ M equipped with local controllers C[i], i ∈ M
produced by Algorithm 1. The mutual independence of problems Pi allows one to redesign a limited

number of controllers when a new subsystem Σ[M+1] is plugged-in or subsystem Σ[k], k ∈ M is

unplugged from the large-scale system. We recall that plugging-in and -out are considered off-line

operations. The plugging-in and the unplugging procedures are very similar to the ones described in

Section III of [1] and reported here just for the sake of completeness. First of all, the unplugging of

subsystem Σ[k], k ∈ M does not require the retuning of any controller C[j], j ∈ Nk. Indeed, for each

subsystem Σ[j], the set Nj gets smaller and hence αj in (5) cannot increase. Let Si = {i : j ∈ Ni}
be the set of children of subsystem Σ[i]. The plugging-in operation requires the design of controller

C[M+1] for the new subsystem and the retuning of controllers C[j], j ∈ SM+1. Differently from [1],

Algorithm 1 allows matrices Kjj , j ∈ SM+1 to be updated and, if δj M+1 6= 0, matrices Kj M+1 to

be assigned. Therefore, if one obtains Fj M+1 = 0, step (ii) of Algorithm 1 can be skipped because

the pre-existing matrix Kjj still fulfills Assumption 1 and inequality (5).

3. EXAMPLE

We consider a large-scale system composed of M masses connected as in Figure 1. Our purpose

is to show how coupling attenuation terms in Algorithm 1 can substantially ease the design of

Copyright c© 0000 John Wiley & Sons, Ltd. Optim. Control Appl. Meth. (0000)
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PLUG-AND-PLAY DISTRIBUTED MODEL PREDICTIVE CONTROL WITH COUPLING ATTENUATION 5

local controllers. Each mass i ∈ M = 1 : M , is a subsystem with input u[i] and state variables

x[1,1] x[2,1] x[M−1,1] x[M,1]

u[1] u[2] u[M−1] u[M ]

k12

h12

k23

h23

kM−2 M−1

hM−2 M−1

kM−1 M

hM−1 M

· · ·

Figure 1. String of masses.

x[i] = (x[i,1], x[i,2]), where x[i,1] is the displacement with respect to a given equilibrium position,

x[i,2] is the horizontal velocity and 100u[i] is an external force in the horizontal direction. The values

of mi have been extracted randomly in the interval [5, 10] while spring and damping coefficients

are identical and equal to 0.5. We obtain subsystems Σ[i] by discretizing continuous-time models

with 0.2 sec sampling time, using zero-order-hold discretization for the local dynamics and treating

x[j], j ∈ Ni as exogenous signals. Controllers C[i], i ∈ M have been first designed using Algorithm

1 with δij = 0, ∀j ∈ Ni. All subsystems fulfill condition (5), and therefore Algorithm 1 allowed

us to design, in a decentralized fashion, a state-feedback decentralized controller. However, as the

value of masses mi, i ∈ M decreases, coupling terms increase, and, at the same point, it becomes

impossible to design decentralized controllers C[i]. For example, if all masses mi are in the interval

[0.01, 0.02], we cannot fulfill conditions (5). However, by setting δij = 1, j ∈ Ni we can completely

remove the coupling terms and therefore the synthesis of controllers C[i] amounts to the synthesis of

a state-feedback controller for each mass without coupling. Moreover, the plugging-in of the new

mass N + 1 does not require the retuning of matrices Kjj , j ∈ SN+1 because the coupling terms

Fij are zeroed by computing Kj N+1 as in (6). This means that, for the system in Figure 1, PnP

design of distributed controllers C[i] is always possible.

4. PNP CONTROLLERS FOR CONSTRAINED LTI SYSTEMS

In this section we extend the control design procedure in Section 2 to the case of subsystems

equipped with state constraints. To this purpose we will show how to exploit coupling attenuation

in the decentralized PnP MPC scheme proposed in [1]. In the sequel we also summarize relevant

assumptions used in [1] so as to make the exposition self-contained.

We assume state constraints Xi, i ∈ M are zonotopes defined as

Xi = {x[i] ∈ R
ni |fT

i,rx[i] ≤ 1, r ∈ 1 : r̄i} = {x[i] ∈ R
ni |Fix[i] ≤ 1r̄i}

= {x[i] ∈ R
ni |x[i] = Ξidi, ||di||∞ ≤ 1}

(8)

where Fi = (fT
i,1, . . . , f

T
i,r̄i

) ∈ Rr̄i×ni , rank(Fi) = ni, di ∈ Rei , Ξi ∈ Rni×ei .

As in tube MPC [19], we treat w[i] as a disturbance and define the nominal system

Σ̂[i] : x̂+
[i] = Aiix̂[i] +Biv[i] (9)

with input v[i], obtained from (1) by neglectingw[i]. System Σ[i] is then equipped with the distributed

controller C[i] given by

u[i] = v[i] +Kii(x[i] − x̄[i]) +
∑

j∈Ni

δijKijx[j]. (10)

where Kij ∈ Rmi×nj , δij ∈ {0, 1}, i, j ∈ M. Variables v[i] and x̄[i] are computed as

v[i](t) = κi(x[i](t)) = v[i](0|t), x̄[i](t) = ηi(x[i](t)) = x̂[i](0|t) (11)

Copyright c© 0000 John Wiley & Sons, Ltd. Optim. Control Appl. Meth. (0000)
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6 S. RIVERSO AND G. FERRARI-TRECATE

where v[i](0|t) and x̂[i](0|t) are optimal values of variables v[i](0) and x̂[i](0), respectively, obtained

by solving the following MPC-i problem at time t

P
N
i (x[i](t)) = min

x̂[i](0)

v[i](0:Ni−1)

Ni−1
∑

k=0

ℓi(x̂[i](k), v[i](k)) + Vfi (x̂[i](Ni)) (12a)

x[i](t)− x̂[i](0) ∈ Zi(ǫi) (12b)

x̂[i](k + 1) = Aiix̂[i](k) +Biv[i](k) k ∈ 0 : Ni − 1 (12c)

x̂[i](k) ∈ X̂i k ∈ 0 : Ni − 1 (12d)

x̂[i](Ni) ∈ X̂fi (12e)

In (12), Ni ∈ N is the prediction horizon, ℓi(x̂[i](k), v[i](k)) : R
ni×mi → R+ is the stage cost

and Vfi(x̂[i](Ni)) : R
ni → R+ is the final cost. Sets Zi(ǫi) and X̂i in (12b) and (12d) can be

computed as follows. Similarly to [20], we introduce the error z[i] = x[i] − x̂[i] and, defining

ŵ[i] = w[i] +Bi

∑

j∈Ni
δijKijx[j], from (1), (9) and (10) we obtain

z+[i] = (Aii +BiKi)z[i] + ŵ[i]. (13)

Under Assumption 1 and the definition of sets Xi, i ∈ M there exist nonempty RPI sets Zi ⊆ Rni ,

i ∈ M for the dynamics (13) and

ŵ[i] ∈ Ŵi =
⊕

j∈Ni

FijXj (14)

where Fij = Aij +BiδijKij . In particular, for ǫi > 0, we denote with Zi(ǫi) an RPI set that is a

ǫi-outer approximation of the minimal RPI for (13) and ŵ[i] ∈ Ŵi.

As in tube MPC, x[i] ∈ Xi can be achieved if there are constraints X̂i fulfilling the next assumption.

Assumption 2. For all i ∈ M there exist ǫi > 0 and nonempty constraint sets X̂i verifying

X̂i ⊕ Zi(ǫi) ⊆ Xi (15)

Finally, functions ℓi(·), Vfi(·) and Xfi in (12) are chosen in order to fulfill the following standard

stability assumption for MPC-i problems.

Assumption 3. For all i ∈ M, there exist an auxiliary control law κaux
i (x̂[i]) and a K∞ function

Bi such that:

(i) ℓi(x̂[i], v[i]) ≥ Bi(||(x̂[i], v[i])||), for all x̂[i] ∈ Rni , v[i] ∈ Rmi and ℓi(0, 0) = 0;

(ii) X̂fi ⊆ X̂i is an invariant set for x̂+
[i] = Aiix̂[i] +Biκ

aux
i (x̂[i]);

(iii) ∀x̂[i] ∈ X̂fi , Vfi(x̂
+
[i])− Vfi(x̂[i]) ≤ −ℓi(x̂[i], κ

aux
i (x̂[i])).

Computational methods for ℓi(·), Vfi(·) and Xfi verifying Assumption 3 are summarized in [16].

The next Theorem provides the main results on stability of the closed-loop system composed by

subsystems (1) controlled by (10) and equipped with constraints (8).

Assumption 4. Set Kij ∈ Rmi×nj as Kij = 0 if j /∈ Ni and define K as the matrix composed by

blocks Kij , ∀i, j ∈ M. Let A and B be composed by blocks Aij and Bij , respectively. Then, the

matrix A+BK is Schur.

Copyright c© 0000 John Wiley & Sons, Ltd. Optim. Control Appl. Meth. (0000)
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PLUG-AND-PLAY DISTRIBUTED MODEL PREDICTIVE CONTROL WITH COUPLING ATTENUATION 7

Theorem 1. Let Assumptions 1-4 hold. Define the feasibility region for the MPC-i problem as

X
N
i = {s[i] ∈ Xi : (12) is feasible for x[i](t) = s[i]}

and the collective feasibility region as XN =
∏

i∈M
XN

i .

Then,

(i) x[i](0) ∈ XN
i for all i ∈ M, implies that constraints (8) are fulfilled at all time instants;

(ii) the origin of the closed-loop system composed by subsystems (1) controlled by (10) is

asymptotically stable and XN is a region of attraction.

The proof of Theorem 1 uses arguments similar to the ones adopted in [11, 15] and it is omitted for

brevity. While controllers C[i] are designed for providing stability of the origin, they can be extended

for tracking constant setpoints exactly as shown in Section 2.9.1 of [16] for centralized MPC. An

example is provided in Section 6. When, however, there are model errors or unknown disturbances,

non-trivial generalizations of the proposed PnPMPC scheme are required (see [16] for a discussion

of additional issues arising in the centralized case). Note that, differently from standard tube-MPC

that assumes persistent disturbances, Theorem 1 guarantees convergence to the origin and not only

to an invariant set around it. The reason is that in our case disturbances are coupling terms that are

modified by local controllers.

5. DECENTRALIZED SYNTHESIS OF DISTRIBUTED MPC (DIMPC)

In this section we discuss the decentralized design of the DiMPC scheme given by (10) and (12)

under the following assumption on constraints X̂i.

Assumption 5.

X̂i = {x̂[i] ∈ R
ni |f̂T

i,rx̂[i] ≤ l̂i, r ∈ 1 : ¯̂ri} = {x̂[i] ∈ R
ni |F̂ix̂[i] ≤ l̂i1¯̂ri} (16)

= {x̂[i] ∈ R
ni |x̂[i] = Ξ̂id̂i, ||d̂i||∞ ≤ l̂i} (17)

where l̂i ∈ R+, F̂i = (f̂T
i,1, . . . , f̂

T
i,¯̂ri

) ∈ R
¯̂ri×ni , d̂i ∈ Rēi and Ξ̂i ∈ Rni×ēi . Moreover we assume

that F̂i and Ξ̂i are given, whereas l̂i are free parameters that will be tuned in the control design

procedure.

The next proposition gives sufficient conditions guaranteeing the fulfillment of Assumptions 2

and 4. They are the theoretical cornerstone enabling PnP design of local controllers.

Proposition 2. For given matrices Kii, i ∈ M, verifying Assumption 1, if

αi =
∑

j∈Ni

∞
∑

k=0

||FiF
k
iiFijF

♭
j ||∞ < 1, ∀i ∈ M (18)

then

(I) Assumption 4 holds.

(II) For all i ∈ M, defining for r ∈ 1 : r̄i

L̂i,r =
1−

∑

j∈Ni

∑∞

k=0 ||f
T
i,rF

k
iiFijΞj ||∞

||fT
i,rΞ̂i||∞

, (19)

there is δi > 0 such that

L̂i = min
r∈1:r̄i

L̂i,r −
||fT

i,r||∞ǫi

||fT
i,rΞ̂i||∞

> 0. (20)

Furthermore, choosing l̂i ∈ (0, L̂i] and the set X̂i as in (16), the inclusion (15) holds.

Copyright c© 0000 John Wiley & Sons, Ltd. Optim. Control Appl. Meth. (0000)
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8 S. RIVERSO AND G. FERRARI-TRECATE

The proof of Proposition 2 is similar to the one of Theorem 2 in [15]. Note that, differently

from [1, 15], each subsystem is equipped with state constraints only (see also Remark 3 below).

The scalars αi in (18) depend on local tunable parameters only, and therefore, in order to verify

Assumption 2 and 4, we need to solve the following independent problems for i ∈ M.

Problem Pi Check if there exist Kii, Kij and δij , j ∈ Ni such that αi < 1.

The overall procedure for the decentralized synthesis of local controllers C[i], i ∈ M is

summarized in Algorithm 2, that has to be executed offline.

Algorithm 2 Design of distributed controller C[i] defined in (10)

Input: Aii, Bi, Xi, Ni, {δij}j∈Ni
, {Aij}j∈Ni

, {Xj}j∈Ni

Output: controller C[i] in (10)

(i) ∀j ∈ Ni, if δij = 1, compute the matrix Kij solving

min
Kij

||FijF
♭
j ||∞. (21)

(ii) Find Kii such that Assumption 1 is fulfilled and αi < 1. If they do not exist stop (the controller

C[i] cannot be designed).

(iii) Choose ǫi > 0 such that (20) holds.

(iv) Compute sets Ŵi =
⊕

j∈Ni
FijXj and Zi(ǫi).

(v) Compute L̂i as in (20), choose l̂i = L̂i and define X̂i as in (16).

(vi) Compute ℓi(·), Vfi(·) and Xfi verifying Assumption 3.

Steps (i) and (ii) of Algorithm 2 mirror steps (i) and (ii) of Algorithm 1 and similar computational

remarks apply. We highlight that in step (iii) the computation of the set Zi(ǫi) is required. In

several cases this is the most burdensome task and it can be done using methods in [21], simplified

as follows. For all i ∈ M, Zi is a zonotope, therefore Ŵi = ⊕j∈Ni
FijXj is a zonotope defined

as Ŵi = {ŵ[i] = Ξwi
dwi

, ||dwi
||∞ ≤ 1}. Hence, using the procedure proposed in [21], the set

Zi(ǫi) is also a zonotope, defined as Zi(ǫi) = {z[i] = (1− βi)
−1Ξzidzi , ||dzi ||∞ ≤ 1}, where

Ξzi =
[

Ξwi
FiiΞwi

. . . F si−1
ii Ξwi

]

with βi and si computed using Algorithm 1 in [21] that

requires to solve LP problems only. We stress that, for given parameters δij , in order to fulfill

αi < 1, a nonlinear optimization problem in the variables Kii and Kij , j ∈ Ni must be solved. For

simplifying this task, in Algorithm 2 we propose to perform first the design of the matrices Kij and

then the design of the matrix Kii. However, if step (ii) fails we can always resort to the simultaneous

computation of matrices Kii and Kij .

Remark 2. Since Proposition 2 allows one to design the controllers C[i] in a decentralized fashion,

Algorithm 2 can be executed in parallel for all subsystems. Therefore, as shown in Section 2.1, the

plugging-in or the unplugging operations involve only the update of a limited number of controllers.

From Proposition 2 and Theorem 1 it follows that if Algorithm 2 does not stop in step (ii) for all

subsystems, then, for the closed-loop system, state constraints satisfaction and asymptotic stability

of the origin are guaranteed.

Remark 3. Differently from [1, 15], we have not considered input constraints. In the spirit of

tube-MPC, if a subsystem Σ[i] is equipped with input constraints u[i] ∈ Ui ⊆ Rmi one also need to

compute tightened input constraints Vi such that v[i] ∈ Vi implies u[i] ∈ Ui. Furthermore, we have

to add v[i] ∈ Vi to constraints (12). Input constraints, however, affect the choice of matrices Kii and
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Kij , j ∈ Ni. Indeed, from (10), Vi must be a nonempty set verifying

Vi ⊆ Ui ⊖

(

KiiZi(ǫi)⊕
⊕

j∈Ni

δijKijXj

)

(22)

and choosing matrices Kij and Kii sequentially, as in steps (i) and (ii) of Algorithm 2, does

not guarantee that (22) is fulfilled. Intuitively, if the control terms Kijx[j] appearing in (10) are

“too large”, one can have
⊕

j∈Ni
δijKijXj ⊇ Ui that prevents (22) from being verified by any set

Vi. This suggests that in presence of input constraints, matrices Kii and Kij should be chosen

simultaneously. This issue will be considered in future research.

5.1. Generalizations to parameter-dependent subsystems

In many engineering applications, parameters of subsystem i are influenced by parent subsystems.

We model this scenario replacing (1) with

Σp
[i] : x+

[i] = Aii(ξii, {ξij}j∈Ni
)x[i] +Bi(ξii, {ξij}j∈Ni

)u[i] +
∑

j∈Ni

Aij(ξii, {ξij}j∈Ni
)x[j]

(23)

where ξij ∈ Rpij are known and time-invariant parameter vectors. We note that, for given sets Ni,

i ∈ M, matrices Aii and Bi are constant and design of PnP MPC regulators can be still done using

the methods described in Section 5. Furthermore, the procedure for plugging in a new subsystem can

be applied with no change since it requires the redesign of controllers C[j], j ∈ SM+1, i.e. controllers

associated to the subsystems Σp
[j] for which matrices Ajj and Bj could change. However, when

system Σp
[k] gets unplugged, it is now mandatory to retune all controllers C[j], j ∈ Sk since changes

in the matrices Ajj and Bj could hamper the fulfillment of conditions (18) when using the matrices

Kjj computed prior to the subsystem removal. Moreover, if Algorithm 2 stops before completing

the redesign of controllers C[j], ∀j ∈ Sk , we declare that subsystem Σp
[k] cannot be unplugged. An

example of parameter-dependent subsystems is provided in the next section.

6. EXAMPLE: DESIGN OF THE AGC LAYER IN POWER NETWORK SYSTEMS

As in [1], we apply the proposed PnP scheme to a power network system composed by several

generation areas coupled through tie-lines. Our goal will be to design the AGC layer in order to

• keep the network frequency at the nominal value, at least asymptotically;

• reduce, if possible, the tie-line powers exchanged between areas. In the asymptotic regime

each area should also compensate for local load steps without requiring any power transfer

from other areas.

As detailed in [22] the dynamics of an area can be described by the following continuous-time

LTI model

ΣC
[i] : ẋ[i] = Aiix[i] +Biu[i] + Li∆PLi

+
∑

j∈Ni

Aijx[j] (24)

where x[i] = (∆θi, ∆ωi, ∆Pmi
, ∆Pvi ) is the measured state, u[i] = ∆Prefi is the control input of

each area, ∆PL is the local power load and Ni is the set of parents, i.e. areas directly connected to
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ΣC
[i] through tie-lines. The matrices of system (24) are

Aii({γPij}j∈Ni
) =











0 1 0 0

−
∑

j∈Ni
γPij

2Hi
− Di

2Hi

1
2Hi

0

0 0 − 1
Tti

1
Tti

0 − 1
RiTgi

0 − 1
Tgi











Bi =









0
0
0
1

Tgi









, Aij =









0 0 0 0
γPij

2Hi
0 0 0

0 0 0 0
0 0 0 0









, Li =









0
− 1

2Hi

0
0









The parameters values and the state constraints of system (24) are provided in [23], while the

parameter γ > 0 allows us to increase or decrease coupling among areas. For each scenario, discrete-

time models Σ[i] with Ts = 1 sec sampling time are obtained from ΣC
[i] using discretization system-

by-system, i.e. exact discretization for each area treating u[i], ∆PLi
and x[j], j ∈ Ni as exogenous

inputs. We highlight that the proposed discretization preserves the input-decoupled structure of ΣC
[i].

We consider the power network and local power loads used in Scenario 2 in [23]. The network

topology is represented in Figure 2. All computations have been performed using the PnPMPC

toolbox for MatLab [24]. In order to design PnP controllers we need to solve steps (i) and (ii) of

Figure 2. Topology of the power network system. Bold arrows represent tie-lines.

Algorithm 2. First, we consider δij = 0, ∀i, j ∈ M, and therefore controllers C[i] are completely

decentralized. In step (ii) of Algorithm 2 we need to compute Kii such that Assumption 1 and (18)

are fulfilled. For the computation of matrices Kii we used methods proposed in [18]. Increasing

the parameter γ also increases the magnitude of coupling terms Aij and, for γ ≥ 2.4, Algorithm 2

stops in step (ii). By setting δij = 1, ∀i ∈ 1 : 5, ∀j ∈ Ni, we can compute matrices Kij for reducing

coupling. The design of distributed controllers C[i] can be successfully performed through Algorithm

2 for γ ≤ 4, and this shows the benefits of a distributed architecture. We also conducted experiments

replacing steps (i) and (ii) of Algorithm 2 with the simultaneous computation of matrices Kii and

Kij , j ∈ Ni under constraints (18). As expected, for γ ≤ 4 the optimization problem is always

feasible, but we found that for γ > 4 the optimization problem is always infeasible. Therefore, at

least in this example, steps (i) and (ii) of Algorithm 2 are not conservative.

In the following, we compare the performance of centralized, decentralized and distributed

PnP controllers (referred to as CeMPC, PnP-DeMPC, PnP-DiMPC, respectively) for γ = 1.4. For

achieving convergence to zero of ∆ωi in presence of step disturbances ∆PLi
, we modify the

optimization problem (12a) so as to track a constant set-point, as discussed in Section 2.9.1 of [16]

for the centralized case. When ∆PLi
has a step change, we compute xO

[i](k) = (0, 0, ∆PLi
, ∆PLi

)

and uO
[i](k) = ∆PLi

. For each area, at time t, control variables u[i] are obtained through (10), where

v[i] = κi(x[i]) and x̂[i] = ηi(x[i]) are computed solving the optimization problem (12), where we
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replaced constraint (12e) with x̂[i](Ni) = xO
[i] and the cost in (12a) with the following function

depending upon xO
[i](k) and uO

[i](k)

P
N
i (x[i](t)) = min

x̂[i](0)

v[i](0:Ni−1)

Ni−1
∑

k=0

(||x̂[i](k)− xO
[i](k)||Qi

+ ||v[i](k)− uO
[i](k)||Ri

) (25)

In (25), we choose Qi = diag(500, 0.01, 0.01, 10) and Ri = 10. The cost of CeMPC is obtained by

summing stage costs in (25) over all areas. Furthermore, constraints are given by the union of all

constraints appearing in local MPC problems described above. In order to compare decentralized

and distributed controllers, in [23] we have proposed the following performance indices.

• η-index

η =
1

Tsim

Tsim−1
∑

k=0

M
∑

i=1

(||x[i](k)− xO
[i](k)||Qi

+ ||u[i](k)− uO
[i](k)||Ri

) (26)

where Tsim is the time of the simulation. From (26), η is a weighted average of the error

between the real state and the equilibrium state and between the real input and the equilibrium

input.

• Φ-index

Φ =
1

Tsim

Tsim−1
∑

k=0

M
∑

i=1

∑

j∈Ni

|∆Ptieij (k)|Ts (27)

where Tsim is the time of the simulation and ∆Ptieij (k) = Pij(∆θi(k)−∆θj(k)) is the power

transfer between areas i and j This index gives the average power transferred between areas

and the lower Φ, the better.

Figures 3 and 4 show the results of control experiments with Tsim = 100 and load steps as in

Table I.

Step time Area i ∆PLi

5 1 +0.10

15 2 -0.16

20 1 -0.22

20 2 +0.12

20 3 -0.10

30 3 +0.10

40 4 +0.08

40 5 -0.10

Table I. Load steps ∆PLi
(p.u.) for the simulations in Figures 3 and 4. Positive values mean steps of required

power from the area, hence causing a decrease of ∆ωi and an increase of ∆Prefi .

The performance indices for CeMPC, PnP-DeMPC and PnP-DiMPC are compared in Table II.

For PnP-DeMPC, they are ηde = 0.0405 and Φde = 0.0061, while PnP-DiMPC gives ηdi = 0.1953
and Φdi = 0.0026. CeMPC outperforms both PnP-DeMPC and PnP-DiMPC controllers in terms of

tracking capabilities, as witnessed by the index η. Furthermore, decentralized control outperforms

distributed control. As shown in Figure 3(b), the latter phenomenon is mainly due to the fact that

when an area is affected by a load step, parent areas controlled by PnP-DeMPC do not change their

∆Pref . However, this also causes bigger variations in the frequency deviation ∆ω. With distributed

controllers, each area can compensate in advance power loads of parent areas by modifying local

power production and this leads to smaller oscillations in frequency deviations. For instance, at time

25, area 5 helps area 2 by varying ∆Pref5 in order to counteract the load step ∆PL2 occurred at
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time t = 20. In terms of power transfers (shown in Figure 4), decentralized control is worse than

distributed control (since Φde > Φdi) and both PnP controllers outperform CeMPC. Therefore, when

power transfer is of major concern, PnP controllers are an attractive alternative to centralized AGC

schemes.

η Φ
CeMPC 0.0347 0.0074

PnP-DeMPC 16.71% −17.57%
PnP-DiMPC 462.82% −64.86%

Table II. Value of the performance parameters η and Φ for centralized MPC (CeMPC) (first line) and
percentage change using PnP decentralized MPC (PnP-DeMPC) and PnP distributed MPC (PnP-DiMPC).

7. CONCLUSIONS

In this paper we generalized the decentralized PnP MPC controllers proposed in [1] to distributed

control architectures. The new design procedure applies to subsystems that are either unconstrained

or equipped with state constraints only. We showed how to exploit, in local controllers, the

knowledge of the state of parents subsystems for attenuating physical coupling, hence broadening

the range of applicability of the synthesis algorithms in [1]. Future research will consider

generalizations of PnP MPC to output feedback schemes using PnP state estimators proposed in

[25, 26] and extensions to subsystems affected by disturbances and input constraints. We will also

study PnP control methods exploiting the robust MPC approach in [27] instead of tube MPC for

handling couplings.

REFERENCES

1. S. Riverso, M. Farina, and G. Ferrari-Trecate, “Plug-and-Play Decentralized Model Predictive Control for Linear
Systems,” IEEE Transactions on Automatic Control, vol. 58, no. 10, pp. 2608–2614, 2013.

2. J. Lunze, Feedback control of large scale systems. Upper Saddle River, NJ, USA: Prentice Hall, Systems and
Control Engineering, 1992.

3. R. Moradi, H. Karimi, and M. Karimi-Ghartemani, “Robust decentralized control for islanded operation of two
radially connected DG systems,” in Proceedings of IEEE International Symposium on Industrial Electronics (ISIE
2010), Bari, Italy, 4-7 July, 2010, pp. 2272–2277.

4. M. Babazadeh and H. Karimi, “A Robust Two-Degree-of-Freedom Control Strategy for an Islanded Microgrid,”
IEEE Transactions on Power Delivery, vol. 28, no. 3, pp. 1339–1347, 2013.

5. A. Ferrara, A. Nai Oleari, S. Sacone, and S. Siri, “An event-triggered Model Predictive Control scheme for freeway
systems,” in Proceedings of the 51st IEEE Conference on Decision and Control, Maui, Hawaii, USA December
10-13, 2012, pp. 6975–6982.

6. A. Konstantellos, “A short overview of control in European R&D programmes (1983/2013): From local loop
designs, through networked and coordinated control, to stochastic, large scale and real time optimization systems,”
European Journal of Control, vol. 19, no. 5, pp. 351–357, 2013.

7. L. Bakule and J. Lunze, “Decentralized design of feedback control for large-scale systems,” Kybernetika, vol. 24,
no. 8, pp. 3–96, 1988.

8. D. M. Raimondo, L. Magni, and R. Scattolini, “Decentralized MPC of nonlinear systems: An input-to-state stability
approach,” International Journal of Robust and Nonlinear Control, vol. 17, pp. 1651–1667, 2007.

9. B. T. Stewart, A. N. Venkat, J. B. Rawlings, S. J. Wright, and G. Pannocchia, “Cooperative distributed model
predictive control,” Systems & Control Letters, vol. 59, no. 8, pp. 460–469, 2010.

10. A. Alessio, D. Barcelli, and A. Bemporad, “Decentralized model predictive control of dynamically coupled linear
systems,” Journal of Process Control, vol. 21, no. 5, pp. 705–714, 2011.

11. M. Farina and R. Scattolini, “Distributed predictive control: A non-cooperative algorithm with neighbor-to-neighbor
communication for linear systems,” Automatica, vol. 48, no. 6, pp. 1088–1096, 2012.

12. S. Riverso and G. Ferrari-Trecate, “Tube-based distributed control of linear constrained systems,” Automatica,
vol. 48, no. 11, pp. 2860–2865, 2012.

13. A. Ferramosca, D. Limon, I. Alvarado, and E. F. Camacho, “Cooperative distributed MPC for tracking,” Automatica,
vol. 49, no. 4, pp. 906–914, 2013.

14. R. Scattolini, “Architectures for distributed and hierarchical Model Predictive Control A review,” Journal of
Process Control, vol. 19, no. 5, pp. 723–731, 2009.

Copyright c© 0000 John Wiley & Sons, Ltd. Optim. Control Appl. Meth. (0000)
Prepared using ocaauth.cls DOI: 10.1002/oca



PLUG-AND-PLAY DISTRIBUTED MODEL PREDICTIVE CONTROL WITH COUPLING ATTENUATION 13

0 50 100
−5

0

5

10
x 10

−3 Area 1

t [s]

∆ω
1

0 50 100
−5

0

5
x 10

−3 Area 2

t [s]

∆ω
2

0 50 100
−4

−2

0

2

4
x 10

−3 Area 3

t [s]

∆ω
3

0 50 100
−5

0

5

10

15
x 10

−4 Area 4

t [s]

∆ω
4

0 50 100
−4

−2

0

2

4
x 10

−3 Area 5

t [s]

∆ω
5

(a) Frequency deviation ∆wi in each area.

0 50 100
−1

−0.5

0

0.5
Area 1

t [s]

∆ 
P

re
f 1

0 50 100
−0.4

−0.2

0

0.2

0.4
Area 2

t [s]

∆ 
P

re
f 2

0 50 100
−0.2

−0.1

0

0.1

0.2
Area 3

t [s]

∆ 
P

re
f 3

0 50 100
−0.1

0

0.1

0.2

0.3
Area 4

t [s]

∆ 
P

re
f 4

0 50 100
−0.4

−0.2

0

0.2

0.4
Area 5

t [s]

∆
 P

re
f 5

(b) Local inputs ∆Prefi
for each area.

Figure 3. Control experiments with decentralized (continuous lines) and distributed (dashed lines) PnPMPC:
3(a) frequency deviation and 3(b) inputs for each area.

15. S. Riverso, M. Farina, and G. Ferrari-Trecate, “Plug-and-Play Decentralized Model Predictive Control,”
Dipartimento di Ingegneria Industriale e dell’Informazione, Universita’ degli Studi di Pavia, Pavia, Italy, Tech.
Rep., 2012. [Online]. Available: arXiv:1302.0226

16. J. B. Rawlings and D. Q. Mayne, Model Predictive Control: Theory and Design. Madison, WI, USA: Nob Hill
Pub., 2009.
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21. S. V. Raković, E. C. Kerrigan, K. I. Kouramas, and D. Q. Mayne, “Invariant approximations of the minimal robust
positively invariant set,” IEEE Transactions on Automatic Control, vol. 50, no. 3, pp. 406–410, 2005.

22. H. Saadat, Power System Analysis, 2nd ed. New York. NY, USA: McGraw-Hill Series in Electrical and Computer
Engineering, 2002.

23. S. Riverso and G. Ferrari-Trecate, “Hycon2 Benchmark: Power Network System,” Dipartimento di Informatica e
Sistemistica, Universita’ degli Studi di Pavia, Pavia, Italy, Tech. Rep., 2012. [Online]. Available: arXiv:1207.2000

24. S. Riverso, A. Battocchio, and G. Ferrari-Trecate, “PnPMPC: a toolbox for MatLab,” 2012. [Online]. Available:
http://sisdin.unipv.it/pnpmpc/pnpmpc.php

25. S. Riverso, M. Farina, R. Scattolini, and G. Ferrari-Trecate, “Plug-and-play distributed state estimation for linear
systems,” in Proceedings of the 52nd IEEE Conference on Decision and Control, Florence, Italy, December 10-13,
2013, pp. 4889–4894.

26. S. Riverso, M. Farina, and G. Ferrari-Trecate, “Plug-and-Play Model Predictive Control based on robust control
invariant sets,” Automatica, p. In press, 2014. [Online]. Available: 10.1016/j.automatica.2014.06.004

27. L. Chisci, J. A. Rossiter, and G. Zappa, “Systems with persistent disturbances: predictive control with restricted
constraints,” Automatica, vol. 37, no. 7, pp. 1019–1028, 2001.

Copyright c© 0000 John Wiley & Sons, Ltd. Optim. Control Appl. Meth. (0000)
Prepared using ocaauth.cls DOI: 10.1002/oca


