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Abstract

The problem of reconstructing an unknown signal from
n noisy samples can be addressed by means of non-
parametric estimation techniques such as Tikhonov reg-
ularization, Bayesian regression and state-space fixed-
interval smoothing. The practical use of these ap-
proaches calls for the tuning of a regularization param-
eter that controls the amount of smoothing they intro-
duce. The leading tuning criteria, including Generalized
Cross Validation and Maximum Likelihood, involve the
repeated computation of the so-called equivalent num-
ber of parameters, a normalized measure of the flexi-
bility of the nonparametric estimator. The paper de-
velops new state-space formulas for the computation of
the equivalent number of parameters inO(n) operations.
The results are specialized to the case of uniform sam-
pling yielding closed-form expressions of the equivalent
number of parameters for both linear splines and first-
order deconvolution.

Keywords: Inverse problems, neural networks, regu-
larization, Bayesian estimation, deconvolution, Kalman
filter.

1 Introduction

In engineering and science one is often faced with the
problem of reconstructing off-line a continuous function
of a real variable (e.g. time) given a finite number of
noisy samples. Notable examples include the recon-
struction of nonlinear maps from discrete measurements
and also inverse problems such as the deconvolution
problems arising in model identification [14], physics [4],
physiology [8], DNA segmentation [11], etc.. In this pa-
per, the attention is restricted to those problems that
involve the use of linear finite-dimensional operators ei-
ther to model the unknown signal or describe the phys-
ical system to whom it is applied. Rather interestingly,
there are three major nonparametric approaches to the
problem that, though under different names, are sub-
stantially equivalent.

The first one, known as Tikhonov regularization [18],
adopts a deterministic viewpoint and finds an estimate
through the minimization of a cost functional which is
the sum of the usual sum-of-squares fit and a “regular-
ization term” penalizing the irregularity of the solution.
The trade off between data-fit and smoothness of the
solution depends on a positive scalar γ called “regular-
ization parameter”. It is widely recognized that a careful

tuning of γ is essential in order to obtain a satisfactory
estimate and several criteria have been proposed, the
most popular of which is Generalized Cross Validation
(GCV) [10].

The second approach, namely Bayesian regression [13],
[25], adopts a probabilistic viewpoint and describes the
unknown signal as a random process whose probabil-
ity distribution reflects the available prior knowledge.
Then, the solution is just the posterior expectation of
the signal given the noisy observations. Under Gaus-
sianity assumptions, the user has only to specify the
noise statistics and the autocovariance function of the
unknown signal. The estimate is obtained through the
solution of a system of n linear equations, where n is the
number of the data, whose computational complexity is
O(n3). Bayesian regression is equivalent to Tikhonov
regularization in the sense that, given any regularized
solution, there exist statistical priors such that the same
solution is obtained through Bayesian regression [23]. It
would seem that Bayesian regression is more direct since
it does not involve anything like the tuning of the regu-
larization parameter γ. As a matter of fact, the advan-
tage is only apparent because in most cases it is difficult
to uniquely specify the prior distribution for the un-
known signal and a widespread approach is to estimate
from the data at least the variance of the signal. Max-
imum Likelihood (ML) may be used for this purpose
[13, 8].

The third approach, namely fixed-interval state-space
smoothing [1], can be seen as the specialization of
Bayesian regression to problems admitting a state-
space representation. The unknown signal is mod-
eled as the output of a finite-dimensional system fed
by (continuous-time) white noise and the estimate is
worked out by Kalman filtering algorithms in O(n) op-
erations. Also in this case, it is advisable to tune the
variance of the so-called process noise using either ML
or GCV criteria. For a neural network interpretation of
these nonparametric estimators, the interested reader
may usefully refer to [15, 9, 6].

Notably, all the three approaches share the need for the
tuning of the amount of smoothing they introduce. This
tuning is the nonparametric counterpart of the model
order selection problem which is encountered when the
data are fit by a parametric model (e.g. a polynomial).
Most criteria, including ML and GCV, require the re-
peated evaluation of a positive scalar q(γ) called ”equiv-
alent number of parameters” or ”equivalent degrees of



freedom” [22]. The parameter q(γ) ranges from 0 to n
and takes the maximum value when the estimate per-
fectly interpolates the data. In other words, the equiv-
alent number of parameters measures the flexibility of
the nonparametric estimate and provides an indication
of how many parameters would be needed by a paramet-
ric model to achieve similar approximation properties.

In Tikhonov regularization and Bayesian regression, the
evaluation of q(γ) requires O(n3) operations so that the
calculation of q(γ) is one of the most computer-intensive
part of the overall regression algorithm [23]. However,
if the problem admits a state-space formulation, q(γ)
can be computed in O(n) operations by averaging the
smoothing error covariances obtained through Riccati-
type recursions [12].

The interest for the equivalent number of parameters
goes beyond the issue of numerical efficiency. In partic-
ular, the study of the asymptotic properties of q(γ) when
n tends to infinity has been instrumental to establish-
ing statistical consistency and rates of convergence for
spline estimates associated with the GCV criterion [20],
[17], see also [16]. Very recently, spectral factorization
concepts have been used to obtain the exact closed-form
expression of the asymptotic smoothing ratio s(γ) (de-
fined as the limit of q(γ)/n as n tends to infinity) of
cubic smoothing splines in the uniform sampling case
[7].

The contribution of the present paper is threefold.
First, a new general algorithm is derived for the O(n)
computation of q(γ) via state-space spectral factoriza-
tion methods. Compared to the most efficient existing
method, which required a forward and backward itera-
tion [12], the proposed algorithm is faster because it uses
only a forward Riccati recursion. When the result is spe-
cialized to the uniform sampling case, a fast algorithm
for the exact calculation of the asymptotic smoothing
ratio s(γ) is obtained whose complexity does not de-
pend on the number of data. Finally, in the cases of
linear smoothing splines and first-order deconvolution
with first-order regularizer, the closed-form expression
of s(γ) is obtained. Beside their obvious application in
the development of fast smoothing algorithms, the uni-
form sampling results have an autonomous interest since
they clarify the type of dependence of q(γ) on γ itself
and the sampling period T . To make an example, using
the results of the paper it is easy to obtain as a func-
tion of T the value of γ ensuring the desired amount
of smoothing (measured by q(γ)) without solving linear
systems or Riccati equations.

Although the technical machinery is similar, the results
of the present paper are much more general than those in
[7]. In fact, herein general state-space smoothing prob-
lems are considered instead of restricting the attention
to cubic smoothing splines, and the sampling schedule
is not restricted to be uniform.

2 Problem statement

Consider the monodimensional regression problem with
discrete data given by

yi = f(ti) + εi, i = 1, ..., n (1)

where f(·) : R →R is the unknown signal to be re-
constructed, εi are zero mean Gaussian random vari-

ables independent, identically distributed with variance
σ2 and 0 ≤ t1 < t2 < . . . < tn. Note that, unless
specified, the sampling scheduling is in general not uni-
form. Let Dn denote the set of the collected datapoints
(ti, yi), i = 1, . . . , n. In a Bayesian framework, f(·) is
modeled as a stochastic process (the so-called “prior”)
that should capture all the a priori information we have
about the unknown signal. Then, the aim is to provide
an estimate of the unknown signal based on the pos-
terior probability P (f |Dn). When the prior is a zero-
mean Gaussian process (GP), its autocovariance func-
tion λ2C(ξ1, ξ2) (where λ > 0 is a scale parameter) pro-
vides a sufficient statistic. Moreover, if f(·) is indepen-
dent of the errors εi, it follows that P (f |Dn) is Gaussian
with mean and covariance given by [24]

f̂(t) = E[f |Dn](t) = C̄
′
(t)θ, (2)

θ = H−1ȳ, ȳ
.= [ y1 · · · yn ]′ (3)

Var[f |Dn](ξ1, ξ2) = λ2C(ξ1, ξ2) +

−λ2C̄
′
(ξ1)H−1C̄(ξ2) (4)

C̄(t) = [ C(t, t1) · · · C(t, tn) ]
′

(5)

H=̇
E[ȳȳ′]
λ2

= C + σ2

λ2
I, (C)i,j = C(ti, tj), (6)

Since the posterior is Gaussian, we may use f̂(t) as a
point estimate of the unknown function and obtain error
bars from the posterior covariance Var[f |Dn](ξ1, ξ2). We
will refer to f̂(t) as the Bayes estimate. Note that the
Bayes estimate is given by the linear combination of
the basis functions {C(t, ti)}n

i=1 through the vector of
coefficients H−1ȳ.

Notations. For sake of conciseness, we will refer
to both continuous-time and discrete-time state-space
models with the quadruple (A,B,C,D) as done in [5].
In this case the initial state is assumed to be null.

In this paper, the signal f(·) is modeled as the output
generated by the single-input single-output continuous-
time linear time-invariant system P = (A,B,C, 0) A ∈
R

l×l fed with continuous-time white Gaussian noise
w(t) ∈ R with intensity λ2. Since P is linear and w(·) is
a GP, it follows that f(·) is a GP as well [1]. Under the
previous assumptions the Bayes estimate may be com-
puted from (2) once the covariance function of f(·) is
derived. The state-space model P is very useful in the
analysis of mono-dimensional regression problems and
it embodies the following notable case.

Spline problem. The output of the system P with
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where A ∈ R
l×l, is an (l − 1) fold integrated

Wiener process, and, as shown in [23], the Bayes
estimate turns out to be a (2l−1)-th order regres-
sion spline with zero boundary conditions.

Consider now deconvolution problems where the data
model is

yk =
∫ tk

0

h(tk − τ)z(τ)dτ + εk, k = 1, . . . , n (7)



and h(·) ∈ L2([0,+∞]). The goal now is to reconstruct
the signal z(t) from the measurements collected inDn. If
z(·) is modeled as a zero-mean GP with autocovariance
function λ2Q(ξ1, ξ2), independent of the errors εi, the
Bayes estimate is given by the formulas

ẑ(t) = η̄(t)θ̃ (8)

θ̃ = H̃−1ȳ (9)
η̄(t) = [ ηt1(t) · · · ηtn

(t) ]

ητ (t) =
∫ +∞

0

h(τ − ξ)Q(t, ξ)dξ

H̃
.= C + σ2

λ2
I, (C)i,j = C(ti, tj)

C(ξ1, ξ2) =
∫ +∞

0

∫ +∞

0

h(ξ1 − τ)h(ξ2 − t)Q(τ, t)dτdt.

Note that, by defining

f(t) =
∫ t

0

h(t− τ)z(τ)dτ, (10)

f(·) is a GP with autocovariance function λ2C(ξ1, ξ2)
and the coefficients θ̃ are computed in the same way
as in (3), i.e. relying only on the statistic of f(·), the
output samples and the noise variance.

In this paper we consider deconvolution problems where
h(t) is the impulse response of the SISO continuous-time
linear system F = (Ã, B̃, C̃, 0), where Ã ∈ R

r×r and the
input is modeled as in the l-th order spline case. The
signal f(t) is then the output of the continuous-time
system (fed with the Gaussian noise w(t) )([

A 0
B̃C Ã

]
,

[
B
0

]
,
[
0 C̃

]
, 0

)

that has the same structure of the system P. Therefore,
without loss of generality, the representation P will be
considered as a state-space realization of the signal f(·)
also for deconvolution problems.

A crucial problem in the derivation of the Bayes esti-
mate (both for regression and deconvolution problems)
is that, in practice, the value of λ2 is seldom known a pri-
ori and it (or possibly γ = σ2/λ2) has to be tuned on the
basis of the available data. The most popular criteria
to accomplish this goal are the Generalized Cross Vali-
dation (GCV) [23] and the Maximum Likelihood (ML)
[13]. In both of them a central role is played by the
so-called influence matrix [23].

Definition 1. The uniquely defined n× n matrix H(γ)

such that
[
f̂(t1) f̂(t2) · · · f̂(tn)

]′
= H(γ)ȳ is

termed influence matrix.

Defining the sum of squared residuals as

SSR(γ) = ‖(I −H(γ))ȳ‖2 ,
the GCV criteria selects the value of γ by minimizing
the loss function

GCV (γ)=̇
n

(n− q(γ))2
SSR(γ), q(γ)=̇Tr[H(γ)],

(for simplicity, the dependence of q(γ) and H(γ) on the
sampling period T and on the number of data is omit-
ted). To accomplish this minimization an iterative strat-
egy is needed involving the computation of SSR(γ) and
q(γ) for different values of γ. The bottleneck is the cal-
culation of q(γ) which requires O(n3) operations unless
suitable algorithms are employed. The same problem
of computing q(γ) arises also when the ML criterion is
adopted. There exists an extensive literature dealing
with the computation of q(γ) and by now efficient algo-
rithms are available whose complexity is O(2n), see [2]
for a state-space method well as [23, chapter 11] for a
review of the various contributions.

It is worth noticing that E[SSR(γ)] = (n − q(γ))σ2.
This formula resembles the well known relationship
E[SSR] = (n−q)σ2 found when trying to fit n noisy data
by means of a q-th order linear-in-parameters model. By
analogy, the real number q(γ) has been termed, in [23],
equivalent degrees of freedom (EDOF) of the nonpara-
metric estimator f̂(t). In fact, q(γ) ranges from 0 to n,
as γ decreases from +∞ to 0.

The purpose of Section 3 is to derive a new O(n) algo-
rithm for the calculation of q(γ) by resorting to spectral
factorization techniques. In Sections 4 and 5 we will in-
vestigate the behavior of the asymptotic smoothing ratio
s(γ)=̇ limn→+∞ q(γ)/n, when the sampling schedule is
uniform. In particular we will derive an algorithm for
the evaluation of s(γ) whose complexity is independent
of the number of data points and, in some relevant spe-
cial cases, we will provide the closed-form expression of
s(γ).

3 Spectral characterization of the equivalent
degrees of freedom

The rationale of our derivation is as follows. First it is
shown that q(γ) depends only on the statistics of the
sampled process f(ti). Then, we find a state-space rep-
resentation for such a process. Moreover Kalman fil-
tering is used to show that q(γ) only depends on the
variance of the output of a suitable linear time-varying
system W∗. Finally, this variance is computed via an
O(n) matrix recursive equation.

Lemma 2. Let f̄d=̇ [ f(t1) f(t2) · · · f(tn) ]
′
and

Γ=̇E[f̄df̄
′
d]/λ

2. Then, H(γ) = (I + γΓ−1)−1.
Proof: From (2)-(6) it is apparent that it holds that[

f̂(t1) · · · f̂(tn)
]′
= E[f̄df̄d]E[yy′]−1ȳ =

= λ2Γ
(
λ2Γ + σ2I

)−1
ȳ = (I + γΓ−1)−1ȳ,

and the result follows from the definition of influence
matrix.

Definition 3. Let LS ∈ R
n×n be a lower triangular ma-

trix and consider the linear discrete-time time-varying
system S = (Ak, Bk, Ck,Dk), Ak ∈ R

l×l. Then, S is
said a realization of LS if,

[ y1 · · · yn ]
′
= LS [ u1 · · · un ]

′
, (11)

for all the sequences uk. Conversely, given the quadruple
S = (Ak, Bk, Ck,Dk), the associated matrix LS such
that (11) holds is termed (n-step) input-output matrix
of the system.



Definition 4. Let LS ∈ R
n×n be a lower triangular

matrix and consider the linear time-varying system S =
(Ak, Bk, Ck, 0), Ak ∈ R

l×l Then, S is said a (strictly
proper) realization of LS if,

[ y1 · · · yn ]
′
= LS [ u0 · · · un−1 ]

′
, (12)

for all the sequences uk. Conversely, given the quadru-
ple S = (Ak, Bk, Ck, 0), the associated matrix LS such
that (12) holds is termed (n-step strictly proper) input-
output matrix of the system.

Note that the input-output matrices are uniquely de-
fined and they do not depend on the input sequence.
If the associated system S is time-invariant, the matrix
LS takes a Topelitz structure. In the sequel, the nota-
tion wk ∼ WGN(λ2) means that the sequence wk is a
discrete-time Gaussian white noise with intensity λ2.
Lemma 5. Let LW ∈ R

n×n be the (n-step
strictly proper) input-output matrix of the system
W=̇(Fk, Gk, C) where Fk = eA(tk+1−tk) and Gk is such
that

GkG
′
k =

∫ tk+1

tk

eA(tk+1−t)BB
′
eA

′
(tk+1−t)dt. (13)

Then Γ = LWL
′
W .

Proof: See [7], Lemma 2.

As corollary of Lemma 5, it turns out that the linear
time-varying system{

xk+1 = Fkxk +Gkwk

ỹk = Cxk + ek

x0 = 0

where w(k) ∈ R
n×1, wk ∼ WGN(λ2I), is a stochastic

realization of the discrete-time process yk defined by (1)
and the model P, i.e. ỹk has the same statistics of yk.

Lemma 6. Let (Γ+γI)−
1
2 be a lower triangular matrix

s.t.

(Γ + γI)−1 =
[
(Γ + γI)−

1
2

]′

(Γ + γI)−
1
2

and LW be defined as in Lemma 5. Then it holds

q(γ) = Tr
[
(Γ + γI)−

1
2LWL′

W
[
(Γ + γI)−

1
2

]′]
Proof: See [7], Lemma 3.

The next step is to find a suitable system that is a re-
alization of (Γ + γI)−

1
2 . The answer is provided by the

next Lemma.
Lemma 7. The system

K=̇(Fk −KkC,Kk,−C(Re
k)

− 1
2 , (Re

k)
− 1

2 , 0),

where

Re
k = CΣkC

′ + σ2I, (14)

Kk = FkΣkC
′ [CΣkC

′ + σ2
]−1

,

Σk+1 = FkΣkF
′
k − FkΣkC

′ [CΣkC
′ + σ2

]−1 ·
·CΣkF

′
k + λ2GkG

′
k,

Σ0 = 0,

is a realization of the matrix (Γ + γI)−
1
2 .

Proof: See [7], Lemma 4.

At this point, it is apparent that a realization of the
input-output matrix (Γ + γI)−

1
2LW is the cascade W∗

of the systems W and K.
Note that W∗ = (F ∗

k , G
∗
k, C

∗
k) where

F ∗
k =

[
Fk 0
KkC Fk −KkC

]
, G∗

k =
[

Gk

0

]
,

C∗
k = (Re

k)
− 1

2 [ C −C ]′ .

If this system is fed with w̃k ∼ WGN(1) and

[ η1 · · · ηn ]′ =̇(Γ + γI)−
1
2LW [ w̃1 · · · w̃n ]′ ,

from Lemma 6 follows that q(γ) =
∑n

k=1Var[ηk]. In
other wordsW∗ is a spectral factor for the signal ηk that
is involved in the calculation of (3). Rather remarkably,
the computation of (3) may be carried out in a simple
way as shown in the next theorem.

Theorem 8. The equivalent degrees of freedom are
given by q(γ) =

∑n
k=1 CPkC

′
, where the matrices Re

k,
Fk are as in (14), Fk = eA(tk+1−tk) and Pk satisfies

Pk+1 = (Fk −KkC)Pk(Fk −KkC)
′
+

+λ2(Re
k+1)

2GkG
′
k, (15)

P0 = 0.

Proof: The proof is reported in [19].

The algorithm for the calculation of the equivalent de-
grees of freedom is summarized in the following steps:

1. The computation of Fk and Gk as defined in the
system W.

2. The n updates of the matrices Re
k, Kk, and Σk as

in (14) and of the matrix Pk as in (15)

3. The computation of q(γ) via (3).

The second step is the computational bottleneck of the
algorithm and it is worth noticing that it takes O(n)
operations. The main advantage of our algorithm with
respect to the one proposed in [2] is that the former re-
quires only a forward Kalman filtering whereas the latter
needs also a backward Kalman filtering that doubles the
computational cost.

4 The uniform sampling case: Analysis of the
asymptotic smoothing ratio

If the sampling is uniform, the data model becomes

yk = f(kT ) + ek, T > 0, k = 1, ..., n.

The system W of Lemma 5 turns out to be time invari-
ant since

Fk = F = eAT

GkG
′
k = GG

′
=

∫ T

0
eA(T−t)BB

′
eA

′
(T−t)dt. (16)



However the Kalman filter K of Lemma 7 is always time-
varying.

Our next aim is the analysis of the asymptotic smooth-
ing ratio that, in view of (3) may be computed as

s(γ) = lim
n→+∞

1
n

n∑
k=1

Var[ηk] (17)

where ηk is the output of the system W∗ fed with w̃k ∼
WGN(1).

Since we are interested in the asymptotic of ηk, the be-
havior of K for k → +∞ will be first analyzed.

Assumption A The continuous-time pair (A,B) is
reachable and the discrete-time pair (F,C) is ob-
servable.

Lemma 9. Let Assumption A hold. Then the following
facts hold:

1. For all possible nonnegative definite initial condi-
tions Σ0, limk→+∞Σk = Σ and limk→+∞ Kk =
K, where K = FΣC ′(CΣC ′ + λ)−1, Σ being
the unique nonnegative definite symmetric solu-
tion of the algebraic Riccati equation Σ = Σ −
FΣC ′(CΣC ′ + λ)−1CΣF

′
+GG

′
;

2. All the poles of the transfer function matrix
WK(z)W (z) have modulus strictly less than one,
where

WK(z) =̇
[
I − C(zI − F +KC)−1K

] ·
· (CΣC ′ + λI)−

1
2

W (z) =̇ C(zI − F )−1G.

Proof: See [7], Lemma 5.

We are now in a position to give an integral formulation
of the asymptotic smoothing ratio.

Theorem 10. Let Φ(z) = W (z)W (z−1). Then, under
the Assumption A,

s(γ) =
1
2π

∫ π

−π

Φ(ejω)
Φ(ejω) + γ

dω. (18)

Proof: See [7], Theorem 1.

The integral (18) plays a key role in the fast algorithm
for the evaluation of the equivalent degrees of freedom
we propose. This procedure may be summarized as fol-
lows.

First step: calculation of GG
′
. The integral in (16)

can be easily evaluated applying the method pro-
posed in [21] that leads GG

′
= Φ

′
2Ψ, with

F̄ =

[
−A bb′
0 A

]
, e

F̄
=

[
Φ1 Ψ
0 Φ2

]
, Φ1 ∈ R

l×l
.

Second step: spectral factorization. First of all,
find the matrix G according the Cholesky de-
composition of GG

′
. Then, evaluate Φ(z) =

Ĝ(z)Ĝ(z−1), where Ĝ(z) = C(zI − eAT )−1G.
Last, compute the polynomialsA(z) andB(z) that
satisfy

Φ(z)
Φ(z) + γ

=
B(z)B(z−1)
A(z)A(z−1)

. (19)

Third step: Åström algorithm. The integral in
(18) can be rewritten as

1
2πi

∮
|z|=1

B(z)B(z−1)
A(z)A(z−1)

dz, (20)

and can be evaluated applying the Åström algo-
rithm [3] that uses only of the A(z)’s and B(z)’s
coefficients. This algorithm requires also the sta-
bility of the A(z) polynomial (i.e. its roots belong
to the open unit ball). In view of the following
Lemma, this assumption is always met with.

Lemma 11. Let Φ(z) = NΦ(z)/DΦ(z), where NΦ(z)
and DΦ(z) are coprime polynomials. Then, ∀z : |z| = 1,
the denominator of (19) is non null.

Proof: The proof is reported in [19].

Note that the computational cost of the above procedure
is independent of the datapoints number.

5 Explicit formulas for deconvolution and
smoothing splines

In this Section, the procedure for the computation of the
asymptotic smoothing ratio is applied to the deconvolu-
tion and smoothing spline problems. In the basic cases,
closed-form formulas for s(γ, T ) are derived. Specializ-
ing the algorithm of Section 4 to the first order spline
problem (l = 1), one obtains GG

′
= T and, by setting

ξ = γ/T ,

Φ(z) =
λ2T

(z − 1)(z−1 − 1)
, B(z) = 1,

A(z) = a0z + a1, a0 = − ξ

a1
, a1 =

1

2
−

√
1

4
+ ξ.

Then, the final formula is

s(γ, T ) = s(ξ) =

√
1 + 4ξ − 1− 2ξ

1 + 4ξ − √
1 + 4ξ (1 + 2ξ)

.

A log-scale plot of the function s(ξ) is given in Figure 1.
This result is notable under various aspects. First of all
it shows that s(γ, T ) depends on the ratio γ/T . Hence,
when considering experiments with different sampling
rates, the same value of the smoothing ratio could corre-
spond to extremely different values of γ, so that γ alone
is not a meaningful index of smoothness. To make an
example, one cannot assume that γ = 107 corresponds
to a smoothing ratio close to zero if the value of T is ig-
nored. In this respect Figure 1 is very helpful because it
provides a link between γ and q(γ).Vice-versa, it is also
possible to quickly obtain the value of γ that guarantees
the desired smoothing ratio. Now we consider the case
of the deconvolution problem with

A =
[
0 0
ρ a

]
c = [ 0 1 ]
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Figure 1: Asymptotic smoothing ratio s(ξ).
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Figure 2: Asymptotic smoothing ratio ŝ(ξ̂) for various val-
ues of a.

where a > 0. Applying the algorithm, we derive

Φ(z) =
ρ2T 3(z + 4 + z−1)

6(z − 1)(z−1 − 1)(z − e−aT )(z−1 − e−aT )

and, by setting ξ̂ = γ
ρ2T 3 , the asymptotic smoothing

ratio turns out to be

b̂1 = ±
√
3

2
±

√
1

2

â1 =

√
6−

√
2 + 24ξ̂(e−aT + 1)2)

2

â0 =

1−6ξ(e−aT +1)2

â1
+

√(
1−6ξ(e−aT +1)2

â1

)2 − 24ξ̂e−aT

2

ŝ(γ, T ) = ŝ(ξ̂) =
â2
0

b̂21

(
â4
0 −

(
6ξ̂e−aT

)2
) ·

·


 b̂

4
1 +

(
â2
0 + 6ξ̂e−aT − b̂21â0â1

)2

(
â2
0 + 6ξ̂e−aT

)2 − â2
0â2

1




Moreover, when ρ = 1, by setting ξ̃ = γ
T 3 , we can obtain

the asymptotic smoothing ratio s̃(ξ̃) for the third-order
smoothing spline problem as s̃(ξ̃) = lima→0 ŝ(ξ̃). The
closed-form formula of s̃(ξ̃) is reported in [7]. The log-
plots of ŝ(ξ̂) for various values of a and s̃(ξ̃), are shown
in Figure 2.
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Pavia, Dip. di Informatica e Sistemistica, Pavia, Italy, 1999.

[10] G. Golub, M. Heath, and G. Wahba. Generalized cross valida-
tion as a method for choosing a good ridge parameter. Technometrics,
21:215–224, 1979.

[11] J.T. Ives, R.F. Gesteland, and T.G. Jr. Stockham. An auto-
mated film reader for dna sequencing based on homomorphic deconvo-
lution. IEEE Transactions on Biomedical Engineering, 41:509 –519,
1994.

[12] R. Kohn and C.F. Ansley. A fast algorithm for signal extrac-
tion, influence and cross-validation in state space models. Biometrika,
76(1):65–79, 1989.

[13] D.J.C. MacKay. Bayesian interpolation. Neural Computation,
4:415–447, 1992.

[14] P. Magni, R. Bellazzi, and G. De Nicolao. Bayesian func-
tion learning using MCMC methods. IEEE Trans. Signal Process.,
20:1319 –1331, 1998.

[15] T. Poggio and F. Girosi. Networks for approximation and
learning. IEEE Proc., 78:1481–1497, 1990.

[16] B.W. Silverman. Some aspects of the spline approach to non-
parametric regression curve fitting. J. R. Statist. Soc. B, 47:1–52,
1985.

[17] P. Speckman. Spline smoothing and optimal rates of conver-
gence in nonparametric regression models. The Annals of Statistics,
13:970–983, 1985.

[18] A.N. Tikhonov and V.Y. Arsenin. Solutions of ill-posed prob-
lems. Winston/Wiley, Washington, 1977.

[19] G. Ferrari Trecate and G. De Nicolao. Computing the equiv-
alent number of parameters of fixed-interval smoothers. Technical
Report AUT01-14, Institut für Automatik - ETH Zürich, 2001.
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