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Abstract

This paper presents a Moving Horizon Estimation (MHE) method for discrete-time

nonlinear systems decomposed into coupled subsystems withnon-overlapping states.

In the proposed algorithm, each subsystem solves a reduced-order MHE problem to

estimate its own state based on the estimates computed by itsneighbors. Conditions

for the convergence of the estimates are investigated. The algorithm is applied to a

model of three river reaches.

Keywords: Large scale systems, moving horizon estimator, system partitioning,

hydro power valley.

1. Introduction

Many industrial processes and physical systems are composed by a large number of

interconnected units,such as industrial plants [21] and power networks [22]. Their

control poses many algorithmic and technological problems, due for instance to their

large-scale nature and to limitations in information exchange.These problems motivate

the intense research activity in the design of distributed control systems, in particular

with Model Predictive Control (MPC) [19]. However, most of the distributed control

methods proposed so far are state-feedback, so that in orderto guarantee a fully dis-
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tributed control design, also distributed state estimation algorithms dealing with con-

straints are needed.

Early works in distributed estimation were aimed at reducing the computational com-

plexity of centralized Kalman filters by parallelizing computations, see e.g. [8, 15],

under the assumption that each subsystem has full knowledgeof the whole dynam-

ics. Subsequently, [13] proposed a solution based on the useof reduced-order and

decoupled models for each subsystem, while subsystems withoverlapping states were

considered in [10, 20, 21]. More recently, consensus-baseddistributed state estimators

for sensor networks where each sensor measures just some of the system outputs and

computes the estimate of the overall state have been studied, e.g. see [14]. Along the

same lines and in order to cope with constraint on noise and state variables, in [4, 5] dis-

tributed Moving Horizon Estimators (MHE) for sensor networks have been proposed.

Partition-based MHE algorithms (PMHE) for linear constrained systems decomposed

into interconnected subsystems without overlapping states have recently been devel-

oped in [6]. In these algorithms, each subsystem estimates its own states based on

information transmitted by its neighbors.

The aim of this paper is to extend the results of [6] to the caseof nonlinear systems.The

convergence properties of the method are guaranteed under suitable sufficient condi-

tions.

The proposed partition-based MHE is applied to the problem of estimating the levels

and flow rates in a model of three cascade river reaches. Interconnections between

successive reaches are due to the dependence of the input flowrate of the downstream

reaches to the level of the final section of the upstream ones,which cannot be mea-

sured, but just estimated from the available measures collected along the reach.

The paper is structured as follows. Section 2 introduces nonlinear partitioned systems

and the main assumptions concerning their dynamics. Section 3 describes the proposed

MHE algorithm, while convergence results are provided in Section 4. The illustrative

example is considered in Section 5. For the sake of readability, the proofs of the main

results are collected in an Appendix.

Notation. In and 0 denote then×n identity matrix and the matrix of zero elements

whose dimensions will be clear from the context. The notation ‖z‖2
S stands forzTSz,
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whereS is a symmetric positive-semidefinite matrix. Given a set of scalar variables

v = {vi1, . . . ,vin}, i1 < i2 < · · · < in, we use the short-hand(v) or (vi1, . . . ,vin) to de-

note the vector[vi1, . . . ,vin]T . By extension, ifvi1, . . . ,vin are sets of scalar variables,

(v) or (vi1, . . . ,vin) denote((vi1), . . . ,(vin)). With a little abuse of notation, sometimes

we will usev instead of(v). Given a functionf (x1, . . . ,xn) : D ⊆ R
n → R

m we define

arg( f ) = {xi : f is not constant inxi onD}. For a discrete-time signalwt anda,b∈ N,

a≤ b, w[a:b] = (wa,wa+1, . . . ,wb). For the definition of positive-definite,K , K∞ and

K L functions we defer the reader to [17]. Finally, givenxk,x∗k ∈R
n, we define‖xk−

x∗k‖[a:b] =

maxk∈[a:b] ‖xk− x∗k‖, where‖ · ‖ denotes the Euclidean norm.

2. Nonlinear large-scale systems

We consider the discrete-time nonlinear system

xt+1 = f(xt ,ut)+wt , (1)

wherext = (x1
t , . . . ,x

n
t ) ∈ R

n is the state,wt ∈ R
n is the process noise andut ∈ R

m is

the input. Measurements are performed according to the sensing model

yt = h(xt ,ut )+ vt (2)

wherevt ∈ R
p is the measurement noise. We assume thatf(xt ,ut) has continuous par-

tial derivatives with respect to the argumentxt and satisfies the following Assumption.

Assumption 1. Functionf : X×R
m ⊆ R

n → R
n, whereX⊆ R

n, is globally Lipschitz

with respect tox· i.e., ∃lx > 0 :∀x1,x2 ∈ X, for all u ∈ R
m and

‖f(x1,u)− f(x2,u)‖ ≤ lx‖x1− x2‖ (3)

We split system (1) intoM interconnected submodels by choosing a time-invariant

partition of elements ofxt into the setsx[1]t , . . . , x[M]
t , so thatxt = (x[1]t , . . . ,x[M]

t ) up

to an index permutation, wherex[i]t ∈ R
ni for all i = 1, . . . ,M. Accordingly, we define
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f(xt ,ut) = ( f [1](xt ,ut), . . . , f [M](xt ,ut )), andwt = (w[1]
t , . . . ,w[M]

t ) so that the dynamics

of subsystemi is

x[i]t+1 = f [i](xt ,ut)+w[i]
t (4)

wherew[i]
t ∈ R

ni for all i = 1, . . . ,M. The partition induces an interconnection network

in the form of a directed graphG = (V ,E ) where nodes inV = {1, . . . ,M} are sub-

systems and( j, i) ∈ E if and only if i 6= j and∃xk
t ∈arg( f [i](·,ut)) : xk

t ∈ x[ j ]t .

Defining Ni = { j : ( j, i) ∈ E }, u[i],xt = {x[ j ]t , j ∈ Ni} and

u[i]t = {uk
t : uk

t ∈arg( f [i](xt , ·))} ∈ R
mi , model (4) can be written as

x[i]t+1 = f [i](x[i]t ,u[i],xt ,u[i]t )+w[i]
t (5)

We assume that the state of subsystemi fulfills the constraintx[i]t ∈ Xi , whereXi is a

convex set. IfX= ∏M
i=1Xi = R

n we say that the system is unconstrained.

In view of Assumption 1 we have that, for alli = 1, . . . ,M, there exist Lipschitz con-

stantsl i j > 0 : ∀x[ j ]1 ,x[ j ]2 ∈ X j , j ∈ Ni ∪{i}, for all u[i] ∈ R
mi , such that

‖ f [i](x[i]1 ,u
[i],x
1 ,u[i])− f [i](x[i]2 ,u

[i],x
2 ,u[i])‖

≤ l ii‖x[i]1 − x[i]2 ‖+ ∑
j∈Ni

l i j ‖x[ j ]1 − x[ j ]2 ‖ (6)

We denote asL the matrix whosei-th row, i = 1, . . . ,M, is composed by the elements

l i j if j ∈ Ni ∪{i} and 0 otherwise.

As for the outputs of subsystems, we assume that the setsy[1]t , . . . , y[M]
t are a time-

invariant partition of variables inyt and, analogously, the setsv[1]t , . . . , v[M]
t are a time-

invariant partition of variables invt verifying

y[i]t = h[i](x[i]t ,u[i]t )+ v[i]t (7)

for suitable functionsh[i]. Note that (7) assumes thaty[i]t only depends upon the local

variablesx[i]t andu[i]t . We highlight that this structural assumption is made only for the

sake of simplicity and the main results can be generalized tothe case where it does not

hold.

From now on, we assume that the system partitioning and the input sequence{uk} are

such that the following observability assumption on the local subsystems is satisfied

(see [17] forM = 1).
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Assumption 2. For all i = 1, . . . ,M and j∈ Ni , there exists noi ∈N\{0} and functions

γ [i]w (·), γi j (·), γ [i]y (·) ∈ K such that for every initial states x[i]0 , x∗[i]0 , for any feasible

sequences x[ j ]
[0:k−1], x∗[ j ]

[0:k−1] and for any disturbance sequences w[i]
[0:k−1], w∗[i]

[0:k−1]

‖x[i]0 − x∗[i]0 ‖ ≤ γ [i]w (‖w[i]
t −w∗[i]

t ‖[0:k−1])

+γ [i]y (‖y[i]t − y∗[i]t ‖[0:k])+∑ j∈Ni
γi j (‖x[ j ]t − x∗[ j ]t ‖[0:k−1])

(8)

where k≥ no
i , and y[i]t and y∗[i]t are the output sequences stemming from(w[i]

t ,u[i],xt ,u[i]t )

and(w∗[i]
t ,u∗[i],xt ,u[i]t ) with initial conditions x[i]0 and x∗[i]0 , respectively.

3. A non-iterative moving horizon partition-based algorithm

Our aim is to design, for each subsystem, a non-iterative distributed estimation scheme

based on neighbor-to-neighbor communication for computing a reliable estimate ˆx[i]

of x[i] based on the measurementsy[i] and on the crosstalk termsu[i],x provided by the

estimators associated to the other subsystems. We extend tononlinear systems the

partitioned moving horizon estimation scheme of [6], whichis here denoted NPMHE.

3.1. Model for estimation and information transmission graph

We denote with ˆx[i]t1/t2
the estimate ofx[i]t1 performed at timet2 by subsystemi and we

define x̂t1/t2 = (x̂[1]t1/t2
, . . . , x̂[M]

t1/t2
). At each instantt ≥ N we assume that an estimate

of the crosstalk termu[i],xk k = t −N, . . . , t is provided by the neighbors at timet − 1,

therefore allowing for decentralization of the state estimation algorithm. At timet the

estimation model is, fork= t −N, . . . , t −1

x̂[i]k+1 = f [i](x̂[i]k , û
[i],x
k/t−1,u

[i]
k )+ ŵ[i]

k (9a)

y[i]k = h[i](x̂[i]k ,u
[i]
k )+ v̂[i]k (9b)

In (9), û[i],xk/t−1 is the set of variables{x̂[ j ]k/t−1, j ∈ Ni} i.e., the estimates of the system’s

states to be transmitted to subsystemi from neighbors at timet. Therefore, subsys-

tems communicate over a network that has the same topology ofthe interconnection

graph. Finally, note that the noise estimates ˆw[i]
k andv̂[i]k in (9) encompass both the noise

appearing in the equations (5), (7) and the estimation errordue to the uncertainty on

û[i],xk/t−1.
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3.2. The NPMHE estimation problems

Given an estimation horizonN ≥ 1, in order to perform the NPMHE algorithm, each

nodei ∈ V at timet solves the constrained minimization problem NMHE-i defined as

Θ∗[i]
t = min

x̂[i]t−N,ŵ
[i]

J[i](t −N, t, x̂[i]t−N, ŵ
[i], v̂[i],Γ[i]

t−N) (10)

whereŵ[i] and v̂[i] stand forŵ[i]
[t−N:t] and v̂[i]

[t−N:t], respectively, under the constraints

imposed by system (9) and

x̂[i]k ∈ Xi , k= t −N, . . . , t (11)

The local cost functionJ[i] is given by

J[i](t −N, t, x̂[i]t−N,ŵ
[i], v̂[i],Γ[i]

t−N) =
t

∑
k=t−N

L[i](ŵ[i]
k , v̂

[i]
k )

+Γ[i]
t−N(x̂

[i]
t−N; x̂[i]t−N/t−1) (12)

In (12), the functionsL[i] andΓ[i]
t−N are thestage costand theinitial penalty, respec-

tively, and must be defined in order to satisfy the following assumption.

Assumption 3. L[i], Γ[i]
0 and Γ[i]

t−N −Θ∗[i]
t−1, t > N are continuous, bounded, positive

definite and satisfy the following inequalities for all w[i] ∈ R
ni , v[i] ∈ R

pi , x[i]1 ,x
[i]
2 ∈ R

ni

γ
L
(‖(w[i],v[i])‖)≤ L[i](w[i],v[i]) (13a)

Γ[i]
0 (x

[i]
1 ;x[i]2 )≤ γ0(‖x[i]1 − x[i]2 ‖) (13b)

whereγ
L

andγ0 are suitableK∞ functions.

The quantities ˆx[i]t−N/t and
{

ŵ[i]
k/t

}t

k=t−N
are the optimizers to (10) and ˆx[i]k/t , k= t −N+

1, ..., t is the local state sequence stemming from ˆx[i]t−N/t , {û[i]k/t−1}
t−1
k=t−N and

{

ŵ[i]
k/t

}t−1

k=t−N
.

Note that subsystems, during each sampling interval, solvein parallel the local opti-

mization problems (10) and exchange information with theirneighbors.

Research on efficient numerical methods for the solution of optimization problems sim-

ilar to (10) is currently very active (see [3] and referencestherein). An algorithm with

low computational burden is proposed in [23], where it is shown that very effective

results can be obtained even for large-scale applications.
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3.3. The collective minimization problem

We denote byJ the sum of the local cost functionsJ[i], given by (12), i.e.

J =
M

∑
i=1

J[i](t −N, t, x̂[i]t−N, ŵ
[i], v̂[i],Γ[i]

t−N) (14)

We define the collective vectorŝxt = (x̂[1]t , . . . , x̂[M]
t ) ∈ R

n, v̂t = (v̂[1]t , . . . , v̂[M]
t ) ∈ R

p,

ŵt = (ŵ[1]
t , . . . , ŵ[M]

t ) ∈ R
n and rewriteJ as

J =
t

∑
k=t−N

L(ŵk, v̂k)+ΓΓΓt−N(x̂t−N; x̂t−N/t−1) (15)

whereL andΓΓΓt−N are given by

L(ŵk, v̂k) =
M

∑
i=1

L[i](ŵ[i]
k , v̂

[i]
k ) (16a)

ΓΓΓt−N(x̂t−N; x̂t−N/t−1) =
M

∑
i=1

Γ[i]
t−N(x̂

[i]
t−N; x̂[i]t−N/t−1) (16b)

We define the function

f̃(x̂k, x̂k/t−1,uk) = ( f [1](x̂[1]k , û[1],xk/t−1,u
[1]
k ),

, . . . , f [M](x̂[M]
k , û[M],x

k/t−1,u
[M]
k ))

so that constraints (9) and (11) can be written in the collective form

x̂k+1 = f̃(x̂k, x̂k/t−1,uk)+ ŵk (17a)

yk = h(x̂k,uk)+ v̂k (17b)

x̂k ∈ X (17c)

with k= t −N, . . . , t. The solution to

min
x̂t−N,ŵ

J(t −N, t, x̂t−N, ŵ, v̂,ΓΓΓt−N) (18)

whereŵ and v̂ are short-hand for̂w[t−N:t] and v̂[t−N:t] respectively, is equivalent to

the solution to the MHE-i problems (10), in the sense that ˆx[i]t−N/t ,{ŵ[i]
k/t}

t
k=t−N is a

solution to (10) if and only if̂xt−N/t ,{ŵk/t}
t
k=t−N is a solution to (18), wherêwk/t =

(ŵ[1]
k/t , . . . , ŵ

[M]
k/t ). In fact, at timet, variableŝxk/t−1 are fixed inputs for the system (17).
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We define the transit cost for subsystemi as

Ξ[i]
[t−N+1:t]/t(z

[i]
[t−N+1:t]) = (19)

= min
x̂i

t−N,ŵ
i

{

J[i](t −N, t, x̂[i]t−N, ŵ
[i], v̂[i],Γ[i]

t−N)

subject to (9), (11) and ˆx[i]k = z[i]k for k= t −N+1, . . . , t
}

and define the collective transit cost in a generic sequencezk = (z[1]k , . . . , z[M]
k ) ∈ R

n

k= t −N+1, . . . , t as

ΞΞΞ[t−N+1:t]/t(z[t−N+1:t]) = min
x̂t−N,ŵ

{J(t −N, t, x̂t−N, ŵ, v̂,ΓΓΓt−N)

subject to (17) and̂xk = zk for k= t −N+1, . . . , t} (20)

It holds that

ΞΞΞ[t−N+1:t]/t (z[t−N+1:t]) =
M

∑
i=1

Ξ[i]
[t−N+1:t]/t (z

[i]
[t−N+1:t]) (21)

From (16) and in view of Assumption 3 there exist suitableK∞ functionsγ∗
L

andγ∗0
such that

γ∗
L
(‖(w,v)‖)≤ L(w,v) (22a)

ΓΓΓ0(x1;x2)≤ γ∗0(‖x1− x2‖) (22b)

for all w ∈ R
n, v ∈R

p andx1,x2 ∈R
n.

We discuss now the choice of the initial penaltiesΓ[i]
t−N.

Assumption 4. Given a state sequencezk ∈ X, k= t −N, . . . , t −1, the following in-

equalities are verified

ΘΘΘ∗
t−1 ≤ ΓΓΓt−N(zt−N; x̂t−N/t−1) (23)

t−1

∑
k=t−N

L(f̃(zk,zk,uk)− f̃(zk, x̂k/t−1,uk),0)+ (24)

+ΓΓΓt−N(zt−N; x̂t−N/t−1)≤ ΞΞΞ[t−N:t−1]/t−1(z[t−N:t−1])

whereΘΘΘ∗
t−1 = ∑M

i=1 Θ∗[i]
t−1.
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Remark 3.1. Assumption 4 is critical. In fact, even in case M= 1 (i.e., trivial parti-

tion) where one has that∑t−1
k=t−N L(f̃(zk,zk,uk)− f̃(zk, x̂k/t−1,uk),0) = 0, there are just

approximate methods for computing initial penaltiesΓΓΓt−N 6= ΘΘΘ∗
t−1 verifying (23) and

(24), see [17].

However,z[t−N:t−1] = x̂[t−N:t−1]/t−1 are minimizers ofΞΞΞ[t−N:t−1]/t−1(z[t−N:t−1]) and

yield ΞΞΞ[t−N:t−1]/t−1(z[t−N:t−1]) = ΘΘΘ∗
t−1. Hence(23)-(24) imply that x̂[t−N:t−1]/t−1 is a

minimizer ofΓΓΓt−N and thatΓΓΓt−N(x̂t−N/t−1; x̂t−N/t−1) = ΘΘΘ∗
t−1.

As in [6], a choice forL[i] andΓ[i]
t−N fulfilling Assumption 3 and (23) is

L[i] =
1
2
‖ŵ[i]

k ‖2
(Q[i])−1 +

1
2
‖v̂[i]k ‖2

(R [i])−1 (25)

Γ[i]
t−N =

1
2
‖x̂[i]t−N − x̂[i]t−N/t−1‖

2
(Π[i]

t−N/t−1)
−1
+Θ∗[i]

t−1 (26)

whereQ[i] andR [i] are suitable symmetric and positive-definite matrices, andΠ[i]
t−N/t−1

is a symmetric semi definite-positive matrix.

It is easy to prove that, under Assumption 1 and if the stage cost and the initial penalty

are defined as in (25) and (26), respectively, Assumption 4 isverified if, for each

subsystemi, the following inequality is satisfied, for all sequencesz[i]k ∈ Xi , k = t −

N, . . . , t −1

1
2

t−1

∑
k=t−N

qi‖z[i]k − x̂[i]k/t−1‖
2+

1
2
‖z[i]t−N − x̂[i]t−N/t−1‖

2
(Π[i]

t−N/t−1)
−1
+

+Θ[∗[i]]
t−1 ≤ Ξ[i]

[t−N:t−1]/t−1(z
[i]
[t−N:t−1]) (27)

where, for alli, qi =∑M
j=1 l̃ ji , l̃ i j =M l2i j σmax

(

(Q[i])−1
)

if j ∈Ni andl̃ i j = 0 otherwise,

andσmax(·) denotes the maximum singular value of its argument.

Note that (27), in view of this, the implementation of the NPMHE estimation scheme

results to be completely decentralized.

4. Convergence properties of the proposed estimators

In this section the convergence results reported in [16] forcentralized estimators are

extended to the proposed NPMHE scheme. Similarly to [16], these properties are

analyzed in a deterministic setting.

9



Qout
Qin

Reach and hydropower plant 1 Reach and hydropower plant 2 Reach and hydropower plant 3

P
o

w
e
r

H
o

u
s

e

W
e

ir  

h
y

d
ro

p
o

w
e
r 

p
la

n
t

Q
[1]

D
Q

[1]
=Q

[2]

out        in

Q
[1]

t

P
o

w
e
r

H
o

u
s

e

W
e

ir  
h

y
d

ro
p

o
w

e
r 

p
la

n
t

P
o

w
e
r

H
o

u
s

e

W
e

ir  

h
y

d
ro

p
o

w
e
r 

p
la

n
t

Q
[2]

=Q
[3]

out        in Q
[3]

D
Q

[2]

D

Q
[2]

t
Q

[3]

t

Figure 1: River scheme.

Definition 1. LetΣ be system(1) with wt = 0 and denote byxΣ(t,x0) the state reached

by Σ at time t starting from initial conditionx0 with input sequenceuk, k= 0, . . . , t −

1. Assume that the trajectoryxΣ(t,x0) is feasible,i.e., xΣ(t,x0) ∈ X for all t. Then,

NPMHE is asymptotically convergent if‖x̂t/t − xΣ(t,x0)‖
t→∞
−→ 0.

Moreover, in order to state the main convergence result of the paper, some further

definitions are required.

Definition 2. Let η ≥ 0 and r be a real and an integer number respectively. Then,

λ (η , r) is a function defined as

λ (η , r) =
1−η r

1−η
, if η 6= 1, andλ (η , r) = r, if η = 1

Definition 3. TheK∞-functionsγ̃i j are defined as

γ̃i j (η) = max
k∈[t−N+1:t]

(

lk−(t−N)
ii γi j (η)+ l i j λ (l ii ,k− (t −N))η

)

(28)

Definition 4. (see from [2]). Given a vectorδδδ ∈R
M, with scalar componentsδ [i] ≥ 0,

i = 1, . . . ,M, we define the gain map

Γ̃(δδδ ) =











∑ j∈N1
γ̃1 j(δ [ j ])
...

∑ j∈NM
γ̃M j(δ [ j ])











(29)

and the diagonal operator D: RM →R
M such that

D(δδδ ) :=











(Id+d1)(δ [1])
...

(Id+dM)(δ [M])
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whereId is the identity function and di ∈ K∞, i = 1, . . . ,M.

Finally we need to introduce asmall gain condition, which will be fundamental to

guarantee convergence of NPMHE and is derived from [2]. Specifically, we will require

that, for allδδδ 6= 0, with componentsδ [i] ≥ 0, i = 1, . . . ,M one has

Γ̃◦D 6≥ Id (30)

Inequality (30) requires that, for allδδδ , at least one component of vectorΓ̃(D(δδδ ))

strictly decreases.As shown in the proof of Theorem 1, the quantityδ [i] is related

to the magnitude of the estimation error for the subsystemi over a time horizon, and̃Γ

models the mutual interactions ofδ [i] variables. Furthermore, in the linear framework,

Γ̃ is a square matrix of system gains and condition (30) amountsto verify that Γ̃ is

Schur. For further details we defer the reader to [2].

Theorem 1. If Assumptions 1, 2, 3 and 4 hold and if, for allδδδ 6= 0, with components

δ [i] ≥ 0, i = 1, . . . ,M, (30) is verified, then NPMHE is asymptotically convergent.

Recall that a Directed Acyclic Graph (DAG) is a directed graph with no cycles. Namely,

G is a DAG if, for all subsystemsi and j, when there is a path fromi to j, then there

does not exist a path fromj to i.

Corollary 1. If Assumptions 1, 2, 3 and 4 hold and if the interconnection graph is a

DAG, then the NPMHE scheme is asymptotically convergent.

5. An application: three cascade river reaches

In this section we apply NPMHE to a system composed by three river reaches. The

development of distributed predictive control techniquesfor this system requires proper

estimation of the states of the reaches, i.e. levels and flow rates at different points, as

well as of the disturbances, which correspond to unknown input/output terms (e.g.,

creeks, rain, leakages).
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5.1. Model of the reaches

Each reach is endowed with a power house placed in a lateral channel where a turbine

generates the electric power, and with a weir along the main natural river course, see

Fig.1. The model of a single reach is based on the classical deSaint Venant equations,

see e.g. [18], [7], [11], [12]. Lettingx ∈ R be the main spatial coordinate defined by

the flow direction andτ be the continuous time, the assumptions of constant river width

W(x) and rectangular cross sectionS(x,τ) are made. Furthermore, we assume that the

river friction slope is given by the Manning-Strickler equation [11]. According to the

previous assumptions and denoting withH(x,τ) andQ(x,τ) the river height and the

flow rate, respectively, we write the de Saint Venant equations as

∂H
∂τ =− 1

W
∂Q
∂x

∂Q
∂τ = −2Q

WH
∂Q
∂x +

(

(

Q
H

)2
1
W −gWH

)

∂H
∂x +gWI0H

− gWH
k2
str

(

W+2H
WH

)4/3
(

Q
WH

)2

(31)

where, for simplicity, we omit the dependence of the variablesQ andH uponx andτ, g

is the gravitational acceleration,I0 is the bed slope andkstr is the Strickler coefficient.

For simulation and estimation purposes, we discretize the model intoNc sections along

the flow direction, each one with length∆x= X/Nc, whereX is the total length of the

reach. To avoid unnecessary stiffness, the crossing sections of the different variables

are overlapped. The flow ratesQ are computed at the crossing of each section while

the heightsH are computed in the middle of the section, see Fig.2 and the references

[18], [7]. The discretization is made by the finite difference method by approximating

the derivatives with the first term in the Taylor series expansions ofQ andH around

any pointχi:
∂Q2i
∂ χ2i

=
Q(χ2i+2)−Q(χ2i)

χ2i+2−χ2i
∂H2i−1
∂ χ2i−1

=
H(χ2i+1)−H(χ2i−1)

χ2i+1−χ2i−1

The boundary conditions are given by the inlet flow rate at thefirst reachQin and by

the output flow rateQout, which is a function of the level at the end of the third reach,

i.e. Qout =Qout(H2Nc+1). For the second and third reaches, the inlet flow rates coincide

with the outlet flow rate of the upstream reach. The output flowrate of each reach is

Qout = Qt +QD(H2Nc+1) (32)

12



H1 H3 H5 H2Nc-1 H2Nc+1

h
y

d
ro

p
o

w
e

r p
la

n
t  

a
n

d
 p

o
w

e
r h

o
u

s
e

Q2
Qin Q2NcQ6Q4 Qout

1 2Nc+12Nc2Nc-165432

x/2 x/2x

l2

l1

Figure 2: Spatial discretization of each reach. The portionof the reach enclosed in the dashed frame corre-

sponds to the portion of each reach enclosed in the dashed frame in Fig.1.ωl1, ωl2 are flow disturbances and

ωl2 = 0 for reaches 1 and 3.

where

QD(H2Nc+1) = kweirAweir

√

2g(H2Nc+1) (33)

kweir is a parameter that depends of the characteristic of the dam,Aweir is the weir

cross-sectional area,QD is the flow rate through the weir of the dam andQt is the flow

rate through the channel and the power house, assumed constant in the considered state

estimation problem. In the following we divide each reach into Nc = 5 cells.

5.2. Disturbances model

We assume that each reach is affected by an unmeasurable inlet flow rateωl1 acting at

the beginning of each reach and which represents the variation of the inflowQin due

to the variations of the concession level of an upstream dam.Moreover, an additional

flow rateωl2 is placed at the input of the third cell of the second reach to model the

presence of an unknown affluent. Bothωl1 and ωl2 are generated as the sum of a

constant term (ω1 andω2) and the state (d1 andd2) of a first-order stable system fed

by zero-mean White Gaussian Noises (WGN)w1(k) andw2(k) with variancesσ2
1 and

σ2
2 , respectively. We include saturation constraints to impose that these disturbances

are non negative.
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5.3. River data and available measurements

The three reaches have the same geometric characteristics:the length and the width of

each reach are 4000[m] and 100[m], respectively, the slope of the bed of each reachI0

is 0.0033, the sectionAweir and the discharge coefficientkweir of the weir of the dam

are 18.26[m2] and 0.6, respectively, the nominal flow rate through the turbineQt is

100[m3/s], and the Strickler coefficientkstr is 30[m1/3/s]. In nominal stationary con-

ditions, the considered constant flow rate isQ = 300[m3/s], while the values of the

height areH̄1 = 3.83[m], H̄3 = 7.11[m], H̄5 = 10.4[m], H̄7 = 13.7[m], H̄9 = 17[m]. As

for the disturbances, we use the following values:ω1 = 10[m3/s],ω2 = 30[m3/s],σ2
1 =

σ2
2 = 5, while the filters have gain equal to 0.5 and time constant 105[s]. Moreover, we

assume that the inflowQin of the first reach is known, as well as the flow rates through

the turbines, while for estimation and control purposes three measurements are avail-

able for any reach, namely the levelsH1 andH5 and the flow rateQ8 in the first and

third reaches, and the variablesH1, H7 andQ4 in the second reach. These measure-

ments are affected by noise; a WGN with zero mean and varianceσ2 = 0.1 is added

to the level measures, while a zero mean WGN with unitary variance corrupts the flow

measure. Remarkably, the measured flowQ8 does not correspond to the inflow of the

downstream reach, see eqs. (32) and (33), so that there is an effective coupling between

the estimation problems. This motivates the use of the NPMHEscheme presented in

the previous sections.

5.4. MHE and simulation results

We apply NPMHE to the three reaches viewed as a system with a cascade structure;

therefore, Corollary 1 is automatically verified. The reaches are described by the equa-

tions arising from the spatial discretization of 31, while the mutual influences are due

to the relations (32) and (33). As such, fori = 1,2,3, the state of the subsystems are

x[i] = (H [i]
1 ,Q[i]

2 ,H
[i]
3 ,Q[i]

4 ,H
[i]
5 ,Q[i]

6 ,H
[i]
7 ,Q[i]

8 ,H
[i]
9 ), while the inputs areu[i] = Qt . Positiv-

ity constraints on all the estimated states have been imposed and flowsQ[i]
j (i = 1,2,3,

j = 2,4,6,8) are constrained to be smaller than 450[m3/s]. Furthermore, we con-

sider additional constraints for each reach, on the absolute value of the difference be-

tween subsequent fluxes and levels e.g.,|Q[1]
2 j −Q[1]

2 j+2| ≤ 30 m3/s, |Q[2]
2 j −Q[2]

2 j+2| ≤ 150

14



m3/s, and|Q[3]
2 j −Q[3]

2 j+2| ≤ 65 m3/s, j = 1,2,3 and|H [i]
2( j−1)+1−H [i]

2 j+1| ≤ 5 m, for all

i = 1,2,3, and j = 1,2,3.

We discretize the models of the reaches with a sampling time∆τ = 60[s] to implement

NPMHE that assumes discrete-time systems. In the discrete-time model so obtained,

we assume that that the state disturbancewt (see (1)) acts on the statesH1,Q2 for the

first and third reaches, and onH1,Q2,H5,Q6 for the second reach.

The stage cost and the initial penalty (see (12)) are given byequations (25) and (26).

whereΠ[i]
t−N/t−1 = 10I9, i = 1,2,3. The matricesQ[i] are diagonal with elements equal

to 3.33·104 for the non-zero components ofwt , and equal to very small values for its

zero components. Also the matricesR [i] have been chosen as diagonal, with elements

equal to 200 for the level estimation errors and to 2· 103 for the flow rate estimation

errors.

We perform the simulation experiments with MATLAB and we carry out optimizations

with the TOMLAB optimization environment [9]. We add a sinusoidal variation of am-

plitude±30[m3/s] and period of about 2.3[h] to the nominal inlet flow rateQin.

In Figs. 3- 5 we show the results obtained by applying NPMHE toa case where the es-

timator initial conditions are in the range of 10% with respect to the real system’s initial

conditions. Figs.3 and 4 show the true and estimated values of the levelsH [i]
9 and of the

flow ratesQ[i]
2 , respectively, fori = 1,2,3. Finally, Fig.5 depicts the true and estimated

disturbances both acting on the initial section of the threereaches and on the second

section of reach 2. These results clearly show that, after aninitial transient partly due

to the optimization procedure, all the estimates converge to the true values. We also

show a comparison with a centralized MHE (cMHE) algorithm [16] in terms both of

estimation accuracy and of computational burden required to perform the optimization

task. The estimation accuracy is evaluated in terms of the mean of the square esti-

mation error‖xt − x̂t‖
2, computed both in stationary conditions (t ∈ [2400,16000] s)

and including the initial transient (t ∈ [1,16000] s), denoted sMSE and nsMSE, respec-

tively. With cMHE, we obtain sMSE=15.19 and nsMSE=157.16 while, with NDMHE,

sMSE=15.53 and nsMSE=196.47. This results show that NPMHE produces a small

degradation in estimation accuracy with respect to the centralized solution, mainly
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Figure 3: LevelsH[i]
9 , for i = 1,2,3.
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Figure 4: Flow ratesQ[i]
9 , for i = 1,2,3.

during the initial transient. The average computational time required to solve cMHE

is T̄c = 138.27 s while optimization problems NMHE-i, for reaches 1,2 and 3, require
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Figure 5: Disturbances acting on the three reaches.

T̄1 = 8.21 s, T̄2 = 29.64 s andT̄1 = 44 s, respectively. Therefore, in the considered

scenario, the computational burden required for solving cMHE can become prohibitive

if the number of subsystemsM is large, while the computational load required to solve

NPMHE for each single subsystem is independent ofM.

Finally, we test the reliability of NPMHE with respect to different estimator initial con-

ditions generated as follows. We compute, for each reach (i = 1,2,3), the steady states

corresponding to flux boundary conditionsQ[i]
in of 150, 225, 375 and 450 m3/s and level

boundary conditionsH [i]
9 of 8, 12.5, 21.5 and 26 m. Then we set initial estimates to

these steady states. This procedure allowed us to generate 16 physically meaningful

initial estimates corresponding to variations of fluxes andlevels spanning more than

50% of their nominal values. NPMHE performances are evaluated using the variables

H [2]
3 andQ[2]

6 , that correspond to the level and the flux displaying higher estimation

errors. In the sequel,et, j = xt − x̂t, j denote the estimation error for a generic scalar

variablex̂t, j and is its estimate obtained in experimentj = 1, . . . ,16. Fig.6 shows, for

bothH [2]
3 andQ[2]

6 , the evolution of the mean estimation error ¯et = (1/16)∑16
j=1ej ,t and

ēt ±2σt , beingσt the standard deviation ofej ,t i.e.,σ2
t = (1/16)∑16

j=1(ej ,t − ēt)
2. It is

apparent that, while wrong initial priors affect the estimation performance during the
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initial transient, in stationary conditions this effect asymptotically vanishes.
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Figure 6: Mean estimation error ofxt (solid line)±2σt (dashed lines), forH[2]
3 (above) andQ[2]

6 (below).

6. Discussion and conclusions

A novel distributed moving horizon estimation scheme has been proposed for large

scale systems with nonlinear dynamics which can be partitioned into a number of sub-

systems with non overlapping states. The convergence properties of the method have

been analyzed and sufficient conditions have been derived. The proposed approach has

been applied to three river reaches and simulation results confirm the viability of the

proposed approach.

Future work will be devoted to the derivation of weaker convergence conditions as

well as to the development of automatic methods for the tuning of the algorithm’s free

design parameters, i.e. the disturbance and measurement errors weights in the perfor-

mance index.This can be of great importance, not only to guarantee convergence, but

also to reduce the effect of disturbances on the estimation error. In the deterministic

centralized setting, the effect of bounded disturbances onthe estimator quality has been

studied in [1]. Finally, analyses of the potentialities of different design choices will be
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carried out. For instance, the possibility of exploiting asynchronous transmission pro-

tocols or allowing different and minimal estimation horizons in each local estimation

problem will be subject of future research efforts.

7. Proofs

Since system (5) is time-invariant, forN ≥ n̄o = max{no
i }, Assumption 2 guarantees

that

‖x[i]t−N −x∗[i]t−N‖ ≤ γ [i]w (‖w[i]
k −w∗[i]

k ‖[t−N:t−1]) (34)

+ γ [i]y (‖y[i]k −y∗[i]k ‖[t−N:t])+ ∑
j∈Ni

γi j (‖x[ j]k −x∗[ j]k ‖[t−N:t−1])

wherey[i]k andy∗[i]k are the output sequences stemming from(w[i]
k ,u

[i],x
k ,u[i]k ) and(w∗[i]

k ,u∗[i],xk ,u[i]k )

with initial conditionsx[i]t−N andx∗[i]t−N, respectively.

Lemma 1. If Assumptions 3 and 4 hold then
t

∑
k=t−N

L(ŵk/t , v̂k/t)
t→∞
−→ 0 (35)

Proof. The proof is similar to the one in [16]. For allt ≥ 0, in view of (23) one has

ΘΘΘ∗
t −ΘΘΘ∗

t−1 ≥
t

∑
k=t−N

L(ŵk/t , v̂k/t) (36)

By optimality ΘΘΘ∗
t ≤ ΞΞΞ[t−N+1:t]/t ({xΣ(k,x0)}

t
k=t−N+1) ∀t > N. The trajectory stem-

ming from xΣ(t −N,x0), ŵ∗
k = f̃(xΣ(k,x0),xΣ(k,x0),uk)− f̃(xΣ(k,x0), x̂k/t−1,uk) for

k= t −N, . . . , t −1 andŵ∗
t = 0 isxΣ(k,x0) for k= t −N+1, . . . , t, and hence it is fea-

sible. Sincey[t−N:t] corresponds to the deterministic system output (see Definition 1),

it follows that v̂k = yk − h(xΣ(k,x0),ut ) = 0 for all k = t −N, . . . , t. Moreover, by

optimality

ΞΞΞ[t−N+1:t]/t ({xΣ(k,x0)}
t
k=t−N+1)

≤ J(t −N, t,xΣ(t −N,x0), ŵ∗,0,ΓΓΓt−N)

From (15), one has

J(t −N, t,xΣ(t −N,x0), ŵ∗,0,ΓΓΓt−N) =

=
t−1

∑
k=t−N

L(ŵ∗
k,0)+ΓΓΓt−N(xΣ(t −N,x0); x̂t−N/t−1),
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and in view of (24),ΘΘΘ∗
t ≤ ΞΞΞ[t−N:t−1]/t−1({xΣ(k,x0)}

t−1
k=t−N). We can iterate this proce-

dure and prove that

ΘΘΘ∗
t ≤ Γ∗

0(x0;m0)≤ γγγ0(‖x0−m0‖) (37)

for all t, for anyx0 ∈ X, wherem0 ∈ X is the prior estimate ofx0 and whereγ∗0 is a

suitableK∞ function, in view of (22b), which derives from Assumption 3.

Finally, from (36) the sequenceΘΘΘ∗
t is increasing and from (37) it is bounded. Therefore

ΘΘΘ∗
t converges and, from (36), (35) follows. �

Proof of Theorem 1 Since Assumptions 3 and 4 hold, by Lemma 1 equation (35)

is guaranteed. In view of (22a), it implies that

max
k∈[t−N:t]

(‖v̂k/t‖,‖ŵk/t‖)
t→∞
−→ 0 (38)

Notice that, in the noiseless case (w[i]
Σ (k) = 0 for all k andi = 1, . . . ,M), for anyt, the

trajectoryxΣ(t,x0) is generated by the system

xΣ(t +1,x0) = f̃(xΣ(t +1,x0),xΣ(t +1,x0),ut ) (39)

and the output signal, for each sub-system, is

y[i]k = h[i](x[i]Σ (k,x0),u
[i]
k )

andv̂[i]k/t = y[i]k −h[i](x̂[i]k/t ,u
[i]
k ). Recalling (34), we obtain that

‖x̂[i]t−N/t −x[i]Σ (t −N,x0)‖ ≤ γ [i]w (‖w[i]
Σ (k)− ŵ[i]

k ‖[t−N:t−1])+

γ [i]y (‖v̂[i]k/t‖[t−N:t])+∑ j∈Ni
γi j (‖x̂[ j]k/t−1−x[ j]Σ (k,x0)‖[t−N:t−1])

(40)

From (38) we obtain that, for alli = 1, . . . ,M there exists a positive sequenceα [i]
t

satisfyingα [i]
t

t→∞
−→ 0 such that

‖x̂[i]t−N/t − x[i]Σ (t −N,x0)‖ ≤

≤ ∑ j∈Ni
γi j (‖x̂[ j ]k/t−1− x[ j ]Σ (k,x0)‖[t−N:t−1])+α [i]

t

(41)

Recall thatu[i],xk/t−1 = {x̂[ j ]k/t−1, j ∈Ni} and, in the noiseless setting,u[i],xk = {x[ j ]Σ (k,x0), j ∈

Ni}. Fork≥ t −N, in view of (9b)

x̂[i]k+1/t = f [i](x̂[i]k/t ,u
[i],x
k/t−1,u

[i]
k )+ ŵ[i]

k/t (42)
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while x[i]Σ (k,x0) stems from (39), that is

x[i]Σ (k+1,x0) = f [i](x[i]Σ (k,x0),u
[i],x
k ,u[i]k ) (43)

Defining∆[i]
k1/k2

= x̂[i]k1/k2
− x[i]Σ (k1,x0), we obtain, from (42) and (43)

∆[i]
k+1/t = f [i](x[i]Σ (k,x0)+∆[i]

k/t ,{x[ j]Σ (k,x0)+∆[ j]
k/t−1} j∈Ni

,u[i]k )

− f [i](x[i]Σ (k,x0),{x[ j]Σ (k,x0)} j∈Ni
,u[i]k )+ ŵ[i]

k/t (44)

From (44) and (6) (which derives from Assumption 1) it follows that:

‖∆[i]
k+1/t‖ ≤ l ii‖∆[i]

k/t‖+ ∑
j∈Ni

l i j ‖∆[ j ]
k/t−1‖+ ‖ŵ[i]

k/t‖ (45)

Iterating equation (45), fork= t −N+1, . . . , t

‖∆[i]
k/t‖ ≤ lk−(t−N)

ii ‖∆[i]
t−N/t‖+ (46)

∑
j∈Ni

l i j (
k−(t−N)−1

∑
r=0

l rii‖∆[ j]
k−1−r/t−1‖)+

k−(t−N)−1

∑
r=0

l rii‖ŵ[i]
k−1−r/t‖

Definingδ [i]
t = maxk∈[t−N+1:t] ‖∆[i]

k/t‖ andαw,[i]
t = maxk∈[t−N:t−1] ‖ŵ[i]

k/t‖ we can write,

from (46)

‖∆[i]
k/t‖ ≤lk−(t−N)

ii ‖∆[i]
t−N/t‖+ ∑

j∈Ni

l i j λ (l ii ,k− (t −N))δ [ j]
t−1

+λ (l ii ,k− (t −N))αw,[i]
t (47)

whereλ (·, ·) is given in Definition 2. In view of (41),‖∆[i]
t−N/t‖≤∑ j∈Ni

γi j (δ
[ j ]
t−1)+α [i]

t ,

and

‖∆[i]
k/t‖ ≤ ∑

j∈Ni

(

lk−(t−N)
ii γi j (δ

[ j]
t−1)+ l i j λ (l ii ,k− (t −N))δ [ j]

t−1

)

+λ (l ii ,k− (t −N))αw,[i]
t + lk−(t−N)

ii α [i]
t (48)

Therefore one concludes that

δ [i]
t ≤ ∑

j∈Ni

max
k∈[t−N+1:t]

(lk−(t−N)
ii γi j (δ

[ j ]
t−1)

+ l i j λ (l ii ,k− (t−N))δ [ j ]
t−1) (49)

+ max
k∈[t−N+1:t]

(

λ (l ii ,k− (t−N))αw,[i]
t + lk−(t−N)

ii α [i]
t

)
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We define

α̃ [i]
t = max

k∈[t−N+1:t]

(

λ (l ii ,k− (t −N))αw,[i]
t + lk−(t−N)

ii α [i]
t

)

which, in view of (38), is an asymptotically vanishing term.Furthermore, in view of

Definition 3, we can write (49) as

δ [i]
t ≤ ∑

j∈Ni

γ̃i j (δ
[ j ]
t−1)+ α̃ [i]

t (50)

The stability of the system of interconnected equations (50) can be analyzed by means

of the small gain condition given in [2].

Define a vectorδδδ ∈ R
M, with componentsδ [i] ≥ 0, i = 1, . . . ,M. Since, by definition,

for all i, the i-th component of̃Γ(δδδ ) does not depend onδ [i] and is aK∞ function of

δ [ j ], j ∈ Ni , it is easy to see that the system of equations (50) is asymptotically stable

(i.e.,δ [i]
t → 0 ast → ∞ for all i = 1, . . . ,M) if the mapΓ̃ satisfies the small gain condi-

tion (30). �

Proof of Corollary 1

If the system partition induces a DAG and since Assumption 1 holds,L , in (6), is lower

triangular, after a suitable permutation of the subsystem indexes. Therefore, without

loss of generality, we havel i j = 0 if j > i. Also, since Assumption 2 holds, similar

arguments apply toγi j in (8). According to (28), this gives rise to a mapΓ̃(δδδ ) whose

i-th element depends only uponδ [ j ], with j < i, for all i = 1, . . . ,M.

In view of the structure of̃Γ, the small gain condition is verified. Note that any ad-

missibleδδδ satisfies the following: there exists an indexi suchδ [ j ] = 0 for all j < i

andδ [i] > 0 (if i = 1 this corresponds only to the conditionδ [1] > 0). In view of its

structure, thei-th entry of Γ̃ is equal to zero i.e.,̃Γi = 0. Therefore, for allδδδ , there

exists an indexi such thatΓ̃(D(δδδ ))i < δ [i]. This corresponds to condition (30). Being

Assumptions 1, 2,3, 4 verified, we resort to Theorem 1 which guarantees asymptotic

convergence of NPMHE. �
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