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In this paper, the observability properties of automotive powertrains with backlash are analyzed. We model the powertrain as a hybrid
system in the piecewise affine form and use measurements of the torque and the angular speed of the engine for computing the maximal
set of observable states. This set, that is usually non convex and disconnected, captures in a precise way how the main variables and
parameters of the driveline influence the possibility of estimating the shaft twist. Then, we show how to exploit the knowledge of
observable states in order to build computationally efficient deadbeat observers for the reconstruction of the powertrain states.
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1 Introduction

Automotive powertrains are often affected by backlash that introduces a hard nonlinearity in the trans-
mission of mechanical power from the engine to the wheel. When fast torque changes are requested by the
driver, the drive shaft traverses the backlash and wheel and engine dynamics become decoupled. Then, at
the recovering of mechanical contact an abrupt torque is transferred to the wheel and the vehicle structure.
This phenomenon produces undesirable oscillations in the acceleration profile that ultimately result in a
degradation of the vehicle driveability. Usually, the backlash position is not measured and it can be only
reconstructed on the basis of the available measurements. As remarked by Lagerberg (2004), the knowledge
of the backlash position is crucial for the design of advanced control systems capable to cope with tight
driveability requirements. In absence of this information, one has to resort to controllers that compensate
for the backlash in a conservative way (Lagerberg, 2004; Nordin and Gutman, 2002).

A number of results on state estimation for automotive powertrains are available in the literature. In
(Balluchi et al., 2001), observers for drivelines with discontinuous elastic coefficients have been derived
by modeling the powertrain as a hybrid system. Methods for estimating the backlash size and the shaft
twist from the engine torque and the angular speeds of the wheel and the engine have been proposed in
(Lagerberg and Egardt, 2003a) and (Lagerberg and Egardt, 2003b). They are based on switched Kalman
filters and their stability has been demonstrated experimentally. However, in current engine control systems
the wheel speed (that is measured with a low resolution) is not used. This motivates the interest in state
estimators using only measurements of the torque and angular speed of the engine.

In this paper we make a first step towards this goal analyzing the observability properties of driveline
models affected by backlash and introducing a novel deadbeat observer for reconstructing the driveline
states.

We adopt a dead-zone model of the backlash and model the driveline dynamics as a discrete-time Piece-
Wise Affine (PWA) system. Then, we exploit a recently developed algorithm for computing the maximal
set of states (up to a set of zero measure) that can be observed on the basis of inputs and outputs collected
over a finite time-horizon (Gati and Ferrari-Trecate, 2005). In particular, the PWA structure of the model
guarantees that this set is a finite collection of polytopes. Note that our approach is substantially different
from those adopted in (Bemporad et al., 2000) and (Babaali and Egersted, 2004) for the observability
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analysis of discrete-time PWA systems. In fact, our aim is to discover sets of observable states rather than
checking if all the states in a given set are observable or not.

The maximal observability region of powertrain models captures in a quantitative way when it is possible
to unambiguously reconstruct the shaft twist despite the backlash effect. We show that this possibility
depends in a nontrivial way on many quantities such as the observation horizon, the engine torque, the
wheel speed and the gear ratio. Moreover, we exploit the knowledge of unobservable regions for proposing
a new deadbeat observer for PWA systems that: i) detects if the state to be reconstructed is observable
or not and, in the latter case, switches automatically to the open loop simulation of the system; ii) is
easy to code and computationally much more efficient than the deadbeat observer proposed in (Bemporad
et al., 2000). We highlight that the observers considered in the present paper use all the inputs and
outputs collected over a time window rather than processing only the most recent measurements. In this
respect, they are different from the ones proposed in (Alessandri and Coletta, 2001) and (Feng, 2003)
and similar to estimation schemes such as Moving Horizon Estimation (Ferrari-Trecate et al., 2002). The
paper is structured as follows. In Section 2 we introduce PWA systems and the definition of observable
regions. Section 3 summarizes the algorithm for computing the maximal observability region, up to a set
of zero measure. State observers are introduced in Section 4. In particular, Section 4.2 is devoted to the
development of the new deadbeat observer. Third and fifth-order models of the powertrain are presented
in Section 5 and their observability properties are analyzed in Section 6. Finally, in Section 7 we compare
the effectiveness of the new observer and the one reported in (Bemporad et al., 2000) when both are used
for the reconstruction of the powertrain states.

2 Theoretical background

2.1 Piecewise affine systems

Consider the following discrete-time PWA system

x(t + 1) = fpwa(x(t), u(t)) = Aix(t) + Biu(t) + ai

y(t) = Cix(t) + Diu(t) + ci
if [x′(t), u′(t)]′ ∈ Qi (1)

where x ∈ R
n is the state, u ∈ R

m is the input, y ∈ R
p is the output, Ai, Bi, ai, Ci, Di and ci are matrices

of suitable dimensions and Qi ⊂ R
n+m, i ∈ Ir ⊂ N

+ are disjoint, full dimensional and not necessarily
closed polytopes. Apparently, states and inputs of (1) are subject to the constraints

x ∈ X =
⋃

i∈Ir

Projx(Qi) and u ∈ U =
⋃

i∈Ir

Proju(Qi) (2)

where Projx(Qi) (resp. Proju(Qi)) denotes the projection of the set Qi on the x−coordinates (resp. the
u−coordinates). Note that the sets X and U are not necessarily connected.

To a discrete-time vector-valued signal w(t) and a time horizon T > 0, we associate the capitalized

vector W =
[

w(0)′ . . . w(T − 1)′
]′

that collects the samples of w. In the sequel, we will occasionally use
the notation X(x,U) and Y(x,U) for highlighting the dependence of X and Y on the initial state x and
the inputs U. The system evolution is blocked at time t if x(t + 1) /∈ X. When the system evolution is
blocked at some t ≤ T − 1, the definitions of X(x,U) and Y(x,U) are meaningless. Then, we say that
X(x,U) and Y(x,U) are well-defined if x and U are such that the evolution of system (1) is not blocked
at any time t ≤ T − 1. This leads to the introduction of the T -step feasibility set X

∗
T

X
∗
T = {x ∈ X : ∃U ∈ U

T such that X(x,U) ∈ X
T } (3)

By using results from (Sontag, 1981a), it is easy to prove that the function {[x′, U′]′ : x ∈ X
∗
T } 7→ Y is
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piecewise affine1, i.e. it can be written as

Y = Cix + DiU + fi if
[

x′ U′
]′
∈ Pi, i ∈ M ⊂ N

+ (4)

where Ci, Di and fi are suitably defined matrices and the regions Pi ⊂ X×U
T , are disjoint, full dimensional

and not necessarily closed polytopes. Apparently, the set P = ∪i∈MPi coincides with the set {[x′, U′]′ :
x ∈ X

∗
T }.

Moreover, the T -step feasible set X
∗
T defined in (3) can be written as

X
∗
T =

⋃

i∈M

Projx(Pi) (5)

As detailed in (Gati and Ferrari-Trecate, 2005), when the sets Qi are closed, a possible way for computing
the matrices and the regions in (4) is to resort to the mixed-logic dynamical representation of system (1)
and then use an algorithm based on mode enumeration. For details about the conversion of mixed-logic
dynamical models into PWA ones (and vice-versa) we defer the reader to (Bemporad et al., 2000; Geyer
et al., 2003).

2.2 Observability theory

We recall some basic notions of observability theory that we specialize to PWA systems.

Definition 2.1 Two states x, x̂ ∈ X are indistinguishable in T steps if there exists an admissible input
sequence U ∈ U

T such that [x′, U′]′ ∈ P , [x̂′, U′]′ ∈ P and the system (1) produces the same output
sequence over the horizon T , i.e. Y(x,U) = Y(x̂,U).

We use the notation RT (x, x̂) for denoting that x and x̂ are indistinguishable. Note that RT defines a
relation over X×X, but, differently from the case of linear systems, it might not be an equivalence relation
because the transitive property might not hold (Ferrari-Trecate and Gati, 2003).

For a state x ∈ X
∗
T , it is clear that RT (x, x), and thus the graph of the relation RT , covers the set

X
∗
T × X

∗
T . Next, we provide the definition of observable states and observable regions.

Definition 2.2 A state x ∈ X is observable in T steps if for all x̂ ∈ X and for any input sequence U ∈ U
T

such that [x′, U′]′ ∈ P , [x̂′, U′]′ ∈ P , x is distinguishable from x̂ ∈ X, i.e.

(

∀ x̂ ∈ X, ∀ U ∈ U
T , [x′, U′]′ ∈ P, [x̂′, U′]′ ∈ P, Y(x,U) = Y(x̂,U)

)

⇒ x = x̂ (6)

When considering the effect of inputs, different notions of observability of nonlinear systems can be
introduced (Hespanha et al., 2002). In particular, some authors replace “∀ U ∈ U

T ” in (6) with “∃ U ∈ U
T ”.

We have opted for the former choice because when an observer is used together with a controller, the input
to the system is not known a priori. Then, uniformity of observability with respect to inputs guarantees
that a state is observable or not independently of the controller action. We also highlight that for linear
unconstrained system, observability is independent of the inputs and the alternative definitions discussed
above coincide (Sontag, 1998).

Definition 2.3 A set OT ⊆ X is an observability region (in T steps) for system (1) if all states x ∈ OT are
observable. The maximal observability region (in T steps) ŌT is the union of all the observability regions.
i.e.

1See also (Babaali and Egersted, 2004) for the case of autonomous piecewise linear systems.
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ŌT = {x ∈ X : (6)} (7)

The maximal set of unobservable states is B̄T = X
∗
T \ŌT

Remark 1 The finiteness of the parameter T has a practical meaning. In fact, T is the horizon over
which output data must be collected before being able to reconstruct the initial state. Then, in a realistic
scenario it is reasonable to fix a maximal horizon of interest Tmax and classify states that are observable
for T > Tmax as practically unobservable (Bemporad et al., 2000).

The set ŌT is the union of finitely many not necessarily closed polytopes (Gati and Ferrari-Trecate, 2005).
This property can be proved by exploiting general results in piecewise linear algebra (Sontag, 1981a,b).
The next Section describes an algorithm for computing ŌT up to a set of zero measure. Examples of
observability regions for PWA models of powertrains affected by backlash are given in Section 6.1.

3 Computation of observability regions

By using tools of piecewise linear algebra (Sontag, 1981a,b) and the system representation (4), in (Gati
and Ferrari-Trecate, 2005) we derived the following algorithm for computing a set BT of unobservable
states that is equal to B̄T up to a set of zero measure.

Algorithm 3.1

1. Build the list I of indexes i ∈ M such that rank(Ci) = n

2. Set BT = ∪i6∈IProjx(Pi)

3. for i ∈ I

3.1. for j ∈ M\{i}

3.1.1. Set Rij , {(x, x̂,U) :

[

x

U

]

∈ Pi and

[

x̂

U

]

∈ Pj and RT (x, x̂)}

3.1.2. if Rij 6= ∅, set BT = BT ∪ Projx(Rij)

3.2. end

4. end

The algorithm is structured in two parts. First, a list I indexing regions that are possibly observable is
built. This is done by checking if there exist pairs of indistinguishable states belonging to the same set
Xi = Projx(Pi). Quite remarkably, this condition can be checked through the test rank(Ci) < n. To be
more precise, as shown in (Gati and Ferrari-Trecate, 2005), rank(Ci) < n implies that all the states in
the interior of Xi are unobservable but no conclusion can be drawn for the points on the boundary of Xi.
However, if rank(Ci) < n, the index i is not added to I and this may result in discarding some observable
states in the boundary of Xi. This is precisely the reason for which Algorithm 3.1 computes B̄ up to a zero
measure set. From the previous discussion, it is apparent that the maximal observability region has zero
Lebesgue measure if all the matrices Ci, i ∈ M have rank less than n. A necessary condition for having a
full dimensional set of observable states is that T verifies (Gati and Ferrari-Trecate, 2005)

Tp ≥ n (8)

In step 2, unobservable regions are added to BT . In steps 3.1.1 and 3.1.2 we look for indistinguishable states
lying in different possibly observable regions. From the definition of Rij , it follows that if x ∈ Projx(Rij),
then x is indistinguishable from some x̂ ∈ Projx̂(Rij). In particular, the constraint x 6= x̂ is implicit in the
definition of Rij . Indeed, the same vector U is used in the conditions [x′, U′]′ ∈ Pi and [x̂′, U′]′ ∈ Pj .
Then, x 6= x̂ follows from Pi ∩ Pj = ∅. Note also that the sets Rij are polytopes, since Pi are polytopes
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and the map Y(x,U) is affine on each region Pi. If the set Rij is non empty (a fact that can be checked
through a single linear program) a subset of unobservable states can be computed by projecting Rij on
the x−coordinates. In order to discover all possible full dimensional regions of unobservable states, the
sets Rij must be computed for all i ∈ I and for all j ∈ M\{i}.

A set OT of observable states that is equal to ŌT up to a set of zero measure can be computed as

OT = X
∗
T \BT (9)

From the computational side, OT can be obtained through the difference between sets that are unions
of polytopes. We highlight that algorithms for accomplishing this task exist (Rakovic et al., 2003) and
free software that allows one to compute the closure of the set difference (9) is available (Kvasnica et al.,
2004). However, the computational cost of these procedures tends to increase considerably with the number
of polytopes composing X

∗
T and BT . In the next Section, we propose computationally efficient observers

hinging only on the knowledge of BT .

4 Observers for PWA systems

This Section is devoted to observers for PWA systems. For an observation horizon T ∈ N
+ and t ≥ T − 1,

let Ut =
[

u(t − T + 1)′ . . . u(t)′
]′

and Yt =
[

y(t − T + 1)′ . . . y(t)′
]′

be the vectors collecting the last T
inputs and measured outputs. All the schemes discussed in the sequel are implemented in a moving horizon
fashion, i.e. at each time instant t the information in the vectors Ut and Yt is used for reconstructing the
state at time t − T + 1. An estimate of the state at time t is then obtained by using the state equation of
system (1). The estimated states will be denoted with x̂(t). In the next Sections, different observers are
introduced. Their applicability to the on-line reconstruction of powertrain states is discussed in Section 7.

4.1 Observers based on mixed-integer programming

We first introduce the observer proposed in (Bemporad et al., 2000). At time t, consider the optimization
problem

min
x̂(t−T+1)

‖Yt − Ŷt‖
2
2

subject to
{

x̂(k + 1) = Aix̂(k) + Biu(k) + ai

ŷ(k) = Cix̂(k) + Diu(k) + ci
if [x̂′(k), u′(k)]′ ∈ Qi

k = t − T + 1, . . . , t

(10)

where Ŷt = [ŷ(t − T + 1), . . . , ŷ(t)] is the output sequence produced by Ut and the estimated state
x̂(t − T + 1).

As shown in (Bemporad et al., 2000), if the state x(t−T +1) is observable in T steps, problem (10) has
a unique solution verifying x̂(t − T + 1) = x(t − T + 1)1 However, if x(t − T + 1) is unobservable there is
more than one state that renders the cost in (10) equal to zero.

From the computational side, problem (10) can be recast into a Mixed-Integer Quadratic Program
(MIQP). In particular, MIQP solvers just provide a single minimizer and when x(t−T +1) is unobservable
there is no guarantee that the correct state will be found. Most importantly, this implies that it is impossible
to decide about the observability of x(t − T + 1) only from the knowledge of a single minimizer to (10).
On the computational side, MIQP problems are NP-complete. Then, the scheme can be used on-line only
if the sampling time is large enough. Variations of (10) include the use of 1- or ∞-norms in the cost

1In (Bemporad et al., 2000), the result is proved using a different notion of observability. Nevertheless, exactly the same argument can
be applied in our case.
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functional. In these cases, the resulting optimization problem can be solved through mixed-integer linear
programming (Bemporad et al., 2000).

4.2 Observer based on lookup tables

Next, we propose a new observer hinging on the knowledge of the polytopes composing the unobservability
region BT . The advantage of this procedure with respect to the observer (10) is threefold. First, it detects
if the state x(t − T + 1) is observable. Second, the core of the algorithm is a lookup table and does not
require the use of optimization software. Third, its computational complexity is considerably lower than
the one of (10).

From equation (4) one has that

Cix(t − T + 1) = Yt − DiUt − fi if [x(t − T + 1)′, U′
t]
′ ∈ Pi (11)

Definition 2.2 implies that if the state x(t−T +1) is observable in T steps, there is only one state x̂(t−T +1)
and one value of the index i that verify simultaneously

[x̂(t − T + 1)′, U′
t]
′ ∈ Pi and Cix̂(t − T + 1) = Yt − DiUt − fi (12)

In this case, one also has x̂(t − T + 1) = x(t − T + 1).
For finding x̂(t− T + 1), one may proceed as follows. For all indexes i ∈ I, the matrix Ci is full column

rank (see step 1 of Algorithm 3.1) and one can compute

x̂i = C†
i (Yt − DiUt − fi) (13)

where C†
i = (C ′

iCi)
−1C ′

i is the pseudo-inverse of Ci. At this stage we have a collection of nI = card(I)
candidate estimates x̂i. Let χ be the set defined as

χ = {x̂i : x̂i = C†
i (Yt − DiUt − fi), [x̂′

i, U′
t]
′ ∈ Pi, i ∈ I} (14)

If the set χ is empty or contains more than one element, then the state x(t − T + 1) is unobservable.
Actually, card(χ) = 0 means that no state fulfilling (12) has been found in all possibly observable regions.
Similarly, card(χ) > 1 means that more than one state fulfills (12).

When χ = {x̂i}, one has to test if its unique element does not belong to the set BT computed via
Algorithm 3.1. The condition x̂i /∈ BT guarantees the observability of the state x(t − T + 1) and that
x(t − T + 1) = x̂i. The overall procedure is summarized below.

Algorithm 4.1

1. Compute the points x̂i using (13) for all i ∈ I

2. Compute χ as in (14)

2.1. If card(χ) 6= 1 or if its unique element belongs to BT, the state x(t − T +

1) is unobservable. Set x̂(t − T + 1) = fpwa(x̂(t − T ), u(t − T )).

2.2. Else, the state x(t − T + 1) is observable and x̂(t − T + 1) = x̂i is equal to

x(t − T + 1).

Step 2 constitutes the core of the algorithm and it is the most computational intensive part of the
procedure. From Algorithm 3.1 one has that if χ = {x̂i}, the condition x̂i ∈ BT amounts to check if
x̂ ∈ Projx(Pi), ∀i 6∈ I or x̂ ∈ Projx(Rij), ∀i ∈ I, ∀j ∈ M\{i}. Next, we show that the total number
of tests can be reduced. In fact, the definition of χ and the condition card(χ) = 1 guarantee that the
inclusions x̂ ∈ Projx(Pi), ∀i 6∈ I and x̂ ∈ Projx(Rij), ∀j ∈ I are never verified. In particular, the first
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one contradicts the definition of χ and the second one implies that card(χ) > 1. Then, as far as one is
interested in implementing the observer, not all the polytopes composing BT have to be computed. More
specifically, the test x̂ ∈ BT can be replaced with x̂ ∈ B̃T where

B̃T =
⋃

i∈I

⋃

j∈M\I

Projx(Rij) (15)

We highlight that the number of polytopes composing B̃T is always less than the number of polytopes
composing BT and this property may reduce considerably the computational time of the algorithm.

According to step 2.1, when the state x(t − T + 1) is unobservable, the observer switches to the open
loop simulation of the system. Note that this strategy cannot be coupled with the observer (10) because,
as highlighted in Section 4.1, it does not allow one to assess if a state is observable or not.

Algorithm 4.1 needs as inputs only the regions Pi (found through the mode enumeration procedure),
the indexes of regions where Ci has a full column rank, and the unobservable region B̃T given by (15). In
particular, the computation of the observability region OT , that may be prohibitive, is not needed.

5 Powertrain models

The driveline is a fundamental part of a vehicle and its dynamics can be modeled in different ways
depending on the purpose (Nordin and Gutman, 2002; Kiencke and Nielsen, 2000). The main parts of the
powertrain are the flywheel, the clutch, the gearbox, the drive-shaft and the wheels. The discrete-time
models considered in the sequel capture the most important physical effects explaining the oscillations in
the angular velocities of the engine, transmission and wheel. They are combinations of rotating inertias
connected by damped shaft flexibilities and include a dead-zone model of backlash that allows the driveline
dynamics to be represented in the PWA form.

Although more realistic powertrain models include other phenomena such as nonlinear stiffness and
damping (Kiencke and Nielsen, 2000) we prefer to focus on relatively simple models for illustrating how
the results of Algorithms 3.1 and 4.1 relate to the backlash effect. As shown by Kiencke and Nielsen
(2000), simple driveline models are often satisfactory for reproducing the low frequency behaviour of the
powertrain and then suited to control design. Nevertheless, it should be noticed that PWA systems are
capable to account for nonlinearities that can be approximated by PWA functions (Bemporad et al., 2000).
Therefore, our methods can be directly applied also to more complex models of the driveline.

5.1 Third-order model

Figure 1. Powertrain with stiff clutch.

In order to describe the first main resonance of the powertrain we assume a stiff driveline up to the
output shaft of the gear box, and a drive-shaft flexibility between the gear box and the wheel, see Figure
1. Thus, the driveline is modeled as a two mass system governed by the following equations (Lagerberg,
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Table 1. Parameter values for model (16).

Parameters Description Values Units
Jm Moment of inertia of the flywheel 0.30 Kg/m2

Jl Moment of inertia of wheels 140 Kg/m2

βm Viscous friction of the engine 2 N · m/(rad/s)
βl Viscous friction of wheels 5.6 N · m/(rad/s)
k Shaft stiffness 1e4 N · m/rad
τ Gear ratio 1/12 -
α Backlash size 0.05 rad

2004)

θ(t + 1) = θ(t) + Ts(τωm(t) − ωl(t)) (16a)

ωm(t + 1) = ωm(t) +
Ts

Jm
(Tm(t) − τTw(t) − βmωm(t)) (16b)

ωl(t + 1) = ωl(t) +
Ts

Jl
(Tw(t) − βlωl(t)) (16c)

where Ts = 1 ms is the sampling period, the input Tm ∈ [0, 140] N · m is the engine torque, the engine
speed ωm ∈ [0, 600] rad/s is the output, ωl ∈ [−50, 50] rad/s is the wheel speed, θ ∈ [−0.2, 0.2] rad is the
twist angle, τ is the gear box ratio and Tw = kDα(θ) is the torque due to the shaft elasticity. Dα(.) is the
dead-zone operator defined by the PWA function

Dα(θ) =







θ − α if θ > α
0 if |θ| ≤ α
θ + α if θ < −α

where α is the backlash size. Apparently, model (16) is PWA with state x =
[

θ′ ω′
m ω′

l

]′
and can be written

in the form (1). The values of the parameters appearing in system (16) are reported in Table 1.

5.2 Fifth-order model

Model (16) assumes a stiff driveline from the engine to the output shaft of the gearbox. In this Section,
we extend it by adding a clutch flexibility as represented in Figure 2. This model is able to capture the
first two resonance modes of the driveline.

Figure 2. Powertrain with flexible clutch.
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Table 2. Parameters values for model (17).

Parameters Description Values Units
Jm Moment of inertia of the flywheel 0.70787 Kg/m2

Jc Moment of inertia of the clutch 0.053937 Kg/m2

Jl Moment of inertia of wheels 487.15 Kg/m2

βm Viscous friction of the engine 0.16488 N · m/(rad/s)
βc Viscous friction of the clutch 41 N · m/(rad/s)
βl Viscous friction of wheels 0.8 N · m/(rad/s)
k Shaft stiffness 54300 N · m/rad
kc Clutch stiffness 2880 N · m/rad
τ Gear ratio 1/6.9576 -
α Backlash size 0.0042 rad

The powertrain model is described by the equations

θmc(t + 1) = θmc(t) + Ts(ωm(t) − ωc(t)) (17a)

θcl(t + 1) = θcl(t) + Ts(τωc(t) − ωl(t)) (17b)

ωm(t + 1) = ωm(t) +
Ts

Jm
(Tm(t) − kcθmc − βc(ωm(t) − ωc(t)) − βmωm(t)) (17c)

ωc(t + 1) = ωc(t) +
Ts

Jc
(kcθmc + βc(ωm(t) − ωc(t)) − τTw) (17d)

ωl(t + 1) = ωl(t) +
Ts

Jl
(Tw(t) − βlωl(t)) (17e)

where θmc ∈ [−0.05, 0.05] rad is the angular position of the clutch, θcl ∈ [−0.03, 0.03] rad is the angular
position of the shaft, ωc is the clutch speed, and Tw = kDα(θcl). All the other variables and parameters
have the same meaning as in model (16). The values of the parameters appearing in system (17) are given
in Table 2. We stress that equations (17) are linear in the system states and inputs, except for the PWA
model of the torque Tw capturing the backlash effect. It follows that the overall model is PWA and can be
written in the form (1).

6 Observability analysis of the powertrain

In this Section, we use the results of Section 3 for computing the observability regions of models (16) and
(17). More precisely, for each model we first obtained the matrices and regions appearing in (4) and then
applied Algorithm 3.1 for computing the polytopes composing the set BT . The set X

∗
T was computed via

formula (5) and the set OT via formula (9).
We conducted experiments with different horizon lengths and for different gear ratios. All the computa-

tions have been performed on a Pentium 4, 2.4 Ghz running Matlab 6.5.1.

6.1 Third-order model

In order to have full-dimensional observability regions for model (16), one has to choose T ≥ 3 (see formula
(8)). Figure 3(a) represents the observability region O3 found through Algorithm 3.1 and formula (9). In
order to better appreciate the results we plot a cut of the regions through the plane ωl = 25 rad/s. The
choice of fixing the value of ωl is motivated by the fact that Jl � βl and when θ ∈ [−α, α] equation (16c)
can be approximated as ωl(t+1) ' ωl(t). Thus the influence of ωl on the shape of the observability region
is less important than the influence of ωm.

In Figure 3(b), we see that that the backlash zone, defined by |θ| < α, is unobservable. Actually, when
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(a) The observability region O3. (b) Cut of O3 through the plane ωl = 25 rad/s.

Figure 3. Observability regions for model (16) and T = 3.

the twist angle is in the backlash domain, model (16) becomes

θ(t + 1) = θ(t) + Ts(τωm(t) − ωl(t)) (18a)

ωm(t + 1) =
Ts

Jm
Tm(t) + (1 −

Ts

Jm
)βmωm(t) (18b)

ωl(t + 1) = (1 −
Tsβl

Jl
)ωl(t) (18c)

and system (18) is clearly unobservable because the engine and the wheel speeds evolve independently.
Thus, if the backlash is traversed at one of three instants composing the observation horizon, it becomes
impossible to reconstruct the initial state.

In order to render the unobservability region more visible, in the figures we multiplied the θ-axis by 10.
Cuts through the plane ωl = 25 rad/s of the observability regions for T = 5 and T = 7 are depicted in
Figure 4.

(a) Observability horizon T = 5. (b) Observability horizon T = 7.

Figure 4. Cuts through the plane ωl = 25 rad/s of the observability regions for model (16) with τ = 1/12.

When T increases, more initial states that lie in the backlash domain (i.e. with |θ| < α) will evolve out
of it within the observation horizon, thus becoming observable. In Figures 5(a) and 5(b) we report the
observability region for T = 7 and for gear ratio equal to τ = 1/2 and τ = 1, respectively. A comparison
of Figures 4(b), 5(a) and 5(b) shows that, for the same observability horizon, the set of observable states
within the backlash domain increases as the gear ratio becomes bigger.

Actually, from (16a) one can deduce that the twist angle changes more rapidly for higher values of
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(a) Gear ratio τ = 1/2. (b) Gear ratio τ = 1.

Figure 5. Observability regions for model (16) with T = 7 and different gear ratios.

ωm and τ . In these cases, θ will evolve out of the backlash domain in few time instants, thus becoming
observable.

6.2 Fifth-order model

In Figure 6 we plot the unobservable regions for system (17) and for different horizon lengths. In the
experiments, the gear ratio is fixed and equal to the value specified in Table 2. In particular, we have
represented the regions in the space (θcl, ωc) by performing a cut through the plane corresponding to the
values θmc = 0 rad, ωm = 90 rad/s and ωl = 30 rad/s.

From the computational side, we highlight that all the polyhedra composing B7 have been computed in
33 sec. On the other hand, the computation of O7 via formula (9) is much more difficult. Indeed, by using
the routines in the MPT toolbox (Kvasnica et al., 2004) for computing the difference between collections
of polyhedra, we were not able to obtain any conclusive results after 4 hours of computation. This remark
highlights the computational advantages in using observers that hinge on the knowledge of BT rather than
OT .

7 State observers for powertrains

In this Section we apply the observers introduced in Section 4 for reconstructing the state of the drive-
line. We compare the algorithms in term of computational time and expressiveness of the results. In all
experiments, we used model (16) and the observability horizon T = 3.

Before presenting the results, we highlight that the models used by the observers and the ones used for
generating the data do coincide. Then, in absence of noise, observable states will be perfectly reconstructed.
In the sequel we will mainly focus on the behavior of the observer when trying to reconstruct unobservable
states.

In Figure 7 we report the true values of the twist angle and the wheel speed. In Figure 8, the estimation
errors produced by the observer (10) are represented. The maximal time for running a single instance of the
observer is 3 sec. that is far above the adopted sampling time Ts = 1 ms. Apparently, the scheme (10) is
not suitable for on-line use. Moreover, when the backlash is traversed and the states are unobservable, the
observer computes just one among all states that are compatible with the measurements and the results
are often meaningless. This behavior can be noticed, for instance, in the time interval [2.1, 2.2] sec.

Next, we discuss the application of the observer based on lookup tables. The computational time for
obtaining the representation (4) from (16) through the mode enumeration algorithm provided in (Gati
and Ferrari-Trecate, 2005) is 1.4 sec. for an horizon length T = 3. The 8 regions composing B̃T have been
computed via Algorithm 3.1 in 0.3 sec. We also highlight that both tasks can be executed off-line.

In Figure 9, the results produced by Algorithm 4.1 (where, as discussed in Section 4.2, the test x̂ ∈ B̃T

has been used instead of x̂ ∈ BT ), are represented. The maximal computational time for running a single
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(a) Observability horizon T = 5. (b) Observability horizon T = 7.

(c) Observability horizon T = 8.

Figure 6. Cuts of the maximal unobservability region for model (17).

instance of the algorithm is 31 ms. Note that we used a non optimized code and a major reduction of
the computational time could be achieved implementing the algorithm with dedicated software. Since
we assumed no modeling error, the use of open loop simulation for system (16) results in perfect state
reconstruction. Hence, the state estimation error is always zero, as shown in Figure 9. On the same figure,
we plot a binary variable that is equal to −1 when Algorithm 4.1 detects that the system states are
unobservable and is equal to 1 otherwise.
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(a) Twist angle θ.
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(b) Wheel speed ωl.

Figure 7. True states of system (16).
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(a) Estimation error for the twist angle θ.
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(b) Estimation error for the wheel speed ωl.

Figure 8. Estimation errors produced by the observer (10) with T = 3 for system (16).
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(a) Estimation error for the twist angle θ.
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(b) Estimation error for the wheel speed ωl.

Figure 9. Estimation results produced by the observer based on lookup table with T = 3 for system (16). Continuous line: Estimation
errors. Dashed line: Binary variable equal to 1 when the state is detected as observable and -1 otherwise.

8 Conclusions

In this paper we considered discrete-time PWA models of powertrains with backlash and addressed the
problem of reconstructing the system states from the torque and the angular speed of the engine. We
showed how to compute the maximal set of observable states and proposed computationally efficient state
observers based on lookup tables. From the applicative side, the results presented are a first step towards the
on-line estimation of the powertrain states. Indeed, our analysis is based on two fairly strong assumptions.
The first one is that the backlash gap size α is known. This is seldom true in real powertrains and even if a
maximal size can be postulated, more precise estimates of the shaft twist could be obtained by estimating
simultaneously the states and the parameter α (Lagerberg and Egardt, 2003a). The second assumption
is that the measurements are not affected by noise. On the one hand, one should note that the proposed
observer can be still applied in the noisy case. On the other hand, there is no theoretical guarantee that
the set χ defined in (14) will be nonempty even if the true states are observable. Generalizations of the
proposed scheme to the synthesis of fast estimators enjoying convergence and good filtering properties is
currently under investigation.
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