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Enumerative Approach

The branch and bound method belongs to the category of enumerative approaches for
solving linear integer problems.

It 1s based on the partially implicit exploration of the feasible region, which can be
subdivided in smaller subregions which result easier to be solved, following a recursive scheme.

The basic idea 1s that the more the number of solutions which are implicitly explored, the more
efficient 1s the algorithm.




The Integer Problem

Let consider a pure integer linear programming problem Z}k — max ¢'x

s.t. Ax=Db
X =

With feasible region defined as

S={xeR":Ax=b,x€ 2"}




Preliminary Detinition

Let define a collection of subregions 57,55, ..., Sy such that: e

and consider the following linear integer subproblems defined over the different subregions
/
zj, = Max € X

s.t. x € S

N : . R *
Then, it 1s easy to prove the following expression SR - 1HlQaX N
=l,4, ", T
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Branch and Bound Idea

The branch and bound algorithm aims at:
exploring only the promising areas of the feasible region
storing upper and lower bounds for the optimal value z;

using these bounds to decide that certain subproblems do not need to be solved.

Lower bound Z;: corresponding to the best solution X, (feasible for the original problem) obtained
in the previous iterations. This is also called incumbent solution.

Upper bound zy(Iy): solution of the linear continuous telaxation problem Cj at iteration k.
Note: if zg, < zj it is not useful to explicitly find z;, since the integer solution will be for sure
worse than the available incumbent solution.




Branch and Bound Algorithm

The branch and bound algorithm is divided into the following parts:
Step 1: Initialization
Step 2: Stopping test
Step 3: Choice of the subproblem [, to be solved
Step 4: Bounding
Step 5: Branching

Consider L as the list of active problems to be solved, the algorithm stops when L is empty.




Branch and Bound: 1) Initialization

The 1nitialization phase consists in
Setting z; = —©0

Including in the list LL the original integer problem [




Branch and Bound: 2) Stopping Test

If L is empty the algorithm stops. In this case, if z; = —oo the original problem [ is infeasible
(tfemember we are maximizing). Otherwise the lower bound z; is the optimal solution z; of
the original problem.




Branch and Bound: 3) Subproblem Choice

Chose a subproblem [, from the list L. and solve its linear continuous relaxation Cj.
If Cy is not feasible, it is removed from the list and the algorithm proceeds with Step 2.

The criteria of choice of the subproblems (e.g. breadth first of depth first) from the list L 1s
independent from the correct functioning of the algorithm, however it affects its efficiency.
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Branch and Bound: 4) Bounding

Compute the upper bound zy () of the optimal value z;,  of subproblem I. There can be 3

different situations:
Zy(Iy) < zp: proceed to Step 2 (stopping test, remember we are maximizing)
Zy (k) > z;, and the optimal solution X, is integer: before proceeding to Step 2.
If z¢, = z[, > zj then set z; = z;,_and the integer solution x¢, = X, is kept in memory as
incumbent solution.

Zy(Ix) > 25, and the optimal solution X¢, is not integer: I, is subdivided in subregions as in Step
5. Note that in this case zy (I ) represents an upper bound for problem [ and its subregions.
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Branch and Bound: 5) Branching

The feasible region S5 of problem [ is subdivided into r subregions Sy, Sk, .-, Sk,., which
constitute a partition of Sj. This is the branching phase.

The subproblems Iy ,Iy,, ..., Iy cortesponding to the subregions in which S, has been
subdivided are added to the list I. and Step 2 is executed.

Branching criteria: consider a variable x; of X, that is not integer (with fractionary value f).

We can divide the region Sy into Si, and Sg, as follows (in this case r =2):

Sp =fxa S <} Sk, ={X €Sk : z; > |f] +1}
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Advantages of Branch and Bound

A premature interruption of the branch and bound method provides a feasible approximation
of the optimal solution if an incumbent solution has been found.

This constitutes one of the most important advantages of the branch and bound with respect

to the cutting plane approach. This latter in fact, achieves the optimal solution by a succession
of non feasible approximations.




Numerical Examples

Solve the following problem with the branch and bound method. 27 = max 8z + 5z
s.t. 91 + dxy < 45

I —|—3£192 S 16
L1,T2 € Z_Ti

N 8x1+5x, =425

The feasible region of the original problem and

its continuous relaxation are depicted in the figure.
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Numerical Examples

The solution for the linear relaxation is X¢, = (2.5, 4.5) with optimal value z¢ = 42.5.

Since zj, = —00, it has that z¢ > zj, with a non integer X, therefore Z¢, represents only an upper
bound on problem [, and we need to proceed with the branching Step.

Selecting the variable x4 we obtain the subregions $; and S, (with P; and P, the corresponding
feasible regions of the linear relaxations). Insert in the list L the problems [; and I, and remove [.

81:{X€80:ZC1§2} SQI{XES@ZQHZ?)}




Numerical Examples

Select now one problem from the list L, e.g. problem I5. z}"2 = max 81 + 5o
The choice of which problem to select first can be done by ST =8 ms =0 S
rounding the continnous value obtained before (2.5 was rounded to 3). Ty +3r2 < 16
T1, T2 € So
In the following the depth first choice will be adopted.
The feasible region S; and S, (black dots) of the problems I; and I, and o
their continuous relaxations Py and P, are depicted in the figure
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Numerical Examples

The solution for the linear relaxation is x¢, = (3, 3.6) with optimal value z¢, = 42.

Since zj, = —0, it has that zg, > z; with a non integer X, therefore one has to proceed with the
branching Step.

Selecting the variable X, we obtain the subregions S3 and S, (with P3 and P, the corresponding
feasible regions of the linear relaxations). Insert in the list L. the problems I3 and I, and remove I.

S3Z{XESQZZC2§3} 84:{}{682!58224}




Numerical Examples

Select now from the list L. the problem 1. zj, = max 8z1 + 572
s.t. 91 + bxo < 45
1+ 39 < 16
The feasible region of the problems I3 and I and j 1,29 € Sy

their continuous relaxations are depicted in the figure.

For I, the feasible regions P, and S4 are empty.
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Numerical Examples

The relaxation Cy is infeasible and therefore I, is removed from the list .. Then select problem I3 .

The solution fo the linear relaxation is x¢, = (3.33, 3) with optimal value z¢, = 41.67.

Since zj, = —0 , it has that ¢, > z; with a non integer X, therefore one has to proceed with the
branching Step.

Selecting the variable x4 we obtain the subregions S5 and Sg (with Ps and Pg the corresponding
feasible regions of the linear relaxations). Insert in the list L the problems I5 and I¢ and remove /3.

Se=Ix e By a; = 3} Se=1Xx € Sai 1y >4}




Numerical Examples

Select now from the list L. the problem Is. zy, = max 871 + 52
s.t. 9x1 + Do < 45

x1 + 3xo < 16

NN 55
The feasible region of the problems I5 and I¢ and

their continuous relaxations are depicted in the figure. #
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Numerical Examples

The solution for the linear relaxation is X¢, = X, = (3, 3) with optimal value z¢_ = z;. = 39.

Since 7z =00 't has that Z . > Z1, with an integer X .» therefore one has to proceed with
the updating of the lower bound zj, = z;_ and the solution Xj_ is stored as the best known
solution (incumbent solution).

Problem [5 1s removed from the list L. Proceed with Step 2.

Select now from the list L the problem /.




Numerical Examples

The solution for the linear relaxation is X¢, = (4, 1.8) with optimal value z¢, = 41.

Since z;, = 39, it has that z¢, > z; with a non integer X, therefore one has to proceed with the
branching Step.

Selecting the variable X, we obtain the subregions S; and Sg (with P; and Pg the corresponding
feasible regions of the linear relaxations). Insert in the list LL the problems I; and Ig and remove .

Sr={x € Sg: x2 < 1} Sg = {x € Sg: x3 > 2}




Numerical Examples

Select now from the list L. the problem Ig. 21, = max 871 + 512
s.t. 921 + Hxy < 45

r1 + 3x0 < 16

NI 88
The feasible region of the problems I; and Ig and

their continuous relaxations are depicted in the figure.

For Ig the feasible region is empty.
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Numerical Examples

The relaxation Cg is infeasible and therefore Ig is removed from the list .. Then select problem I .

The solution fo the linear relaxation is X¢, = (4.44, 1) with optimal value z;, = 40.56.

Since z;, = 39 , it has that z¢ > z; with a non integer X, therefore one has to proceed with the
branching Step.

Selecting the variable x; we obtain the subregions Sg and S1¢ (with Pg and P;( the corresponding
feasible regions of the linear relaxations). Insert in the list L the problems Ig and ;5 and remove Ig.

89:{X638:$1§4} 510:{}(658138125}




Numerical Examples

Select now from the list L. the problem Iq. 21, = max 81 + 572
s.t. 91 + Hxo < 45

1+ 3xs < 16
1, L2 € 89

The feasible region of the problems Iy and ;4 and

their continuous relaxations are depicted in the figure. 2 |
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Numerical Examples

The solution for the linear relaxation is X¢, = X, = (4, 1) with z¢, = z;, = 37.
Since zj, = 39, it has that z¢, < z;.

Problem Ig is removed from the list L. Proceed with Step 2.

Select now from the list LL the problem /4.




Numerical Examples

The solution for the linear relaxation is X¢, , = X7, = (5,0) with z; = = z;, = 40.

Since z;, = 39, it has that z¢, > z; with an integer X, , therefore one has to proceed with
the updating of the lower bound zj, = z,  and the solution Xy = is stored as the best known
solution (incumbent solution).

Problem I is removed from the list L. Proceed with Step 2.

Select now from the list L the problem ;. This 1s the last element in the list L.




Numerical Examples

The solution for the linear relaxation is X, = (2, 3.66) with optimal value z¢, = 39.34.

Since z, = 40, it has that ¢, < z;.
Problem [ is removed from the list L. Proceed with Step 2.

The list L is empty and therefore the algorithm stops. The optimal solution is
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Numerical Examples
Here 1s depicted the tree for the branch and bound algorithm.



